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Abstract

We continueour analysisof the Lyapuno andFloquetspec-
trumof discrete-timesystemsegunin [12]. In particularwe

settleanopenquestiorby presentinganexampleof aninvari-

antcontrolsetin which Lyapun exponentamayberealized
thatarenot containedn the closureof the Floquetspectrum
correspondindo the control set. Furthermorewe shaw that
underweakconditionsthetop Lyapunw exponentshehaes
strictly monotoneundermonotonegrowth of the families of

time-varying systems. This implies a stronglinearization
resultfor stability radii of nonlinearsystemwith respecto

time-varyingperturbations.

1 Intr oduction

The questionasto which exponentialgrowth ratesor Lya-
punor exponentsa family of time-varyinglinear systemcan
exhibit hasattractednuchattentionin recentyears.For con-
tinuoustime systems-loquet,Lyapuna and Morse spectra
have beenstudiedby ColoniusandKliemann,see[4, 5] and
referencesherein.In discrete-timehelargestLyapunw ex-
ponenthasreceved particularattentionunderthe nameof
generalizedspectralradiusin a recentflourishingbranchof
literatureon lineardiscreteinclusions[2, 3, 7, 6].

In the following sectionwe introducethe conceptof ex-
ponentialgrowth rateswe will considerthenwerecallsome
controllability concept®f nonlinearsystemsn Section3. In
Section4 we recallhow theserelateto Lyapunw exponents
andgive a countergampleto an openproblemin this area,
by presentinga control setfor which the closureof the cor
respondindg-loquetspectrunmdoesnot containthe Lyapunw
exponentgealizablein the controlset. In thefinal Section5
we shaow that the top Lyapuna exponentis either constant
or strictly increasingf strictly increasingmapsof admissi-
ble valuesare considered.This resultis appliedto prove a
strongetinearizationresultfor nonlinearstability radii than
theoneobtainedn [8].

2 Preliminaries

LetK = R, C andlet (j C K™ beopenandconnectedFor
ananalyticmap A : U — K**" we considera family of
time-varyinglinear systemof the form

z(t+1) = A(u(t))z(t), teN, z(0)=2€K", (1)

whereu : N — U C U. Fort € N, U* denotesthe set
of admissiblefinite controlsequences = (u(0),. .., u(t —
1)), while UY is the set of infinite control sequences =
(u(0),u(1),...). Theevolution operatomgeneratedby acon-
trol sequence: € UY is definedby ®,,(s, s) = T and

By(t+1,5) = Au(t))®y(t,s), t>seN. (2

With this notation ®,, (¢, 0)x, is the solution of (1) corre-
spondingo theinitial valuezx, € K* andthecontrolu € UY
attimet.

To the linear system(1) we associat& systemon projec-
tive spacevhosecontrollability propertiedeterminghesets
of characteristiexponentsn aqualitatveway. In thesequel
P%‘l denoteshen — 1 dimensionaprojective spaceandfor
W C K™, PW denoteghenaturalprojectionof W\ {0} onto
the projective spaceP~*. With this notationthe projected
systemis givenby

fu+1) =
€0) =

Naturally for each point in projectve spacethis only
makessenseif £(t) ¢ Ker A(u(t)). We thereforede-
fine the admissiblecontrol valuesfor & by U(¢) = {u €
U; A(u)z # 0,2 # 0,Pz = ¢}. Thesetsof admissiblecon-
trol sequencearedenotedoy Ut (¢), U (¢). Thesolutionof
(3) correspondingo aninitial value¢, € P%~" andacontrol
sequence: € UN(&,) is denoteddy &(-; &, u).

Let Usn, betheset{u € U; det A(u) # 0}, whichis
clearly the complementof a setdefinedby analytic equa-
tionsin /. Thefollowing generalassumptiorwill be made
throughoutheremaindeof this article.

PA(u(t)E)
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() Uiny £0,U CclintU C U.



(i) int U is connectedl/ is bounded.

We areinterestedn theexponentialgrowth ratesthatsystem
(1) canexhibit. Let A(zq, u) denotethe Lyapunw exponent
correspondingo theinitial valuez, € K* andthesequence
ue UV ie.

1
A(zo, u) = limsup — log || P (t,0)z0]|.
’ t—oo T '

As a specialcaseFloquetexponentsare definedto be the
Lyapunw exponentscorrespondingto periodic sequences
u € UM, Itis easyto seethatthey areof theform 1 log | A| for
some\ € o(®,(¢,0)) wheret € N, u € U*. For asystenof
form (1) determinedby themap A andthe setof admissible
controlsU the Floquetand Lyapunw spectrumarethe sets
of all correspondingxponentsj.e.

EFl(A,U) = U O'Fl(u) y
t>1,ucUt
Sry(AU) = {Mao,u); 20 € KM\{0},u € U}

3 Control Sets

It is known that the structureof the set of Floquet expo-
nentsis determinedby the controllability propertiesof sys-
tem (3), see[12]. We briefly quotethe appropriatedetails.
For¢ € PR~ andatimet € N we definethe forward orbit
atimet by Of (¢) := {n € PR ", 3u € U(¢) withy =
&(t;€,u)}.  The forward orbit of ¢ is then defined by
Ot (€) = U,en OF (€). The backwardorbit of ¢ at time
tis givenby O; (¢) := {n € P~ ";3u € Ut(n) with¢ =
£(t;m,u)} andagain O™ (&) = U,y Ot (€). Recallthat
system(3) is calledforward accessiblérom¢ if int O (¢) #
¢ andforward accessibléf it is forward accessibldrom alll
£ e IP’%”. A relatedconceptis that of regularity. Consider
themap

F(&,) UNE) = PRt Fu(é u) :=€(t;6,u). (4)
We call a pair (¢,u) € P§~! x int Ut regular, if u €
int U*(¢) andthe Jacobiarof F; (&, -) hasfull rankin u. A
controlu € int U* is calleduniversallyregular, if (¢, u) isa
regularpairfor all ¢ € P21,

A very usefulresultin this contet is that underthe as-
sumptionof forward accessibilitythe universallyregular se-
guencesare genericprovided the length of the sequencés
sufiiciently long, see[11]. We denoteregularforward orbits
thatis the setof pointsreachabldrom ¢ suchthat¢ andthe

appliedcontrol sequencdorm a regular pair by @j (&), the

notations? ™ (¢), O] (€), 0 (€) areto be understoodn the
samesense.The regions of approximatecontrollability are
now definedasfollows.

Definition 3.1(Control set) LetK = R, C. Considersys-
tem(3). Asetd # D C P%‘l is calleda controlset if

(i) DcCcdOt(€), Ve D.

(i) Foreveryé € D therexistsau € UN(€) sud that
&(t;€,u) € Dforallt € N.

(iii) D is a maximalsetwith respecto inclusionsatisfy-
ing (i).

A contrl setC is called invariant control set if c1C =
Ot (¢), veéeC.

If DC P%‘l is a contmol setwith int D # {, the (regular)
coreof D is definedby

core(D) := {¢ € D; (’§+(£)|’]D £0andO (£)ND # 0} .
(5)

See[1], [12] for a discussionof further propertiesof
the core. We now beggin to recall the relation betweenthe
control setswith nonemptyinterior in the projective space
P%‘l andthe Floquetspectrumof the system(1). For this
we introducethe following notation, given « € U? and
A € o(®,(t,0)) we denoteby GE(A, u) the generalized
eigenspacef &, (t,0) correspondindo A. The projection
of this eigenspac@G E (A, ) is calledregular, if for ary
& € PGE(A, u)thepair (&, u) isregular. Note, thatin partic-
ularPG E(X, u) is alwaysregular, if « is universallyregular
Regular generalizeceigenspaceare of interest,asthey al-
ways projectto the core of a control set, as the following
resultstates.

Proposition 3.2 [12] Considersystem(1) andits projection
(). Ifforu € U',0 # X € o(®4(¢,0)), the projection
PGE(A, u) is regular, thenthere existsa control setD sudh
that

PGE(X, u) C core(D).

Givena controlset D with nonemptycorethe associated
setof Floquetexponentss now definedasfollows.

1
Sm(D) = U {7log|)\|; A€ a(Py(t,0)),
t>1,ucUt
PGE(A, u) C core(D) and

PGE(A, u)isregular}.

It is known thatthe closureof X.r; (D) is aninterval [12].
Under the assumptiorof forward accessibility thereis ex-
actly oneinvariantcontrol setC' C P!, The correspond-
ing Floquetspectralinterval is givenby cl X g (C). It is of
specialinterestasthe top Lyapunw exponentof (1) is the
maximalelementof cl X r; (C'), andthis quantityis alsothe
“generalizedspectralradius” studiedin [3, 6] or the “Lya-
punov indicator” studiedin [2].

4 Floquet and Lyapunov spectrum

Thefollowing statemensummarizesomeknown resultson
the relationof Floquetspectralintervals of a control setand
the setof Lyapunw equations.We needthe following no-
tation. Foru € UY, ¢ € PE~", the positive w-limit setis



definedby
(€)= {0 € PE {0 uen I, Jim 1 =00 (9
suchthatn = lim €(tk;§,u)} .
k— o0 ’

Theorem4.1 [12, Theoem1l.1]LetK = R, Candassume
that(3) is forward accessible

() Let D be a contol set, with core(D) # 0. As-

sumethat (&,u) € PE~' x UN(&) are given with
wt(é,u) C D. |If ther existsa t, € N with
&(to; €0, u) € core(D) thenA(&o, u) € cl X (D).

(i) Let D be a contol set, with core(D) # 0, then
ClZFl(D) C E[ly(A, U)

Theprevioustheoremeavesagapin thatit doesnotresohe
thequestionwhethertheremaybetrajectoriesvhosew-limit
setis containedn a control set, but with a Lyapuna expo-
nentthatis not containedn the closureof the corresponding
Floguetinterval. Thefollowing exampleshawvs thatthis may
indeedbethecase.

Example4.2 Let K = R, n = 2, andconsidethemap

A R? - R2X2, A(a,b):[i ‘;] 7)

Definell == {[a, b’ € R%0<a<1,0<b< 1}. Itis
easyto seethat the projectedsystemgiven by thesedatais
forwardaccessibleAs all matricesA(«) have only positive
entriesthe positive orthantR2 , is invariantunderall A(u)
andsois the projectionof the positive orthantfor system(3).
It follows by [12, Theorem7.1 (i)] thatC' C PR%, asC is
containedin the forward orbit of every ¢ € P%. We claim
thatindeedC' = PRZ . This may be seenby noting that
thevector[1/b — 1, 1T is the eigervectorto the eigervalue
1 of A(0,b) andhenceof A(0, b)*. Fort large enoughthere
exists a sequencef universallyregular u,, € Ut suchthat
@, (t,0) — A(0,b)". Asthespectrunof A(0,b)" is simple

and®, (¢, 0) is positive the (projectionof the) eigenspaces

n

correspondindo the maximal eigervalue of ®,,, (¢,0) con-
vergeto P[1/b— 1, 1]’. By universalregularity andProposi-
tion 3.2theseeigenspacegrojectto thecoreof somecontrol
set,which canonly be C' by the maximality of the eigerval-
ues[12, Remark7.4 (ii)].

Clearly, we have for ¢ = P[0, 1]’ andthe constantontrol
ug = (0,0) thatA(&, ug) = —oo, soontheboundaryof C'
the Lyapunw exponent—oo may be realized. We intendto
shav thaton the otherhandinf ©p; (C') > —oo. Chooseary
& € intC,t € N,u € U suchthatéy = £(¢; &, u). Let
z(0),2(1),...,z(t) = Az(0) bea correspondindrajectory
in R? satisfyingz(s + 1) = A(u(s))z(s),s = 0,...,t — 1.
Asfor ary u € U it holdsthat

Ty v o _ T
[2]20 ]2 ] nen

It follows by inductionthatz; (t) > «1(0) andhencex > 1
andinf X (C) > 0. Asr(A(u)) = 1forallu = [0,b] € U
we obtainmin X (C) = 0. n

This exampleis extremein the sensethatit exhibits a large
differencebetweenthe two quantitiesconsidered.lt should
be noted however that the differencebetweenthe lower
boundaryof the Floquetspectrumof a control setandthe
minimal Lyapuna exponentrealizablein this control set
doesnot dependon the non-invertibility usedin the previ-
ousexample.In fact, considerthe samemap A asin (7) and
the setof admissiblecontrolvalues

U.:={[a,b) €R%0<a<1/2,e<b< 1},

for some0 < ¢ < 1. In this casedet(A(u)) > &/2.
It is easyto seethat again minXg;(C.) = 0, while
A(P[0, 1}, (¢,0)) = log(e) < 0 andP[0, 1] € 9C:.

5 Strict monotonicity of the top Lyapunov ex-
ponent

We now turnto theexaminationof parametedependensys-
tems. Thatis we considera family U/,, p € R, satisfying
0€ U, cUandcll, Cintl,, for pi < ps. Wedenote
thetop Lyapuna exponent

k(p) = maxXr,(A,U,).

Thefollowing resultshavs a strict monotonicityproperty
of this quantity The algumentatiormakesuseof a remark-
ableresultdueto Barabanw [2], thatassociatea norm, that
canalsobeinterpretecasan“optimal” Lyapun« functionto
system(1), underthe assumptiorthatthe set A(U) is irre-
ducible. Recall,thata setof matricesM C K"*” is called
irreducible,if only thetrivial subspace$0}, K™ areinvariant
underall A € M.

As it is well possiblethat our setsof matricesare con-
tainedin somesubspace$ C R"*", we wish to formu-
late propertieswith respectto thesesubspacesWe denote
V, 1= span A(U,) C R™*". Theinteriorof asetM C V,
with respectto the relative topologyon V, will be denoted
byint, M.

Theorem5.1 Let conv A(U,) C int,conv A(Uy) for all
0 < p < 6. If A(U,) is irreduciblefor all p > 0 then
there existsa constants € [0, oo) sud that «(-) is constant
on [0, p] andstrictly increasingon [, o).

Proof. Letp > 0. We mayassumehatx := «(p) = 0, by
consideringhemape~* A. By [2] thereexistsanormv on
R" suchthatfor all z € R"™ we have max{v(A(u)z) | u €
U,} = v(x). Let S denotethe spherewith respectto the
normw. We considertwo cases:

1. Thereexist € S andu € U} suchthatz(¢; z,u) € S
forall ¢ > 0 thenclearly x(0) > A(z,u) = 0. Ontheother
handby monotonicityx(0) < x = 0, sothatx(§) = 0 for all
0 €0,p].



2. Assumethe contrary sothatfor ary z € S thereexists
acontrolu € U}¥ suchthatz(t;z,u) € Sfor0 <t <t, and
for y = z(tz;2,u) it holdsthat maxyer, v(A(u)y) < 1.
Now by constructionof v thereexistsa v, € U, suchthat
v(A(u1)y) = 1. Now letu € Uy thenfor p € [0, 1] we have

A(ug) + p(A(ur) — A(ug)) € conv A(p) .
Fix ¢ > 0 anddefine

B. := A(ug) + (1 +¢)(A(u1) — A(ug)) € conv A(p.),

wherep. > p. As v(A(uo)y) < 1 andv(A(u1)y) = 1
it follows thatv(B.y) > 1. Consequentlyit follows that
v(B: ®(t,, uz)x) > 1 andby continuitythereexistsa neigh-
borhoodV;, of z in .S suchthat v(B®(t;, u;)z) > 1 for
all z € V,. Using a standardcompactnesargumentit fol-
lows thatthereexistsa " > 0, p/ > p suchthatfor ary
z € S thereexist matricesB;, ..., By € conv A(p') with
v(Br ... Byx) > 1. By concatenatiothis impliesthatthere

existsanunboundedolutionto thediscreteinclusion
z(t+1) € {Az(t) | A€ conv A(p')}.

Now Corollaries 2 and 3 of [2] imply that x(p') =
k(conv A(p')) > 0.

By the assumption on the monotonic growth of
conv A(U,) the valuep’ canbe chosenarbitrarily closeto
p by choosing: smallenough.Thusundertheassumptiorof
2.k(0) > k(p) forall § > k. m
Let us notethe following immediatecorollary.

Corollary 5.2 Let conv A(Up) C int, conv A(Uy) for all
0 < p < 0. Thee existsa constantp € [0, co) sud that ()
is constanton [0, p] andstrictly increasingon [p, oo).

Proof. Givenary setM C R"*" we canfind a similarity
transformatiori” suchthatary A € M hastheform

[ A1 Ags oo Aga ]
0 Ao Aoz ... Aoy
/R L s
0 0 A

whereeachof thesetsM;; .= {A;;; A€ M},i=1,...,d
isirreducible.lt holdsthatx (M) = max;=1,... .4 £(M;).

Thus in our casethereexist I € {0,...,n — 1} and
0=ty <t <...<t <ty < oosuchthatontheinter
vals(t;,%;41],7 = 0, ..., thenumberof irreducibleblocks

of A(U,) is constant. Fix oneinterval [t;,t;41). For each
irreducibleblock Theorem5.1 immediatelyapplies. Taking
themaximumof thefinite numberof blocksclearlypreseres
thedesiredproperty

It thusremainsto check,thatit is impossiblethat x(-) is
strictly increasingon an interval (a,t;], « < ¢; andcon-
stanton (t;,b), b > t;, for somei = 1,...,l. LetV; :=

span A(U;,). By assumptionA(U,) ¢ V; forall p > t;,
asotherwisetheblock structurewould not changeatt;. The
assumptioron the growth of the setsconv A(U, ), however,
impliesin particularthat
conv A(U;,) Cinty, convV; NA(U,), p>t;.
Theassumptiorthat«(-) bestrictly increasingon (a, t;] im-
pliesthat
k(ti) < k(Vi N A(U,)),

for all p > t; by Theorem5.1. By inclusiontheright hand
side, however, is less equalthan «(p), which shows that
k(p) is continuouslyincreasingon (z;,b). This concludes
the proof. [ |

6 Application: Nonlinear Stability radii

Using Theorem5.1 we can strengtherthe resultson non-
linear stability radii that were obtainedin [8]. We consider
nonlinearsystemsf theform

fo(2(t)),

with fo € C1(R", R™) which have an exponentiallystable
fixedpointz*. Assumethat(8) is subjectto perturbation®of
theform

z(t+1) = teN (8)

m

w(t+1) = fo(e(t) + > wi(t)fi(z(t)), teN, (9)

i=1
wherethe perturbatiorfunctions f; leave the fixed pointin-
variant,i.e. fi(z*) = 0,f; € C'(R",R™),i = 1,...,m.
We wantto analyzethe correspondingime-varying stability
radius

reo (fo, (fi)) = inf{||u||le |u: N = R™s.t. (9)

is notasymptoticallystableatz* } .

Associatedvith thenonlinearsystem(9) we maystudythe
linearizationin z* givenby

m

y(t+1) = Aoy(t) + Y wilt) Aiy(t) ,

i=1

teN, (10)

where A; denotesthe Jacobianof f; in z*.We abbreiate
A(u) = Ao + 3" uiA; anddenotel, := {u € R™ ; [|u]| <
p}. Definethelinear stability radii

TLy(AOJ (AZ)) = ll’lf{pl K(p) 2 0} )
Try(Ao, (Ai)) = inf{p| k(p) > 0}.

For amethodfor thecalculationof r1.,, (Ao, (A;)) werefer

to [13]. Thefollowing resultis ageneralizatiorof aresultin

[8].
Theorem6.1 If 1, (Ao, (4;)) < 0then

1y (Ao, (Ai))rew (fo, (fi)) = 7oy (Ao, (Ai)) -



Proof. By [8] we alreadyknow that

TLy(Ao, (Az)) < rtv(f()a (fz)) < fLy(AOa (Az)) )

where equality holds generically Now, note that
rry(Ao, (Ai)) < Fry(Ao, (A;)) canonly occus if thereis
aninterval [p1, p2] suchthat k(p1) = £(p2). By Corol-
lary 5.2 this implies that x(0) = 0. This in turn implies

rry(Ao, (A;)) = 0, whichcontradictsour assumption. m

7 Conclusion

We have analyzedLyapunw exponentsof families of time-
varying systems.In particular we obtaineda resulton the
strict monotonicityof thetop Lyapunw exponentwhich al-
lows for an easycharacterizatiof nonlinearstability radii.
In particular it follows from theseresultsthat the methods
for the calculationof the linear stability radii in [13] areap-
plicablefor local nonlinearstability radii. This is surprising,
asfor the caseof time-invariantperturbationsucha state-
mentis not alwaystrue, even thoughgenericallyso[9, 10].
It isthetopicof ongoingresearclif thesaesultscanbetrans-
ferredto thecontinuougime case A directapplicationof the
discreteime ideasdoesnot leadto anendhere.
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