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Abstract

We analyzeexponentialstability conceptdor familiesof lin-

eardelaysystems.The mainresultstateghatfor suchfami-

lies with coeficientsvaryingin compactconvex setsvarious
characteristiexponentscharacterizinglifferentconceptof

stability coincide.Thisresultis obtainedusingmethodgrom

the theory of discreteinclusionsin Banachspaces. As a
further applicationof this approacha new resulton slowly-

varying discreteinclusionsis appliedto the delay equation
setting. This shavs thatjust asin the standarctaseof time-

varying systemshe exponentialbehaior of a slowly time-

varyingsystemis determineddy thelimit family.

1 Introduction

In this work we are concernedwith stability propertiesof

families of time-varying linear delay equations. The moti-

vationfor the paperis to explain how abstractesultsin the
theory of discreteinclusionsin Banachspacescan be em-
ployedto obtainin a rather straightforwardway resultsin

more‘“concrete”situations.This approacthasalsobeenad-

vocatedby Przyluski,seee.g.[9], [10], [11]

The motivationto studyfamilies of time-varying linear de-

lay equationdies in the fact thatthey may beinterpretedas
amodelfor time-varyinguncertaintyin atime-invariantsys-
tem. As suchdiscreteinclusionsarea very generalway of

describingime-varyinguncertainty

Our basictool are the resultsfrom [13] whereexponential
growth of discreteinclusionson reflexive Banachspacesre
studied. Infinite dimensionaldiscreteinclusionshave been
studiedto a greatextentin [4], [5]. Rohustnesf stability

wasstudiedfor discretetime systemsn infinite dimensions
in[12].

In Section2 we introducethe classof delaysystemswe are
considering.Their correspondind.yapune andBohl expo-

nentsare introducedandthe basicdiscretizationmethodis

presented After this discussiorof characteristiexponents
we turn to the study of discreteinclusionsin the follow-

ing Section3. For discreteinclusionson reflexive Banach
spacedt is known thatthesupremalyapunw exponentthe

supremaBohl exponentanda further“uniform” exponential
growth rate coincide. In Section4 it is shavn that similar
resultsholdin thedelayequationcase.ln orderto prove this
resultswe simply have to shav that the setupfor the delay
equationcanbetransferredo the discreteinclusionsetting.
In Section5 we presenta new resultfor discreteinclusions,
thatis concernedith slowly varyinginclusionsthatis time-
varying inclusionsthat are given by (strongly) corvergent
sets,in analogyto the commonlyemployedtermin the the-
ory of time-varying systems. It is shavn that the stability
behaior is completelydeterminedby the limit set. A re-
sult which extendsthe well known resultsfor time-varying
systems.lt is explainedhow this resulthasimmediatecon-
sequencédor slowly-varying families of time-varying delay
systems.

2 Delay Systems

In this sectionwe introducethe classof systemawve intendto
studyandpresensomebasicprerequisites.

Let X beaBanachspaceoverthefield K = R or C. £(X)

denoteghe Banachalgebraof boundedinearoperatorgrom

X to X. Thenormon X andtheinducedoperatomorm on
L(X) arebothdenoteddy || - ||.

A BanachspaceX is calledreflexive if therangeof the nat-
ural embeddingf X into X** is X**. A standardesultis

that X is reflexive iff the unit ball in X is compactin the
weaktopologywhichis in turn equivalentto the weakcom-
pactnes®f theunitballin £(X) (se€[3] TheoremV.4.7and
ExerciseV1.9.6). Recallthatanet{A,} C £(X) corverges
weaklyto A iff forall z € X andf € X* it holdsthat
< A,z, f > convergesto < Az, f >. Weakcorvergence
is denotedby w — lim,, A,, = A. Sotheweaktopologyin

L(X) is not to be confusedwith the topology that comes
from theinterpretatiorof £(X) asaBanachspaceandis in-

ducedby £(X)* the spaceof boundedinearfunctionalson
L(X). A setM C L(X) is calledweakly compactf it is

compactwith respecto theweaktopology.

We areinterestedn defininga classof delay systemswith

distributeddelay Fix 1 < p < oo, n,m € N anddelay
times0 < hy < ... < h,, < h. Let( £ U; C R™*",

i = 0,...,m be compactand corvex, and ) # V C

Li([—h, 0], R**") be weakly compactand corvex, where



p~! 4+ ¢~' = 1. We considerthe following type of delay
systems:

0
/; n(t, 7)z(t + 7)dr, a.e. Q)

h
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whereAd; : R — U;, 7 = 0,...,m is measurablandyp :
R — V is stronglymeasurableDenotethe set

= {(AO(); : aAm()an()) ;

A; : R — U;, measurable

i=0,...,m, n:R— V stronglymeasurablg.

Thenwe may interpret(1) asa family of time-varying de-
lay systemsindexed by the setT. In the following we
will alwaysimplicitly usethe naturalisomorphismbetween
LP([—h,0],R™) and L? ([0, h], R™) givenby simply shifting
theinterval of definition.

The solutionof (1) correspondindo aninitial valuez(0) =

zg € R™ " aninitial functionz = ¢ € LP([—h,0],R")
andaparticularchoicey € T is denoteddy z(-; zg, ¢, 7). It
is givenby

Jf(t, Lo, ¢a 7) = (I)O(t) 0)'170_{_

Z/ Do (t, s)Ai(t)x(s — hi, xo, ¢, 7y)ds+

[ oot [ ot

where®, (¢, s) denoteghe evolution operatorgeneratedy
i‘ = A() (t)l‘

For the generaltheory of time-varying delay equationswe
referto [6], Chapte6 and[2], ChapterXll. Herehoweverwe
refrainfrom consideringlelayequationsvith thecontinuous
functionsasinitial conditionsasour resultsdependheaily
onthefactthatthesystemhasarepresentatioon areflexive
Banachspace Thisis thenext pointto bediscussed.

We introducethe Banachspace

T)z(s + 7,20, 0,7)drds,

X :=TR" x L¥([0, h]).

Underthe conditionswe have mentionedt maybe seernthat
for every choicey € T the system(1) inducesan evolution
systemon X. We omit thedetails. For the generakheoryof
evolution systemssee[7], [1], [8]. Thatis, we have a family
of operatord/(t,s) € £(X),t > s > 0 satisfying

Uy(s,s) =Ix,
Uy, r)Uy(r,s) =Uy(t,s), t >r>s>0,
(t,s) — Ul(t, s) is stronglycontinuousn eachargument

suchthatfor ary « € X thefunctiont — U, (¢,s)x,t > s
is amild solutionto (1) for the particulardelayequationde-
terminedby v. We areinterestedn theexponentialbehaior
of all solutionsof thefamily of delaysystemsndexedby the
set'. In particular we wantto answerthe questionif the
existenceof exponentialboundsof theform

U (1, )2 < My ge”E=)
impliesthe existenceof a universalconstant/ suchthat
U (t, 5)] < MePE=) | vy el

Note that for a particularchoiceof v this conclusionwould
befalse,see[l]. Thisis dueto the fact thatBohl exponent
andmaximalLyapunw exponentof anevolutionsystemmay
differ. Let usrecalltherelevantdefinitions.Givenanevolu-
tion systemU := (U (%, s)):>s>0 in £L(X) the (upper)Bohl
exponents
B(U)=inf{feR;Teg>1:t>s>0= 2
U 9)]| < epe”=2},
whereinf ® = oco. Given furthermorean initial condition
(to,z0) € Ry x (X \ {0}) the Lyapunovexponentcorre-
spondingto (o, 2o, ¢0) is definedby
Alto, 2o, 00) = Inf{AeR;Jey>1:t >t = (3)
1U(t, to)zol| < exe™ @) |jzo][||dol[}-
Furthermorewve definethe supremalyapunw exponentby
#(U) = sup{A(to, 2o); (to, zo) € N x (X \ {0})}.

It shouldbe notedthatLyapuna andBohl exponentsdo not
characterizeasymptoticstability. Also, in generals(U) <
B(U). For thefamily of time-varying delaysystemswe in-
troducethe exponentialgrowth constants

k(T) = sup{x(Uy); yeT},
A(r) = sup{p(U,); y €T}, 4)
§(T) = limsupllogsupHUw(t,O)H .

' tsoo U 4eD '

Let us now corvert our datato a discrete-timesetting. For
fixedy € T' anequationof theform (1) inducesan operator

A, € L(X) givenby
#(hi,6,7) ] _

AR M R e

Thuswe may considerthediscreteinclusion

z(t+1) e {Az(t); Ae M} teN. (5)
wheretheset M is nhow givenby
M :={U,(h,0) : v€T} (6)

A sequence{z(t)}ien is called solution of (5) with initial
conditionzy € X if 2(0) = zo andfor all t € N thereexists
anA(t) € M suchthatz(t + 1) = A(t)z(¢).

In the following sectionwe briefly collectthe factswe need
from thetheoryof discreteinclusionsin Banachspaces.



3 Discreteinclusionsin Banach spaces

Let us briefly recall the basic notions of stability of im-
portancefor discrete-timetime-varying systemsin Banach
spaces.We considertime-varying linear discrete-timesys-
temsof theform

x(t+1) = At)e(t), teN, W
whereA(-) = (A(t))ien € L£(X)Y is asequencef bounded
linearoperatoron X. Theevolution operatorassociatedo
this systemis definedby

Ga(t,t)=Ix, ®a(t,s) = A(t— 1)+ A(s), t > .

System(7) is calledexponentiallystablg if therearec, 8 > 0
suchthat||®(t,s)||c(x) < ce™PE=2),  steN, t>
s holds. Let X be a Banachspaceand M C L(X) bea
boundedset.We considerthediscreteinclusion

w(t+1) € {Ax(t); A€ M} teN. ®)

Thenotionof solutionfor thiskind of systenis theonegiven
attheendof Section2. Notefurthermorethatin acompletely
analogougashionwe mayintroduceLyapun andBohl ex-
ponentsfor time-varying systemsby just replacingl (t, s)
with ®(¢, s) in (2), (3), whichyields

B(®)=inf{BeR;Feg>1:t>s>0= 9)
[®(t,s)|| < cpe’C)Y,

Ato,z0) = Inf{AeR;Fern>1:t>1 =

1@ (t, to)zol| < exe*=")||q||}.

(10)

Furthermoreve definethe supremalyapunw exponentby
#(®) := sup{A(to, z0); (fo, ®o) € N x (X \ {0})}.

andthusalsofor (8) the quantitiesdefinedin (4) are well
defined. We denotethemby & (M), 3(M), 5(M) (seealso
[13]). Note that the following inequality is an immediate
consequencef thedefinition.

R(M) < B(M) <F(M).

In [13] it is in fact shavn that the three quantitiesin (11)
arein fact equalfor discreteinclusionson reflexive Banach
spacewssingthefollowing basicresult.

(11)

Theorem 3.1 [13] Let X bearefleive Banat spaceandlet
M C L(X) beweaklycompact.If for all zg € X, A(-) €
MY it holdsthat

lim @A(,)(t, 0)zo =0,

t—00

thenthere existsa constantc,, € R sud that

sup{|[®4)(t,0)]]; t EN, A() e MT} <em. (12)

Using Theorem3.1we obtainthefollowing resulton growth
boundsof discreteinclusions:

Theorem 3.2 [13] Let X be a reflive Banah spaceand
assumehat M C £(X) is weaklycompactthen

k(M) = B(M) = §(M). (13)
Thatis a discreteinclusiongivenby a weaklycompacset M

hasexponentiallydecayingtrajectoriesiff it is exponentially
stableiff it is uniformly exponentiallystable

Corollary 3.3 Let X be a reflive Banah spaceand let
M C L(X) beweaklycompact. For every ¢ > 0 there
existsa constantz yq,. sud that

[®ac)(t, 5)]| < eag,eePAFE=0) (14)

forall A(:) e MY andallt > s € N.

Corollary 3.4 Let X be a reflive Banah spaceand let
M C L(X) beweaklycompact.If thediscreteinclusion(5)
givenby M hasa positiveuniform growth rate, thenthere
existsa trajectorywith positiveexponentialgrowth rate In
particular, there existsan unboundedrajectory

In the following sectionwe will explore how theseresults
translateto the delayequationproblem.

4 Stability indices of delay equations

In orderto usethe resultsof the previous sectionnote first
thatourbasespaceX = R™ x LP([0, h]) is clearlyreflexive.
Thuswe needan equivalenceof exponentialgrowth ratesof
the discreteinclusion(5) with thoseof the evolution system
(2). Furthermorave have to checkthattheset M definedby
(6) is weaklycompact.

We have thefollowing Lemma.

Lemmad.l LetU; C R**" i = 1,..., m becompactand
V C LP([-h, 0], R?*") beweaklycompactthenM defined
by (6) is weaklycompactn £(X).

Theideaof theproofrelieson standardargumentsrom func-
tional analysisandis omittedhere.

Lemma4.2 Let U C R"*" be compactand V C
LP([—h, 0], R**") beweaklycompactandconsiderthecor-
respondingfamily of time-varyingdelay equations(1) and
thediscreteinclusion(5). Then

B(T) = (M),

To prove thiswe have to shav thatin theinterior of intervals
[kh, (k + 1)h] no growth canoccur thatis not noticedat the
samplingpointskh, (k + 1)h. This canbe shavn usingthe
compactnessf the setsU; and V, which yield immediate
estimatedor uniform growth constantsWe sketchan proof

=l

(T) = k(M) 3(T) =3(M).



for thecasex(I') = &(M). It is clearthat, #(I') >

as
[(k— l)h kh 3 J¢ )

\/Hm (khs v, &, )2 + |2 1= 1) ke (575 6, 7) 112

<V2

K(M),

max ||z(¢;
te(k—1)h,kh]

11) ¢J7)I| ‘

To prove the cornverse direction fix zo € R" ¢g €
LP([-h,0],R"),y € T"andlett;,k € N, ¢, — oo bea
sequencsuchthat

. 1
lim — log||z(tx, 7, ¢, 7)|| = A(to, xo, do) ,
k—oo g

where we have suppressedhe dependenceon . Let
€ (0 h] be a limit point of ¢, modh and define
xy = x(t*,r,0,7), 65 = e —n,e (-, 7, 6,7) andthetime-
varyingsystemy* obtainedby shlftlng all elementf v by
t* to theleft, thatis e.g. Aj(¢t) = Ao (¢ + ¢*). Thenit is easy
to shaw thatthe Lyapuna exponentcorrespondingo these
initial conditionswith respecto the discretetime system(7)
determinedy A, (-) coincideswith A(tq, g, ¢o).
Combiningthe two previouslemmaswe obtainthe mainre-
sult of this paper

Theorem4.3 Let U C R"*" be compactand V' C
LP([—h, 0], R™*") beweaklycompactandconsiderthecor-
respondingamily of time-varyingdelayequationg1). Then

Proof. Immediatefrom Lemmas4.1 and 4.2 and Theo-
rem3.2. O

Now Corollaries3.3 and 3.4 imply the following analogous
statementfor (2).

Corollary 4.4 Consider the family of delay systems(1)
givenby I'. For everye > 0 ther exists a constantcr .
sud that

U,(t, s) <crse(5(r)+£)(t_s), (15)
~ & $) = er,

forally € T'andall £ > s € R.

Corollary 4.5 If the family of delaysystemg1) givenby T
hasa positiveuniformgrowthrate, thenthere existsa trajec-
tory of (1) with positiveexponentialgrowthrate In particu-
lar, there existsan unboundedrajectory

In the following sectionwe considerthe caseof additional
time-varying perturbationghat vanishastime goesto infin-
ity.

5 Slowly-varying Discrete Inclusions and De-
lay Systems

Let X be a Banachspaceandlet for everyt € N the set
0 # M(t) C L(X) bebounded. We considerthe time-
varyingdiscreteinclusion

z(t+1) e {Az(t); Ae M)} teN. (16)
A sequencdz(t) }:cn is calledsolutionof (16) with initial
conditionzy € X if 2(0) = zo andfor all ¢ € N thereexists
an A(t) € M(t) suchthatz(t + 1) = A(t)z(t). Also we
saythata sequenced(:) € M(:) if A(t) € M(t) for all
t € N. Herewe concentrat®n the casewhenthe setsM ()
convergeto asetM ., wherewe speakof corvergencef the
following holds:

For everye > 0 thereexistsat. suchthatfor all t > 1.

max{ sup d(A, M), sup d(A, M(t))} <e¢.
AeM(t) AEMoo

thuswe considerthe usualHausdorf distanceof sets.Again
Lyapuna and Bohl exponentsare definedasusualandthe
meaningof the growth ratesk (M (-)), B(M(:)),5(M(-)) is
givenby an appropriatechangeof notationin (4). Thenwe
have

Theorem 5.1 Let X be a reflxive Banad spaceand let
M(+) be uniformly bounded. Assumeurthermoe that for
eat t € N theset M (t) is weaklycompact. Assumethat
lim; oo M(t) = M, whee M is weaklycompactthen

R(Moo) = BM()) = B(Meo) =
J(M() = 6(Moo)

Proof. Theequality#(Ms) = B(Ms) = S(MOO) is a
directconsequencef Theorem3.2. Let A(-) € M(-), then
thereexists by assumptiora sequencé3(-) € ML suchthat

lim ||A(%)

t—00

Bt)]|=0.

Thenit follows from [10, 11] that 3(®4) = B(®p). This
implies3(M(+)) < (M., ) andoy symmetrythequantities
areequal.By Theorenmb.lin [13] we have furthermore that
BM()) = 6(M()). O

This resultimplies the following result for delay systems.
For mapst — U(t) C R”*™andt — V (t) C Li([—h,0]),
whereU (¢) andV (t) are(weakly) compactfor all ¢, we use
the (norm-wise)notionof setcorvergenceasdefinedabove.
Assumewe aregivenuppersemicontinuouset-waluedmaps
Ui(-), i = 0,...,m, with U;(t) C R™*" compact,corvex
andanstronglyuppersemicontinuousnapV’(-) with weakly
compactgcorvex valuesin L¢([—h, 0]). Assumefurthermore
thatU; (t), V (t) areuniformly boundedn ¢. Thenwe may
considethedelaysystem



0
/_ n(t, r)a(t + 7)dr,

h
rcR”

¢ € Lp([_ha O]JRn)

2(0) =

underthe condition A;(t) € U;(t) a.e. and A; measurable,
i =0,...,mandsimilarly 5(t) € V(¢) a.e.andn strongly

measurablefor this systemwe denotethe setof admissible
functionsby . Thedefinitionof #(I"), 3(I’) ands(I") is

completelyanalogougo (4). Thenwe obtainthe following

resultfor time-varyingdelaysystems

Proposition 5.2 Assumeahe mapsU;(-), ¢« = 0, ..., m and
V (+) are asaboveandthat furthermoe

t— 00 t—o0

whee U;, V satisfythe hypothesesf Theoem4.3,then

R(I) = p(I) = 6(I") = B(T) .

So this result recaptureghe well known resultfrom time-
varying systemsthat if the generatorsA(¢) corveme, then
thelimit of the A(t) determineghe growth behaior of the
system.

6 Conclusion

Using resultsfrom the theory of discreteinclusionsin Ba-
nach spacesit has beenshavn that for families of time-
varying delay equationghe exponentialgronth canbe de-
finedin variousequivalentwaysvia exponentialgrowth of
trajectoriesBohl exponentsor uniform growth bounds With
anew resultfor discretanclusionsit hasbeenshavn thatthe
slowly varying inclusion caseyields an analogougesultto
the caseof slowly-varying systems. This resultis also di-
rectly applicableto the caseof slowly-varying families of
time-varyingdelayequations.
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