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Abstract

Weanalyzeexponentialstability conceptsfor familiesof lin-
eardelaysystems.Themainresultstatesthat for suchfami-
lieswith coefficientsvaryingin compactconvex setsvarious
characteristicexponentscharacterizingdifferentconceptsof
stabilitycoincide.Thisresultis obtainedusingmethodsfrom
the theory of discreteinclusionsin Banachspaces. As a
furtherapplicationof this approacha new resulton slowly-
varying discreteinclusionsis appliedto the delayequation
setting.This shows that just asin thestandardcaseof time-
varying systemsthe exponentialbehavior of a slowly time-
varyingsystemis determinedby thelimit family.

1 Introduction

In this work we are concernedwith stability propertiesof
families of time-varying linear delayequations.The moti-
vation for thepaperis to explain how abstractresultsin the
theoryof discreteinclusionsin Banachspacescan be em-
ployed to obtain in a ratherstraightforwardway resultsin
more“concrete”situations.This approachhasalsobeenad-
vocatedby Przyłuski,seee.g.[9], [10], [11]
The motivation to studyfamilies of time-varying linear de-
lay equationslies in the fact that they maybeinterpretedas
amodelfor time-varyinguncertaintyin a time-invariantsys-
tem. As suchdiscreteinclusionsarea very generalway of
describingtime-varyinguncertainty.
Our basictool are the resultsfrom [13] whereexponential
growth of discreteinclusionson reflexive Banachspacesare
studied. Infinite dimensionaldiscreteinclusionshave been
studiedto a greatextent in [4], [5]. Robustnessof stability
wasstudiedfor discretetime systemsin infinite dimensions
in [12].
In Section2 we introducetheclassof delaysystemswe are
considering.Their correspondingLyapunov andBohl expo-
nentsare introducedandthe basicdiscretizationmethodis
presented.After this discussionof characteristicexponents
we turn to the study of discreteinclusionsin the follow-
ing Section3. For discreteinclusionson reflexive Banach
spacesit is known thatthesupremalLyapunov exponent,the

supremalBohl exponentandafurther“uniform” exponential
growth ratecoincide. In Section4 it is shown that similar
resultshold in thedelayequationcase.In orderto prove this
resultswe simply have to show that the setupfor the delay
equationscanbetransferredto thediscreteinclusionsetting.
In Section5 we presenta new resultfor discreteinclusions,
thatis concernedwith slowly varyinginclusions,thatis time-
varying inclusionsthat are given by (strongly) convergent
sets,in analogyto thecommonlyemployedtermin the the-
ory of time-varying systems. It is shown that the stability
behavior is completelydeterminedby the limit set. A re-
sult which extendsthe well known resultsfor time-varying
systems.It is explainedhow this resulthasimmediatecon-
sequencefor slowly-varying families of time-varying delay
systems.

2 Delay Systems

In thissectionweintroducetheclassof systemsweintendto
studyandpresentsomebasicprerequisites.
Let
�

bea Banachspaceover thefield ����� or � . �	� ��

denotestheBanachalgebraof boundedlinearoperatorsfrom�

to
�

. Thenormon
�

andtheinducedoperatornormon��� ��
 arebothdenotedby 
���
 .
A Banachspace

�
is calledreflexive if therangeof thenat-

ural embeddingof
�

into
�����

is
�����

. A standardresultis
that

�
is reflexive if f the unit ball in

�
is compactin the

weaktopologywhich is in turn equivalentto theweakcom-
pactnessof theunit ball in �	� ��
 (see[3] TheoremV.4.7and
ExerciseVI.9.6). Recallthata net ������������� ��
 converges
weakly to � if f for all ��� � and  !� � � it holds that" � � �$#� &% convergesto " �	�'#� (% . Weakconvergence
is denotedby )&*,+.-./ � � � �0� . So theweaktopologyin��� ��
 is not to be confusedwith the topology that comes
from theinterpretationof �	� ��
 asa Banachspaceandis in-
ducedby �	� ��
1� thespaceof boundedlinear functionalson��� ��
 . A set 2 �3�	� ��
 is calledweakly compactif it is
compactwith respectto theweaktopology.
We are interestedin defininga classof delaysystemswith
distributeddelay. Fix 4 "657"98 , :;#=<>�7? anddelay
times @ "BADC�"FEGE�EH"BAJIFKBA . Let L�M�ON'PQ�6� �SRT� ,U �V@J# EGEGE #�< be compactand convex, and LFM�XWY�Z;[ �]\^* A #�@G_]#`� �SRT� 
 be weakly compactand convex, where



5ba Cdcfe a C �F4 . We considerthe following type of delay
systems:
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where ��P��$����N'P , U �B@�# EGE�E #=< is measurableand q �����W is stronglymeasurable.Denotetheset� �v���T�m��j��]� 
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]
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Thenwe may interpret(1) asa family of time-varying de-
lay systemsindexed by the set

�
. In the following we

will alwaysimplicitly usethenaturalisomorphismbetweenZ ~ �1\z* A #=@{_]#�� � 
 and
Z ~ �]\v@�# A _]#`� � 
 givenby simply shifting

theinterval of definition.
Thesolutionof (1) correspondingto aninitial value �'��@ 
 ���j}��� �DRT� , an initial function �(�B|�� Z ~ �1\z* A #=@{_]#�� � 

anda particularchoice��� � is denotedby �$�]� � ��jG#=|;#1� 
 . It
is givenby �$�.h�#�� j #=|;#1� 
 ��� j �ih�#=@ 
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where � j �.h�#�� 
 denotesthe evolution operatorgeneratedbyg���(� j �.h 
 � .
For the generaltheory of time-varying delay equationswe
referto [6], Chapter6 and[2], ChapterXII. Herehoweverwe
refrainfrom consideringdelayequationswith thecontinuous
functionsasinitial conditionsasour resultsdependheavily
onthefact thatthesystemhasarepresentationona reflexive
Banachspace.This is thenext point to bediscussed.
WeintroducetheBanachspace� �v��� ��� Z ~ �]\v@�# A _ 
 E
Undertheconditionswe have mentionedit maybeseenthat
for every choice �&� � the system(1) inducesan evolution
systemon

�
. We omit thedetails.For thegeneraltheoryof

evolutionsystemssee[7], [1], [8]. Thatis, we have a family
of operatorsN��ih�#=� 
 ����� ��
 , h����	��@ satisfyingND�'�w��#�� 
 �� �¡¢#N � �ih�#=x 
 N � �wx�#�� 
 ��N � �.h�#�� 
 #£hd��x	���	��@�#�.h�#�� 
�¤��N��.h�#�� 
 is stronglycontinuousin eachargument#

suchthat for any ��� � the function h ¤�¥N � �ih�#=� 
 � , h	�3�
is a mild solutionto (1) for theparticulardelayequationde-
terminedby � . We areinterestedin theexponentialbehavior
of all solutionsof thefamily of delaysystemsindexedby the
set
�

. In particular, we want to answerthe questionif the
existenceof exponentialboundsof theform
�Nb�b�ih�#=� 
 �$
 "�¦ �T§ ¨ uª©T« � aD¬]­
impliestheexistenceof a universalconstant¦ suchthat
�ND�D�.h�#�� 
 �'
 "�¦fu®©T« � a¯¬]­ #±°S��� � E
Note that for a particularchoiceof � this conclusionwould
be false,see[1]. This is dueto the fact thatBohl exponent
andmaximalLyapunov exponentof anevolutionsystemmay
differ. Let usrecall therelevantdefinitions.Givenanevolu-
tion system²F�v�!��N��ih�#=� 
]
 ��³ ¬ ³ j in �n� ��
 the (upper)Bohl
exponentis´ �w² 
 �(-.µT¶�� ´ �Q� �]·J¸ © �f4	��hH���¹��@	º (2)
�N��ih�#=� 
 
 K ¸ © u®©T« � a¯¬1­ �d#
where -»µ¼¶¯L&� 8 . Given furthermorean initial condition�.h=j�#=��j 
 ���¾½ � � �À¿ �{@T� 
 the Lyapunovexponentcorre-
spondingto �.h=j�#=��j�#�|Dj 
 is definedbyÁ �ih=j�#���j�#=|Dj 
 � -.µT¶®� Á ��� �=·�¸ªÂ �Ã4	�Gh���h=j�º (3)
�NÄ�.h�#`h j 
 � j 
 K ¸ Â u Â « � a �wÅ ­ 
�� j 
�
�| j 
Æ� E
Furthermorewe definethesupremalLyapunov exponentbyÇ �w² 
 �v�&È]ÉJÊ'� Á �ih j #�� j 
ª� �ih j #�� j 
 �Q? � � ��¿ �{@T� 
 � E
It shouldbenotedthatLyapunov andBohl exponentsdo not
characterizeasymptoticstability. Also, in generalÇ �w² 
 "´ �w² 
 . For the family of time-varyingdelaysystemswe in-
troducetheexponentialgrowth constantsËÇ � �'
 �v� È1É�ÊD� Ç ��² � 
�� ��� � �d#Ë´ � �'
 �v� È1É�ÊD� ´ �w²Ì� 
d� �}� � �d# (4)ËÍ � �'
 �v� +.-./�È1É�Ê�wÎ�Ï 4h +.Ð�Ñ�È1É�Ê�TÒ�Ó 
�N � �ih�#=@ 
 
 E
Let us now convert our datato a discrete-timesetting. For
fixed �Ô� � anequationof theform (1) inducesanoperator�������	� ��
 givenby� �}Õ x|ÃÖ �v�fN � � A #=@ 
 Õ x|�Ö � Õ �$� A � xÆ#=|;#1� 
�'�1� � x�#�|;#]� 
 Ö E
Thuswemayconsiderthediscreteinclusion�$�.h c 4 
 �������$�.h 
�� �f�×29�ØhH��? E (5)

wheretheset 2 is now givenby2 �v����Nb�b� A #�@ 
 �	��� � � (6)

A sequence�{�$�.h 
 � � Ò�Ù is called solution of (5) with initial
condition �Sj�� � if �$�w@ 
 ���Sj andfor all hH��? thereexists
an ���ih 
 �×2 suchthat �$�.h c 4 
 ���Ä�.h 
 �$�.h 
 .
In thefollowing sectionwe briefly collect the factswe need
from thetheoryof discreteinclusionsin Banachspaces.



3 Discrete inclusions in Banach spaces

Let us briefly recall the basic notions of stability of im-
portancefor discrete-timetime-varying systemsin Banach
spaces.We considertime-varying linear discrete-timesys-
temsof theform�'�ih c 4 
 �(���ih 
 �$�.h 
 #±hÚ�Q?�# (7)

where�Ä�]� 
 �f�Û���ih 
]
 � Ò{Ù}�×�	� ��
 Ù is asequenceof bounded
linearoperatorson

�
. Theevolution operatorassociatedto

thissystemis definedby�HÜÚ�ih�#�h 
 ��  ¡ #��HÜ��.h�#�� 
 �(���ihÝ*�4 
 ���G������� 
 #Thd%�� E
System(7) is calledexponentiallystable, if thereare

¸ # ´ %�@
suchthat 
��	�.h�#�� 
 
�Þ «»ß ­ K ¸ uÆa ©T« � aD¬]­ # ��#`h���?�#�hÄ�� holds. Let

�
be a Banachspaceand 2 �à�	� ��
 be a

boundedset.We considerthediscreteinclusion�$�.h c 4 
 �,�G���$�.h 
H� �f��29�áh��Q? E (8)

Thenotionof solutionfor thiskind of systemis theonegiven
attheendof Section2. Notefurthermorethatin acompletely
analogousfashionwe mayintroduceLyapunov andBohl ex-
ponentsfor time-varying systemsby just replacing NÄ�.h�#�� 

with �	�.h�#�� 
 in (2), (3), which yields´ �w� 
 �(-.µT¶�� ´ �Q� �]·J¸ © �f4	��hH���¹��@	º (9)
��	�ih�#=� 
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 � j 
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�� j 
�� E
Furthermorewe definethesupremalLyapunov exponentbyÇ ��� 
 �v�&È]É�Êb� Á �.h=j�#=��j 
®� �.h=jÆ#=��j 
 �Q? � � �0¿ ��@T� 
 � E
and thus also for (8) the quantitiesdefinedin (4) are well
defined.We denotethemby

ËÇ �m2 
 # Ë´ �Û2 
 # ËÍ �Û2 
 (seealso
[13]). Note that the following inequality is an immediate
consequenceof thedefinition.ËÇ �m2 
 K Ë´ �m2 
 K ËÍ �m2 
 E (11)

In [13] it is in fact shown that the threequantitiesin (11)
arein fact equalfor discreteinclusionson reflexive Banach
spacesusingthefollowingbasicresult.

Theorem 3.1 [13] Let
�

bea reflexiveBanach spaceandlet2 �7�	� ��
 be weaklycompact.If for all � j � � , ���1� 
 �2 Ù it holdsthat +.-»/�wÎ�Ï � Ü;«mâ ­ �.h�#�@ 
 � j ��@�#
thenthere existsa constanţ

äã �Q� such thatÈ]É�Êb�å
�� Ü;«Ûâ ­ �.h�#�@ 
 
 � hH��?�#1���]� 
 ��2 Ù � " ¸äã E (12)

UsingTheorem3.1weobtainthefollowing resulton growth
boundsof discreteinclusions:

Theorem 3.2 [13] Let
�

be a reflexive Banach spaceand
assumethat 2 �&�	� ��
 is weaklycompact,thenËÇ �m2 
 � Ë´ �m2 
 � ËÍ �Û2 
 E (13)

Thatis a discreteinclusiongivenbya weaklycompactset 2
hasexponentiallydecayingtrajectoriesiff it is exponentially
stableiff it is uniformlyexponentiallystable.

Corollary 3.3 Let
�

be a reflexive Banach spaceand let2 �À�	� ��
 be weaklycompact. For every æ�%ç@ there
existsa constanţ

ã § è such that
G� Ü;«mâ ­ �.h�#�� 
 
 K ¸ ã § è uÆ«=é©T« ã ­ ½�è ­ « � a¯¬1­ # (14)

for all ���1� 
 �×2 Ù andall h��ê�¹��? .

Corollary 3.4 Let
�

be a reflexive Banach spaceand let2 �ê�	� ��
 beweaklycompact.If thediscreteinclusion(5)
givenby 2 hasa positiveuniform growth rate, thenthere
existsa trajectorywith positiveexponentialgrowth rate. In
particular, there existsanunboundedtrajectory.

In the following sectionwe will explore how theseresults
translateto thedelayequationproblem.

4 Stability indices of delay equations

In orderto usethe resultsof the previous sectionnotefirst
thatourbasespace

� �&� � � Z ~ �]\v@�# A _ 
 is clearlyreflexive.
Thuswe needanequivalenceof exponentialgrowth ratesof
thediscreteinclusion(5) with thoseof theevolution system
(2). Furthermorewehave to checkthattheset 2 definedby
(6) is weaklycompact.
We have thefollowing Lemma.

Lemma 4.1 Let N P ��� �SR¼� # U ��4�# EGE�E #=< becompactandWf� Z ~ �1\z* A #=@{_]#�� �¯RT� 
 beweaklycompact,then 2 defined
by (6) is weaklycompactin �	� ��
 .
Theideaof theproofreliesonstandardargumentsfrom func-
tionalanalysisandis omittedhere.

Lemma 4.2 Let N � � �DRT� be compact and W �Z ~ �]\^* A #=@{_`#`� �SR¼� 
 beweaklycompact,andconsiderthecor-
respondingfamily of time-varyingdelayequations(1) and
thediscreteinclusion(5). ThenËÇ � �'
 � ËÇ �Û2 
 # Ë´ � �'
 � Ë´ �m2 
 # ËÍ � �'
 � ËÍ �Û2 
 E
To provethiswe haveto show thatin theinterior of intervals\vë A #G�wë c 4 
 A _ no growth canoccur, thatis not noticedat the
samplingpoints ë A #���ë c 4 
 A . This canbeshown usingthe
compactnessof the sets N'P and W , which yield immediate
estimatesfor uniform growth constants.We sketchanproof



for thecase
ËÇ � �$
 � ËÇ �Û2 
 . It is clearthat,

ËÇ � �$
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 ,
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 E
To prove the converse direction fix � j � � � #�| j �Z ~ �1\z* A #=@{_]#�� � 
 #1�7� � and let h]ïS#�ë��f? , h]ïê� 8 be a
sequencesuchthat

+.-./ï Î�Ï 4h ï +»Ð�Ñ�
��$�.h]ï�#�x�#=|;#1� 
 
d� Á �ih j #�� j #=| j 
 #
where we have suppressedthe dependenceon � . Leth � � ��@�# A _ be a limit point of h]ï;/�ÐT÷ A and define� �j �v�ø�$�.h � #�x�#=|;#1� 
 #=| �j ��� í î ��ù aDp § ��ù ð �]�.#�x�#�|;#]� 
 andthetime-
varyingsystem� � obtainedby shifting all elementsof � byh � to theleft, thatis e.g. � �j �ih 
 �(� j �.h c h � 
 . Thenit is easy
to show that theLyapunov exponentcorrespondingto these
initial conditionswith respectto thediscretetimesystem(7)
determinedby ��� ù �]� 
 coincideswith

Á �.h=j�#=��j�#�|Dj 
 .
Combiningthetwo previouslemmaswe obtainthemainre-
sultof thispaper.

Theorem 4.3 Let N � � �¯R¼� be compact and W �Z ~ �1\z* A #=@{_]#�� �¯R�� 
 beweaklycompact,andconsiderthecor-
respondingfamilyof time-varyingdelayequations(1). ThenËÇ � �$
 � Ë´ � �'
 � ËÍ � �'
 E
Proof. Immediatefrom Lemmas4.1 and 4.2 and Theo-
rem3.2. ú
Now Corollaries3.3 and3.4 imply the following analogous
statementsfor (2).

Corollary 4.4 Consider the family of delay systems(1)
givenby

�
. For every æ(%û@ there exists a constant

¸ ÓJ§ è
such that 
�ND�D�.h�#�� 
 
 K ¸ ÓJ§ è u�«=é©J« Ó ­ ½�è ­ « � a¯¬]­ # (15)

for all ��� � andall h����	�Q� .

Corollary 4.5 If the family of delaysystems(1) givenby
�

hasa positiveuniformgrowthrate,thenthereexistsa trajec-
tory of (1) with positiveexponentialgrowthrate. In particu-
lar, there existsan unboundedtrajectory.

In the following sectionwe considerthe caseof additional
time-varyingperturbationsthatvanishastime goesto infin-
ity.

5 Slowly-varying Discrete Inclusions and De-
lay Systems

Let
�

be a Banachspaceand let for every h,�f? the setLüM�O2F�.h 
 �9��� ��
 be bounded. We considerthe time-
varyingdiscreteinclusion�$�.h c 4 
 �,�G���$�.h 
H� �f��2F�.h 
 �ýhd�Q? E (16)

A sequence�{�$�.h 
 � � Ò�Ù is calledsolutionof (16) with initial
condition �Sj�� � if �$�w@ 
 ���Sj andfor all hH��? thereexists
an ���ih 
 ��2F�.h 
 suchthat �$�.h c 4 
 �!���.h 
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 . Also we
say that a sequence���1� 
 �f2F�1� 
 if �Ä�.h 
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 for allhn��? . Herewe concentrateon thecasewhenthesets2F�.h 

convergeto aset 2 Ï , wherewespeakof convergenceif the
following holds:
For every æ�%�@ thereexistsa h è suchthatfor all hH�¢h è/×õÆöT��È1É�ÊÜ Ò ã « � ­ s �Û��#12 Ï 
 #�È1É�ÊÜ Ò ã�þ s �m��#12F�.h 
1
 � " æ E
thusweconsidertheusualHausdorff distanceof sets.Again
Lyapunov andBohl exponentsaredefinedasusualandthe
meaningof thegrowth rates
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1
 # ËÍ �Û2F�]� 
]
 is
givenby an appropriatechangeof notationin (4). Thenwe
have

Theorem 5.1 Let
�

be a reflexive Banach spaceand let2F�]� 
 be uniformly bounded. Assumefurthermore that for
each h×�(? the set 2F�ih 
 is weaklycompact. Assumethat+.-»/ �wÎ�Ï 2F�ih 
 �(2 , where 2 is weaklycompact,thenËÇ �Û2 Ï 
 � Ë´ �Û2F�]� 
]
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Proof. The equality
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 is a
direct consequenceof Theorem3.2. Let ���1� 
 ��2F�1� 
 , then
thereexistsby assumptionasequenceÿÌ�]� 
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Then it follows from [10, 11] that

´ �w�HÜ 
 � ´ ����� 
 . This
implies

Ë´ �m2F�]� 
1
 K Ë´ �Û2 Ï 
 andby symmetrythequantities
areequal.By Theorem5.1in [13] we have furthermore,thatË´ �Û2F�]� 
]
 � ËÍ �m2F�]� 
1
 . ú
This result implies the following result for delay systems.
For mapsh ¤�±N��ih 
 ��� �SR¼� and h ¤�±W��.h 
 � Z;[ �]\^* A #=@{_ 
 ,
where N��ih 
 and W¾�ih 
 are(weakly)compactfor all h , we use
the(norm-wise)notionof setconvergenceasdefinedabove.
Assumewearegivenupper-semicontinuousset-valuedmapsN'P��]� 
 , U �à@�# E�EGE #�< , with N'P��.h 
 �7� �¯RT� compact,convex
andanstronglyuppersemicontinuousmap W¾�1� 
 with weakly
compact,convex valuesin

Z;[ �1\^* A #�@G_ 
 . Assumefurthermore
that N'P®�.h 
 , WÄ�.h 
 areuniformly boundedin h . Thenwe may
considerthedelaysystem



g�'�ih 
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]s r�# (17)�$�w@ 
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underthe condition � P �ih 
 ��N P �ih 
 a.e. and � P measurable,U �3@J# EGEGE #�< andsimilarly q �ih 
 �&W��ih 
 a.e.and q strongly
measurable.For this systemwe denotethesetof admissible
functionsby

���
. Thedefinitionof

ËÇ � ���m
 , Ë´ � ���»
 and
ËÍ � ���m
 is

completelyanalogousto (4). Thenwe obtainthe following
resultfor time-varyingdelaysystems

Proposition 5.2 Assumethemaps N P �]� 
 , U ��@�# EGE�E #�< andWÄ�]� 
 are asaboveandthat furthermore+.-./�wÎ�Ï N$P=�ih 
 �fN$PS# +.-./�wÎ�Ï W��.h 
 ��W
where N P , W satisfythehypothesesof Theorem4.3,thenËÇ � � � 
 � Ë´ � � � 
 � ËÍ � � � 
 � Ë´ � �$
 E
So this result recapturesthe well known result from time-
varying systemsthat if the generators�Ä�.h 
 converge, then
the limit of the �Ä�.h 
 determinesthe growth behavior of the
system.

6 Conclusion

Using resultsfrom the theoryof discreteinclusionsin Ba-
nach spacesit has beenshown that for families of time-
varying delayequationsthe exponentialgrowth canbe de-
fined in variousequivalentwaysvia exponentialgrowth of
trajectories,Bohl exponentsor uniformgrowth bounds.With
anew resultfor discreteinclusionsit hasbeenshown thatthe
slowly varying inclusioncaseyields an analogousresult to
the caseof slowly-varying systems.This result is also di-
rectly applicableto the caseof slowly-varying families of
time-varyingdelayequations.
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