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Abstract

Wecontinueour analysisof theLyapunov andFloquetspec-
trumof discrete-timesystemsbegunin [12]. In particularwe
settleanopenquestionbypresentinganexampleof aninvari-
antcontrolsetin whichLyapunov exponentsmayberealized
thatarenot containedin theclosureof theFloquetspectrum
correspondingto thecontrol set. Furthermorewe show that
underweakconditionsthetop Lyapunov exponentsbehaves
strictly monotoneundermonotonegrowth of thefamiliesof
time-varying systems. This implies a strong linearization
resultfor stability radii of nonlinearsystemwith respectto
time-varyingperturbations.

1 Intr oduction

The questionas to which exponentialgrowth ratesor Lya-
punov exponentsa family of time-varyinglinearsystemcan
exhibit hasattractedmuchattentionin recentyears.For con-
tinuoustime systemsFloquet,Lyapunov andMorsespectra
have beenstudiedby ColoniusandKliemann,see[4, 5] and
referencestherein.In discrete-timethelargestLyapunov ex-
ponenthasreceived particularattentionunderthe nameof
generalizedspectralradiusin a recentflourishingbranchof
literatureon lineardiscreteinclusions[2, 3, 7, 6].

In the following sectionwe introducetheconceptsof ex-
ponentialgrowth rateswewill consider, thenwerecallsome
controllability conceptsof nonlinearsystemsin Section3. In
Section4 we recallhow theserelateto Lyapunov exponents
andgive a counterexampleto an openproblemin this area,
by presentinga control setfor which theclosureof thecor-
respondingFloquetspectrumdoesnotcontaintheLyapunov
exponentsrealizablein thecontrolset. In thefinal Section5
we show that the top Lyapunov exponentis eitherconstant
or strictly increasingif strictly increasingmapsof admissi-
ble valuesareconsidered.This result is appliedto prove a
strongerlinearizationresultfor nonlinearstability radii than
theoneobtainedin [8].

2 Preliminaries

Let
���������

andlet
	
��
���

beopenandconnected.For
an analyticmap ��� 	
����������

we considera family of
time-varyinglinearsystemof theform�����! �"$# � � �&%����'#�#��(�)�'# � ��*,+ � ���&-.# � �0/1* � � � (1)

where % � + �2
3� 	

. For ��*�+ �4
65 denotesthe set

of admissiblefinite controlsequences% � �7%(�7-.# �$89898'� %(�)�;:"$#<# , while

6=

is the set of infinite control sequences% ��7%(�7-># � %��<"$# �9898$8 # . Theevolutionoperatorgeneratedby acon-
trol sequence%,* 
6= is definedby ?A@ �&B � B$# �DC and? @ �)�E F" � B$# � � �&%����'#�# ? @ �)� � B$# � �AGHBI*J+ 8 (2)

With this notation ?A@ �)� � -.#<�K/ is the solution of (1) corre-
spondingto theinitial value �0/L* ��� andthecontrol %,* 
6=
at time � .

To the linearsystem(1) we associatea systemon projec-
tivespacewhosecontrollability propertiesdeterminethesets
of characteristicexponentsin aqualitativeway. In thesequelM ��N(OP denotesthe Q :R" dimensionalprojectivespace,andforST�U�6�

,
M�S

denotesthenaturalprojectionof
SDVXW -XY onto

the projective space
M �ZN(OP . With this notationthe projected

systemis givenby[ �)�E 
"9# � M � �&%����'#�# [ ���'# � ��*J+ (3)[ �7-># � [ /I* M �ZN�OP � %,* 
 = � [ /\# 8
Naturally for each point in projective spacethis only

makessenseif
[ �)�'#^]�`_ba\c � �7%(�)�'#<# . We thereforede-

fine the admissiblecontrol valuesfor
[

by

 � [ # � �dW %�*
fe � �7%0#��g]� - � �h]� - ��M � � [ Y . Thesetsof admissiblecon-

trol sequencesaredenotedby

65 � [ # �\
1= � [ # . Thesolutionof

(3) correspondingto aninitial value
[ / * M �ZN�OP anda control

sequence%,* 
6= � [ / # is denotedby
[ �<i e [ / � %0# .

Let

�j �.k be the set

W %l* 
4efmna\o � �7%0#h]� -�Y , which is
clearly the complementof a set definedby analytic equa-
tions in



. The following generalassumptionwill bemade

throughouttheremainderof this article.

(i)

�j �.k ]�Dp , 
q�srut\v)wxo!
D� 	
 .



(ii)
vyw�o0


is connected,



is bounded.

Weareinterestedin theexponentialgrowth ratesthatsystem
(1) canexhibit. Let z �&� / � %0# denotetheLyapunov exponent
correspondingto theinitial value � / * ��� andthesequence%,* 
 = , i.e.z �7�0/ � %K# �{t)v)|
}<~Z�5&��� "� t)�.�1� ?A@ ��� � ->#��0/ �.8
As a specialcaseFloquetexponentsare definedto be the
Lyapunov exponentscorrespondingto periodic sequences%,* 
6= . It is easyto seethatthey areof theform

O5 t)�.��� z � for
somez *��;� ?A@ ��� � ->#�# where��*,+ , %,* 
65 . For asystemof
form (1) determinedby themap � andthesetof admissible
controls



theFloquetandLyapunov spectrumarethe sets

of all correspondingexponents,i.e.�A��� � � �u
 # � � �5��(O�� @����(� � ��� �&%K# ��A�Z� � � �u
 # � � W z �&�K/ � %0# e �K/1* � � V�W -�Y � %�* 
 = Y 8
3 Control Sets

It is known that the structureof the set of Floquet expo-
nentsis determinedby the controllability propertiesof sys-
tem (3), see[12]. We briefly quotethe appropriatedetails.
For
[ * M ��N(OP anda time �b*�+ we definethe forward orbit

a time � by �4�5 � [ # � �^W�� * M ��N(OP e�� %
* 
65 � [ # with
���[ ��� e [ � %0#�Y . The forward orbit of

[
is then defined by�4� � [ # � �3  5 � = �f�5 � [ # . The backwardorbit of

[
at time� is givenby � N5 � [ # � �¡W�� * M �nN�OP e�� %U* 
65 � � # with
[ �[ ��� e'�0� %K#¢Y andagain � N � [ # � ��  5 � = � N5 � [ # . Recall that

system(3) is calledforward accessiblefrom
[

if
v)w�o �f� � [ #b]�p

andforward accessibleif it is forwardaccessiblefrom all[ * M ��N�OP . A relatedconceptis thatof regularity. Consider
themap£ 5 � [ � i¤# � 
 5 � [ # �3M ��N�OP �¥£ 5 � [ � %0# � � [ ��� e [ � %0# 8 (4)

We call a pair � [ � %K#�* M ��N�OP ¦ v)w�o�
65 regular, if %§*v)w�o0
65 � [ # andtheJacobianof
£ 5 � [ � i # hasfull rank in % . A

control %R* v)w�o�
65 is calleduniversallyregular, if � [ � %K# is a
regularpair for all

[ * M ��N(OP .
A very useful result in this context is that underthe as-

sumptionof forwardaccessibilitytheuniversallyregularse-
quencesaregenericprovided the length of the sequenceis
sufficiently long,see[11]. We denoteregular forwardorbits
that is thesetof pointsreachablefrom

[
suchthat

[
andthe

appliedcontrol sequenceform a regular pair by ¨� �5 � [ # , the

notations ¨� � � [ # � ¨� N5 � [ # � ¨� N � [ # areto beunderstoodin the
samesense.The regionsof approximatecontrollability are
now definedasfollows.

Definition 3.1(Control set) Let
�§�©�R�'�

. Considersys-
tem(3). A set

p ]�Dª©�{M �ZN(OP is calleda controlset, if

(i)
ª©�{r\t �4� � [ # ��« [ * ª .

(ii) For every
[ * ª there existsa %¬* 
6= � [ # such that[ �)� e [ � %K#­* ª for all �A*R+ .

(iii)
ª

is a maximalsetwith respectto inclusionsatisfy-
ing (i).

A control set ® is called invariant control set, if
r\t ® �r\t �f� � [ # �X« [ * ® .

If
ª©�
M ��N�OP is a control setwith

v)w�oXª ]�Dp , the (regular)
coreof

ª
is definedbyr\�.c<a � ª # � �qW [ * ªRe ¨� � � [ #.¯ ª ]��p and ¨� N � [ #>¯ ª ]�Dp Y 8

(5)

See [1], [12] for a discussionof further propertiesof
the core. We now begin to recall the relation betweenthe
control setswith nonemptyinterior in the projective spaceM ��N(OP andthe Floquetspectrumof the system(1). For this
we introduce the following notation, given %§* 
65

andz *°�;� ? @ �)� � -.#<# we denoteby ±³² � z � %0# the generalized
eigenspaceof ? @ �)� � -.# correspondingto z . The projection
of this eigenspace

M ±�² � z � %0# is called regular, if for any[ * M ±³² � z � %0# thepair � [ � %0# is regular. Note,thatin partic-
ular

M ±³² � z � %0# is alwaysregular, if % is universallyregular.
Regular generalizedeigenspacesareof interest,as they al-
ways project to the core of a control set, as the following
resultstates.

Proposition 3.2 [12] Considersystem(1) andits projection
(3). If for %´* 
 5 � -´]� z *µ�;� ?A@ ��� � ->#�# , the projectionM ±b² � z � %0# is regular, thenthere existsa control set

ª
such

that M ±�² � z � %K# �{r\�.c<a � ª # 8
Givena control set

ª
with nonemptycoretheassociated

setof Floquetexponentsis now definedasfollows.�A��� � ª # � � �5���O�� @��.� � W "� t)�.�6� z �¶e z *��;� ? @ ��� � ->#�# �M ±�² � z � %0# �{r\�.c<a � ª # andM ±�² � z � %0# is regular Y 8
It is known thattheclosureof

� ��� � ª # is an interval [12].
Under the assumptionof forward accessibility, thereis ex-
actly oneinvariantcontrol set ® �qM ��N�OP . Thecorrespond-
ing Floquetspectralinterval is given by

r\t�� ��� � ® # . It is of
specialinterestas the top Lyapunov exponentof (1) is the
maximalelementof

r\t�� ��� � ® # , andthis quantityis alsothe
“generalizedspectralradius” studiedin [3, 6] or the “Lya-
punov indicator”studiedin [2].

4 Floquet and Lyapunov spectrum

Thefollowing statementsummarizessomeknown resultson
the relationof Floquetspectralintervalsof a controlsetand
the setof Lyapunov equations.We needthe following no-
tation. For %�* 
6= , [ * M �ZN(OP , the positive · -limit set is



definedby· � � [ � %0# � ��¸¹� * M �ZN�OP e��0W ��º�Y$º � = � + �;t)v)|º ��� ��º ��» (6)

suchthat
�f�¼t)v)|º �³� [ ��� º e [ � %0#$½ 8

Theorem 4.1 [12, Theorem11.1]Let
���H�����

andassume
that (3) is forward accessible.

(i) Let
ª

be a control set, with
ru�.c�a � ª #©]�`p

. As-
sumethat � [ / � %0#{* M �ZN�OP ¦ 
1= � [ /9# are given with· � � [ / � %0# � ª

. If there exists a �'/d*¥+ with[ �)�'/ e [ / � %0#­* r\�>c�a � ª # then z � [ / � %0#­* r\t�� ��� � ª # .
(ii) Let

ª
be a control set, with

r\�.c<a � ª #´]�¥p
, thenr\t$�A��� � ª # �
� �Z� � � �\
 # .

Theprevioustheoremleavesa gapin thatit doesnot resolve
thequestionwhethertheremaybetrajectorieswhose· -limit
setis containedin a control set,but with a Lyapunov expo-
nentthatis notcontainedin theclosureof thecorresponding
Floquetinterval. Thefollowingexampleshows thatthismay
indeedbethecase.

Example4.2 Let
���H��� Q �
¾ , andconsiderthemap��� �À¿;�^�À¿ � ¿0� � �&Á �'Â # �3Ã "`ÁÂ ÂhÄ 8 (7)

Define

 � �ÅW�Æ Á ��Â<ÇÉÈ * � ¿ e -RÊËÁ�ÊÅ" � -RÊ Â ÊÅ"�Y . It is

easyto seethat the projectedsystemgiven by thesedatais
forwardaccessible.As all matrices� �&%K# have only positive
entriesthe positive orthant

� ¿ � / is invariantunderall � �&%K#
andsois theprojectionof thepositiveorthantfor system(3).
It follows by [12, Theorem7.1 (i)] that ® ��M;� ¿ � / as ® is
containedin the forward orbit of every

[ * M1OÌ . We claim
that indeed ® �§M;� ¿ � / . This may be seenby noting that
the vector

Æ "$Í Â :q" � " Ç È is the eigenvector to the eigenvalue" of � �7- �'Â # andhenceof � �&- ��Â # 5 . For � largeenoughthere
exists a sequenceof universallyregular % � * 
15 suchthat?A@�Î ��� � -># � � �&- ��Â # 5 . As thespectrumof � �&- ��Â # 5 is simple
and ?A@�Î �)� � -.# is positive the (projectionof the)eigenspaces
correspondingto the maximaleigenvalueof ?A@�Î ��� � -># con-
vergeto

MbÆ "$Í Â :
" � " Ç È . By universalregularity andProposi-
tion 3.2theseeigenspacesprojectto thecoreof somecontrol
set,which canonly be ® by themaximalityof theeigenval-
ues[12, Remark7.4(ii)].

Clearly, we have for
[ �lM6Æ - � " Ç È andtheconstantcontrol% / � � �&- � -.# that z � [ � % / # � : » , soon theboundaryof ®

theLyapunov exponent : » maybe realized.We intendto
show thaton theotherhand

v)w�ÏK�A��� � ® #AÐ�: » . Chooseany[ /,* v)w�o ® , �Ñ*�+ , %H* 
15 suchthat
[ / � [ ��� e [ / � %0# . Let�(�7-># � ���<"$# �$898$8�� �(�)�'# � z �(�7-># bea correspondingtrajectory

in
� ¿

satisfying �(�7B� �"9# � � �7%(�7B9#�#��(�7B9# � B � - �$898$8�� �E:
" .
As for any %,* 
 it holdsthatÃ � O� ¿ Ä G
- � ÃÑÒ OÒ ¿ Ä � � �&%K# Ã � O� ¿ ÄÀÓ � O Ê Ò O 8

It followsby inductionthat � O �)�'#1GD� O �7-.# andhencez G�"
and

v)w�ÏK� ��� � ® #�GH- . As Ô � � �7%0#�# � " for all % ��Æ - �'Â<Ç È * 

we obtain

|Jv)wÕ� ��� � ® # � - .
This exampleis extremein the sensethat it exhibits a large
differencebetweenthe two quantitiesconsidered.It should
be noted however that the differencebetweenthe lower
boundaryof the Floquetspectrumof a control set and the
minimal Lyapunov exponent realizablein this control set
doesnot dependon the non-invertibili ty usedin the previ-
ousexample.In fact,considerthesamemap � asin (7) and
thesetof admissiblecontrolvalues
�Ö � ��WxÆ Á �ZÂ<Ç È * � ¿ e -4ÊsÁ�Ê×"9Í ¾n�.Ø Ê Â Ê×"�Y �
for some -©Ù Ø ÙÚ" . In this case

mZauo � � �&%K#<#
G Ø Í ¾ .
It is easy to see that again

|Jv)wÕ� ��� � ® Ö # � - , whilez � M�Æ - � " Ç È � � Ø�� ->#�# �{t)�.� � Ø #AÙ
- and
MbÆ - � " Ç È *�Û ® Ö .

5 Strict monotonicity of the top Lyapunovex-
ponent

Wenow turn to theexaminationof parameterdependentsys-
tems. That is we considera family


EÜ��<Ý * � � , satisfying-,* 
 Ü � 	

and

r\t>
 ÜuÞ �qv)wxo!
 Ü�ß
for
Ý O Ù Ý ¿ . We denote

thetop Lyapunov exponentà�� Ý # � �H|�á�â¹�A�Z� � � �u
 Ü # 8
Thefollowing resultshows a strict monotonicityproperty

of this quantity. Theargumentationmakesuseof a remark-
ableresultdueto Barabanov [2], thatassociatesa norm,that
canalsobeinterpretedasan“optimal” Lyapunov functionto
system(1), underthe assumptionthat the set � � 
 # is irre-
ducible. Recall,thata setof matricesã ���6�����

is called
irreducible,if only thetrivial subspaces

W -�Y �ä��� areinvariant
underall � * ã .

As it is well possiblethat our setsof matricesare con-
tainedin somesubspaceså ���f�æ�X�

, we wish to formu-
late propertieswith respectto thesesubspaces.We denoteå Ü � �´}��Ká�w � � 
 Ü # ���f�æ�>� . Theinterior of a set ã � å Ü
with respectto the relative topologyon å Ü will be denoted
by
vyw�o�Ü ã .

Theorem 5.1 Let
r\�.w�ç � � 
 Ü # �èv)w�o Ü r\�.w�ç � � 
Eé # for all-qÙ Ý Ùëê . If � � 
 Ü # is irreduciblefor all

Ý Ðë- then
there existsa constant ìÝ * Æ - ��» # such that à��<i¤# is constant
on
Æ - � ìÝ9Ç andstrictly increasingon

Æ ìÝK��» # .
Proof. Let

Ý Ð�- . We mayassumethat à � � à�� Ý # � - , by
consideringthemap í N�î � . By [2] thereexists a norm ï on�f�

suchthat for all �h* �f� we have
|�á�â�W ï � � �&%K#<�K# � %h*
EÜ Y � ï �7�0# . Let ð denotethe spherewith respectto the

norm ï . We considertwo cases:
1. Thereexist �R* ð and %¬* 
6=/ suchthat �(�)� e � � %K#­* ð

for all �bG×- thenclearly à(�7-.#LG z �7� � %K# � - . On theother
handby monotonicityà��&-.#AÊsà � - , sothat à��&ê�# � - for allê³* Æ - ��Ý�Ç .



2. Assumethecontrary, sothatfor any �¬* ð thereexists
acontrol %,* 
6=/ suchthat ����� e � � %K#ñ* ð for -³Ê���Êg��ò and
for Ò � ������ò e � � %0# it holds that

|Rá�â @��.�Zó�ï � � �&%K# Ò #hÙ�" .
Now by constructionof ï thereexists a % O * 
 Ü suchthatï � � �7% O # Ò # � " . Now let %�* 
 / thenfor ô * Æ - � " Ç we have� �&%K/9#� ô � � �&% O #;: � �7%0/$#<#A* r\�.w�ç � � Ý # 8
Fix
Ø ÐH- anddefineõ Ö � � � �&%K/9#� ���"¹ Ø #\� � �&% O #(: � �&%K/u#�#A* r\�.w�ç � � Ý Ö # �

where
Ý Ö Ð Ý . As ï � � �7%0/�# Ò #gÙö" and ï � � �7% O # Ò # � "

it follows that ï � õ Ö Ò #hÐ÷" . Consequently, it follows thatï � õLÖ ? ��� ò � % ò #<�K#­Ðq" andby continuitythereexistsaneigh-
borhood å ò of � in ð suchthat ï � õ ? �)� ò � % ò #<ø.#gÐù" for
all øh* å ò . Using a standardcompactnessargumentit fol-
lows that thereexists a ú Ðû- , Ý È Ð Ý suchthat for any��* ð thereexist matrices

õ O �$898$8���õAü * r\�>wxç � � Ý È # withï � õ ü 898$8�õ O �0#AÐq" . By concatenationthis impliesthatthere
existsanunboundedsolutionto thediscreteinclusion�(�)�� �"$#­* W � �(�)�'# � � * ru�.w�ç � � Ý È #�Y 8
Now Corollaries 2 and 3 of [2] imply that à�� Ý È # �à(� ru�.w�ç � � Ý È #�#­Ð
- .

By the assumption on the monotonic growth ofru�.w�ç � � 
 Ü # the value
Ý È

can be chosenarbitrarily closetoÝ
by choosing

Ø
smallenough.Thusundertheassumptionof

2. à(�7ê�#AÐ
à�� Ý # for all ê4Ðsà .
Let usnotethefollowing immediatecorollary.

Corollary 5.2 Let
r\�>wxç � � 
 Ü # �ûv)w�o Ü r\�.w�ç � � 
;é # for all-³Ù Ý Ùsê . There existsa constant ìÝ * Æ - ��» # such that à��<i¤#

is constanton
Æ - � ìÝ9Ç andstrictly increasingon

Æ ìÝK��» # .
Proof. Given any set ã �´�f�æ�X�

we canfind a similarity
transformationú suchthatany � * ã hastheform

� �
ýþþþþþþþþÿ
� O�O � O ¿ 898$8 8$898 � O��- � ¿�¿ � ¿�� 8$898 � ¿ �- - � ��� ...

...
. . .

. ..
...- 898$8 - � ���

����������
�
�

whereeachof thesetsã j)j � �ËW � j)j'e � * ã Y ��	¹� " �9898$8<��

is irreducible.It holdsthat à(� ã # �F|�á�â�j
� O�������� � � à(� ã j # .

Thus in our casethere exist � * W - �$89898'� Q :µ"�Y and- � �'/³Ù{� O Ù 898$8 ÙF� � Ù{� � � O Ù » suchthaton theinter-
vals ��� j'� � j � O Ç���	E� - �$898$8�� � thenumberof irreducibleblocks
of � � 
 Ü # is constant.Fix oneinterval

Æ � j�� � j � O # . For each
irreducibleblock Theorem5.1 immediatelyapplies.Taking
themaximumof thefinite numberof blocksclearlypreserves
thedesiredproperty.

It thusremainsto check,that it is impossiblethat à(��i¤# is
strictly increasingon an interval �7Á � � j Ç , ÁËÙ÷� j and con-
stanton �)� j���Â # , Â Ð¡� j , for some

	f� " �9898$8�� � . Let å j � �

}��Ká�w � � 
 5�� # . By assumption,� � 
 Ü #h]� å j for all
Ý Ð©� j ,

asotherwisetheblock structurewouldnot changeat � j . The
assumptionon thegrowth of thesets

r\�>w�ç � � 
 Ü # , however,
impliesin particularthatru�.w�ç � � 
 5 � # � v)w�o 5 � ru�.w�ç å j ¯ � � 
EÜ # �TÝ Ð�� j 8
Theassumptionthat à(��i¤# bestrictly increasingon �&Á � � j)Ç im-
pliesthat à���� j #AÙ{à�� å j ¯ � � 
 Ü #�# �
for all

Ý Ðq� j by Theorem5.1. By inclusionthe right hand
side, however, is less equal than à�� Ý # , which shows thatà�� Ý # is continuouslyincreasingon ��� j'��Â # . This concludes
theproof.

6 Application: Nonlinear Stability radii

Using Theorem5.1 we can strengthenthe resultson non-
linear stability radii that wereobtainedin [8]. We consider
nonlinearsystemsof theform�(�)�� 
"9# � � />�7�(�)�'#<# � �Õ*,+ (8)

with
� /R* ® O � �Ñ�x�ä�f� # which have an exponentiallystable

fixedpoint ��� . Assumethat(8) is subjectto perturbationsof
theform�����E 
"$# ��� /.�&�����'#�#( �� j�� O % j �)�'# �9j �&�����'#�# � ��*,+ � (9)

wheretheperturbationfunctions
�9j

leave thefixedpoint in-
variant, i.e.

�9j �7���$# � - ���9j * ® O � �Ñ�x�ä�f� # ��	�� " �$89898'��� .
We wantto analyzethecorrespondingtime-varyingstability
radiusÔ 5Ék � � / � � � j #�# � � v)w�Ï\W�� % � � � % � + �^� � s. t. (9)

is not asymptoticallystableat ����Y 8
Associatedwith thenonlinearsystem(9) wemaystudythe

linearizationin ��� givenbyÒ �)�ñ F"$# � � / Ò �)�'#( �� j�� O % j ���'# � j Ò �)�'# � �Õ*,+ � (10)

where � j denotesthe Jacobianof
�9j

in ��� .We abbreviate� �&%K# � � /A ��^% j � j anddenote

 Ü � �lW %,* �f�
e1� % � ÙÝ Y . Definethelinearstability radiiÔ �Z� � � / � � � j #<# � vywXÏ\W$Ý�� à�� Ý #AG
-�Y �ìÔ �Z� � � / � � � j #<# � vywXÏ\W$Ý�� à�� Ý #AÐ
-�Y 8

For amethodfor thecalculationof Ô �n� � � / � � � j #�# werefer
to [13]. Thefollowing resultis a generalizationof a resultin
[8].

Theorem 6.1 If Ô �n� � � / � � � j #<#AÙH- thenÔ �Z� � � / � � � j #<# Ô 5Ék � � / � � � j #<# � ìÔ �Z� � � / � � � j #<# 8



Proof. By [8] we alreadyknow thatÔ �Z� � � / � � � j #�#AÊ Ô 5Ék � � / � � �9j #�#­Ê ìÔ �n� � � / � � � j #�# �
where equality holds generically. Now, note thatÔ �Z� � � / � � � j #�#�Ù ìÔ �Z� � � / � � � j #�# canonly occur, if thereis
an interval

Æ Ý O ��Ý ¿ Ç such that à�� Ý O # � à(� Ý ¿ # . By Corol-
lary 5.2 this implies that à(�7-># � - . This in turn impliesÔ �Z� � � / � � � j #�# � - , whichcontradictsour assumption.

7 Conclusion

We have analyzedLyapunov exponentsof families of time-
varying systems.In particular, we obtaineda resulton the
strict monotonicityof thetop Lyapunov exponent,which al-
lows for aneasycharacterizationof nonlinearstability radii.
In particular, it follows from theseresultsthat the methods
for thecalculationof thelinearstability radii in [13] areap-
plicablefor localnonlinearstability radii. This is surprising,
asfor the caseof time-invariantperturbationssucha state-
mentis not alwaystrue,even thoughgenericallyso [9, 10].
It is thetopicof ongoingresearchif theseresultscanbetrans-
ferredto thecontinuoustimecase.A directapplicationof the
discretetime ideasdoesnot leadto anendhere.
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