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Abstra t. We study nonlinear systems with an asymptoti ally stable xed point
subje t to time-varying perturbations that do not perturb the xed point. Based
on linearization theory we show that in dis rete time the linearization ompletely
determines the lo al robustness properties at exponentially stable xed points of
nonlinear systems. In the ontinuous time ase we present a ounterexample for the
orresponding statement. SuÆ ient onditions for the equality of the stability radii
of nonlinear respe tive linear systems are given. We onje ture that they hold on
an open and dense set.
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Introdu tion

A natural question in perturbation or robustness theory of nonlinear systems
on erns the information that the linearization of a nonlinear system at a singular point ontains with respe t to lo al robustness properties. This question
has been treated for time-invariant perturbations in [8℄ for ontinuous time,
(see the referen es therein for the dis rete time ase). The result obtained
in these papers was that generi ally the linearization determines the lo al
robustness of the nonlinear system, where generi ity is to be understood in
the sense of semi-algebrai geometry (on the set of linearizations).
Spe i ally, the obje ts under onsideration are the lo al stability radius
of the nonlinear system and the stability radius of the linear system, where
as usual the stability radius of a system is the in mum of the norms of destabilizing perturbations in a pres ribed lass. The question is then, whether
these two quantities are equal or more pre isely when this is ase, see also [4,
Chapter 11℄.
In this paper we treat this problem for nonlinear systems subje t to timevarying perturbations. Our analysis is based on re ent results on the generalized spe tral radius of linear in lusions. In parti ular, we see a surprising
di eren e between ontinuous and dis rete time. While the linearization always determines the robustness of the nonlinear system if the nominal system
is exponentially stable this fails to be true for ontinuous time. On the other
hand we are able to give a suÆ ient ondition whi h guarantees equality between linear and nonlinear stability radius on an open set of systems. As it is
?
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known from [9℄ that the Lebesgue measure of those linearizations for whi h
it is possible that the nonlinear stability radius is di erent from the linear is
zero it seems therefore natural to onje ture that the set of systems where
these two quantities oin ide is open and dense.
We pro eed as follows. In Se tion 2 we re all the de nition of the stability radius for nonlinear systems with time varying perturbations and state
some relevant results from the theory of linear in lusions. In parti ular, we
re all upper and lower bounds of the stability radius of the nonlinear system in terms of the stability radius and the strong stability radius of the
linearization. In Se tion 3 we develop a lo al robustness theory based on the
linearization of the system for the dis rete time ase. It is shown that the two
linear stability radii oin ide under weak onditions, demonstrating that one
need only onsider the linearization in order to determine the lo al nonlinear
robustness properties of a system. The ontinuous time ase is treated in Se tion 4. We rst present a ounterexample showing that analogous statements
to the dis rete time ase annot be expe ted in ontinuous time. We then
present a suÆ ient ondition for the equality of the two linear stability radii
on an open set. Con luding remarks are found in Se tion 5.
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Preliminaries

Consider nominal dis rete and ontinuous time nonlinear systems of the
form

x(t + 1) = f0 (x(t)) ; t 2 N ;
x_ (t) = f0 (x(t)) ; t 2 R+ ;

(1a)
(1b)

whi h are exponentially stable at a xed point whi h we take to be 0. By
this we mean that there exists a neighborhood U of 0 and onstants > 1; <
0 su h that the solutions '(t; x; 0) of (1a),(1b) satisfy k'(t; x; 0)k  e t kxk
for all x 2 U .
As the on epts we will dis uss do not di er in ontinuous and dis rete
time we will summarize our notation by writing T = N ; R + for the time-s ale
and x+ (t) := x_ (t); x(t + 1) a ording to the time-s ale we are working on.
Assume that (1a),(1b) are subje t to perturbations of the form

x+ (t) = f0 (x(t)) +

m
X
i=1

di (t)fi (x(t)) =: F (x(t); d(t)) ;

(2)

where the perturbation fun tions fi leave the xed point invariant, i.e. fi (0) =
0; i = 0; 1; : : : ; m. We assume that the fi are ontinuously di erentiable in
0 (and lo ally Lips hitz in the ase T = R+ ). The unknown perturbation
fun tion d is assumed to take values in D  Rm ,

d : T ! D;
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where in the ase T = R+ we impose that d is measurable. Here > 0
des ribes the perturbation intensity, whi h we intend to vary in the sequel,
while the perturbation set D is xed. Thus stru tural information about
the perturbations one wants to onsider an be in luded in the fun tions
fi ; i = 1; : : : ; m and in the set D. For the perturbation set D  Rm we
assume that it is ompa t, onvex, with nonempty interior, and 0 2 int D.
Solutions to the initial value problem (2) with x(0) = x0 for a parti ular
time-varying perturbation d will be denoted '(t; x0 ; d).
The question we are interested in on erns the riti al perturbation intensity at whi h the system (2) be omes unstable. The stability radius is thus
de ned as

rnl (f0 ; (fi )) := inf f > 0 j 9d : T ! D : x+ (t) = F (x(t); d (t))
is not asymptoti ally stable at 0g :

(3)

By linearizing the perturbed system in (2) we are led to the system
!
m
X
(4)
x+ (t) = A0 + di (t)Ai x(t) ; t 2 T :
i=1

This is a (dis rete or di erential) linear in lusion, whi h is in prin iple
determined by the set
)
(
m
X
M(A0 ; : : : ; Am ; ) := A0 + di Ai kdk  :
i=1

If the matri es Ai are xed we will denote this set by M( ) for the sake of
su in tness.
The in lusion (4) is alled exponentially stable, if there are onstants
M  1; < 0 su h that

k (t)k  Me tk

(0)k ;

8t 2 T

for all solutions of (4).
Exponential stability is hara terized by the number

(M(A0 ; : : : ; Am ; )) := sup lim sup k (t)k1=t ;
t!1
where the supremum is taken over all solutions of (4). Namely, (4) is exponentially stable i (M(A0 ; : : : ; Am ; )) < 1. Again we will write ( ) if
there is no fear of onfusion.
In the dis rete time ase the number  is known as the joint or the generalized spe tral radius. We refer to [2,10℄ for further hara terizations of this
number and for further referen es. In the ontinuous time ase it is more
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ustomary to onsider the quantity ( ) := log ( ), whi h is known under
the name of maximal Lyapunov exponent, see [4℄ and referen es therein.
As in the nonlinear ase we now de ne stability radii by

rLy (A0 ; (Ai )) := inf f
rLy (A0 ; (Ai )) := inf f

 0 j ( )  1g ;
 0 j ( ) > 1g :

The relation between the linear and the nonlinear stability radii is indiated by the following result whi h is ontained in [3℄ for the ontinuous and
in [7℄ for the dis rete time ase.
Lemma 1.

then

Let T = N ; R + and onsider system (2) and its linearization (4),

T (A0 ; (Ai ))  rT (f0 ; (fi ))  rT (A0 ; (Ai )) :
rLy
nl
Ly
It is the aim of this paper to obtain further results on the information the
linear stability radii ontain for the nonlinear system.
The following set of matrix sets will play a vital role in our analysis. Re all
that a set of matri es M is alled irredu ible if only the trivial subspa es of
Rn are invariant under all A 2 M.
We de ne

I (Rnn ) := fM  Rnn

jM

ompa t and irredu ibleg :

Note that this set is open and dense in the set of ompa t subsets of Rnn
endowed with the usual Hausdor metri .
The proof of the following statements an be found in [10℄. They are the
foundation for our analysis of linearization prin iples.
(i) The generalized spe tral radius is lo ally Lips hitz ontinuous on I (Rnn ).
(ii) The maximal Lyapunov exponent is lo ally Lips hitz ontinuous on
I (Rnn ).

Theorem 1.

Furthermore in the dis rete time ase a stri t monotoni ity property an
be shown to hold, under the assumption that the following ondition an be
satis ed. Given A 2 Rnn we denote by PA the redu ing proje tion orresponding to the eigenvalues  2  (A) with jj = r(A).
Property 1. The set M  K(Rnn ) is said to have Property 1 if n = 1; 2 or
if there exists an A 2 M su h

r(A) < (M) ; or rank PA 6= 2 ; or ((I

PA )A) 6= f0g :

In the following statement we denote the aÆne subspa e generated by a
set M  Rnn by a M while int a M denotes the interior with respe t to
this aÆne subspa e.

A linearization prin iple for robustness
Proposition 1.

M1 ; M2 2 I (Rnn ) satisfy M1 6= M2 and
onv M2 :

Let

M1  int a M2
Assume that M1 has Property 1 then
(M1 ) < (M2 ) :
3

5

(5)

The dis rete time ase

In dis rete time the situation turns out to be parti ularly simple. In fa t, if
Property 1 holds then we an immediately on lude the following linearization
prin iple.
Theorem 2. Let T = N and onsider the dis rete-time system (1b) and
the perturbed system (2) along with its linearization (4). If for some  <
rLy (A0 ; (Ai )) the set M(  ) is irredu ible and satis es Property (1), then

rLy (A0 ; (Ai )) = rnl (f0 ; (fi )) = rLy (A0 ; (Ai )) :

Proof. The assumptions guarantee that the map 7! ( ) is stri tly in reasing on [  ; 1). This implies rLy (A0 ; (Ai )) = rLy (A0 ; (Ai )). The assertion now
follows from Lemma 1.
Let T = N and onsider the dis rete-time system (1b) and the
perturbed system (2) along with its linearization (4). If the point x = 0 is
exponentially stable for the unperturbed system
Corollary 1.

x(t + 1) = f0 (x(t))
then

rLy (A0 ; (Ai )) = rnl (f0 ; (fi )) = rLy (A0 ; (Ai )) :
Proof. There exists a similarity transformation T su h that all Ai ; i = 0; : : : ; m
are similar to matri es of the form
2 i i
3
A11 A12 : : : : : : Ai1d
6 0 Ai22 Ai23 : : : Ai2d 7
6
7
6
.. 7
i
6
0 0 A33
. 7
7;
T Ai T 1 = 6
6 ..
.
.
.
. . . . .. 7
6 .
7
6
7
4
5
0
: : : 0 Aidd

where ea h of the sets Mj := fAijj j i = 0; : : : ; mg; j = 1; : : : ; d is irredu ible.
It holds that ( ) = maxj =1;::: ;d (Mj ( )).
Thus it is suÆ ient to onsider the blo ks individually to determine rLy ,
resp. rLy . Under the assumption of exponential stability we have r(A0 ) < 1.
Hen e for ea h j we have r(A0jj ) < 1 and the set Mj ( ) has Property 1 for all
> 0 su h that (Mj ( )) > r(A0 ). Now the result follows from Theorem 2.
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Corollary 2. Let T = N . The stability radius of linear systems with respe t
to time-varying perturbations rLy is ontinuous on the set

f(A0 ; : : : ; Am ) 2 (Rnn )m+1 j r(A0 ) 6= 1g :

Furthermore, the set

f(A0 ; : : : ; Am ) 2 (Rnn )m+1 j rLy (A0 ; : : : ; Am ) 6= rLy (A0 ; : : : ; Am )g

is ontained in a lower dimensional algebrai set.
Proof. It was shown in [7℄ that rLy ; rLy are upper respe tively lower semi ontinuous on (Rnn )m+1 . The pre eding Corollary 1 shows that these two fun tions oin ide if r(A0 ) < 1, whi h shows ontinuity in this ase. If r(A0 ) > 1
the statement is obvious as both fun tions are equal to 0.
The se ond statement now follows be ause a ne essary ondition for the
ondition rLy (A0 ; : : : ; Am ) 6= rLy (A0 ; : : : ; Am ) is r(A0 ) = 1. The latter ondition de nes a lower dimensional algebrai set.

The result for the linear stability radii extends to the ase of nonlinear
systems as follows. First, denote by C 1 (Rn ; Rn ; 0) the set of ontinuously
di erentiable maps from Rn to itself satisfying f (0) = 0. This spa e may be
endowed with the C 1 topology inherited from the topologies on the spa e
C 1 (Rn ; Rn ), (see [6, Chapter 17℄).
Given n; m 2 N , the set
C 1 (Rn ; Rn ; 0)m+1 for whi h

Corollary 3.

W

of fun tions (f0 ; f1 ; : : : ; fm )

rnl (f0 ; (fi )) = rLy (A0 ; (Ai ))

2

(6)

ontains an open and dense subset of C 1 (Rn ; Rn ; 0)m+1 with respe t to both
the oarse and the ne C 1 topology.
Proof. This is immediate from the de nition of the C 1 topology.

4

Continuous time

A natural question is if statements similar to those of Theorem 2 and Corollary 1 hold in ontinuous time. The fundamental tool for this results is the
monotoni ity property given by Proposition 1. This statement is unfortunately in general false in ontinuous time, as any subset M1 of the skewsymmetri matri es generates a linear in lusion whose system semigroup is
a subset of the orthogonal group and for whi h the maximal Lyapunov exponent is therefore equal to 0. Taking a set M2 whi h ontains M1 in its
interior (with respe t to the skew-symmetri matri es) does not yield a Lyapunov exponent larger than one, so that the stri t monotoni ity property
fails to hold. This example leaves still some hope that maybe a statement
orresponding to Corollary 1 remains true in ontinuous time. The following
example shows that even su h expe tations are unfounded.

A linearization prin iple for robustness

7

Example 1. Consider the matri es


A(d) := 0d 2d+ d :

It is easy to see that A (d) + A(d)  0 for all d 2 ( 1; 2). Hen e for
 ( 1; 2) it is immediate that (D)  0 as the Eu lidean unit ball is
forward invariant under the asso iated time-varying linear system. On the
other hand while (A(0)) = 0, we have (A(d)) < 0 for all d 2 (0; 2), see
Figure 1.

D
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The spe tral abs issa of A(d) in dependen e of d.

The onsequen e of this is the following. If we de ne A0 = A(1=2) and


0 1
A1 := 1 1 ;
then
0 < rLy (A0 ; A1 ) 

1 3
< = rLy (A0 ; A1 ) ;
2 2

be ause at least A0 1=2A1 = A(0) is not asymptoti ally stable. While on
the other hand for <p3=2 the perturbation set is a stri t subset of ( 1; 2)
and (A0 ) = (3 + 5)=4  0:191 so that the unperturbed system is
exponentially stable.
While this example shows that we annot expe t a ontinuous time ounterpart to the dis rete-time results of Se tion 3 we are able to show that the
property that the stability radius of the linearization determines the nonlinear stability radius is true on ertain open sets. We even onje ture that it
is true on an open and dense set, but this point remains open for the moment. The following theorem strengthens the result obtained in [9, Theorem
3.1 (i)℄. Here the lo al Lips hitz ontinuity property of the maximal Lyapunov
exponent will play a vital role, as it will allow the appli ation of the impli it
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fun tion theorem for Lips hitz ontinuous fun tions. To this end we will need
the Clarke subdi erential of a fun tion g , whi h we denote by Cl g (x). Here
we will not need the most general de nition. For our purposes it is suÆ ient
to know that if we assume that g : Rp ! R is lo ally Lips hitz ontinuous
then


Cl g(x) = onv 2 Rp 9xk ! x : = lim 5g(xk ) ;
(7)
k!1

see [5, Theorem II.1.2℄, where we ta itly assume that the gradient 5g exists
in xk if we write 5g (xk ). Note that Lips hitz ontinuity of g implies that
it is di erentiable almost everywhere by Radema her's theorem. For further
details we refer to [5℄.
The following lemma ensures that the theory of the Clarke generalized
gradient is appli able in our ase.
Lemma 2.

The map

(A0 ; : : : ; Am ; ) 7! (A0 ; : : : ; Am ; ) := 

(

A0 +

m
X
i=1

di A i

kdk 

)!

is lo ally Lips hitz ontinuous on the set I (Rnn )  R>0 .
Proof. Note that the map
(

(A0 ; : : : ; Am ; ) 7! A0 +

m
X
i=1

di Ai

kdk 

)

is Lips hitz ontinuous. As the omposition of Lips hitz ontinuous maps is
again Lips hitz ontinuous the laim follows from Theorem 1 (ii).
Proposition 2.

Let n; m 2 N . Fix fA0 ; : : : ; Am g 2 I (Rnn ) and let

rLy (A0 ; (Ai )) < 1 :
Consider the map  : (A0 ; : : : ; Am ; ) 7! (M( )) and denote

Cl; (z ) := 2 R j 9p0 2 (Rnn )m+1 : (p0 ; ) 2 Cl (z ) :
If

inf Cl; (A0 ; : : : ; Am ; rLy (A0 ; (Ai ))) > 0 ;

(8)

then rLy = rLy on a neighborhood of (A0 ; : : : ; Am ) 2 (Rnn )m+1 and on this
neighborhood rLy is lo ally Lips hitz ontinuous.
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Proof. By Lemma 2 and (8) we may apply the impli it fun tion theorem for
Lips hitz ontinuous maps [5, Theorem VI.3.1℄ whi h states that for every
(B0 ; : : : ; Bm ) in a suitable open neighborhood of (A0 ; : : : ; Am ) 2 (Rnn )m+1
the map

7! (M(B0 ; : : : ; Bm ;

))

has a unique root and this root is a lo ally Lips hitz ontinuous fun tion
of (B0 ; : : : ; Bm ). In other words, this means that on this neighborhood the
fun tions rLy and rLy oin ide and are lo ally Lips hitz ontinuous.
Conje ture 1. For xed m  1 the set L  (Rnn )m+1 given by

f(A0 ; : : :; Am ) j rLy (A0 ; (Ai )) = rLy (A0 ; (Ai ))g
ontains an open and dense set. Furthermore, the Lebesgue measure of the
omplement L is 0.
Remark 1. (i) The statement that the omplement has measure zero is shown
in [9, Theorem 3.1 (i)℄.
(ii) With the help of Proposition 2 it is easy to identify open sets on
whi h rLy = rLy in the ontinuous time ase. For instan e, if Ai = I for
some i = 1; : : : ; m this implies that ondition (8) holds. The problem is
whether this onditions holds generi ally.

5

Con lusion

In this paper it was shown that linearization at singular points an provide
information about the stability radius of a nonlinear system with respe t to
time-varying perturbations. In dis rete time this information is omplete if
the nominal system is exponentially stable, while this is false in ontinuous
time.
The fundamental di eren e between dis rete and ontinuous time lies in
the fa t that the perturbation in dis rete time is on the level of the systems
semigroup, whereas in ontinuous time the perturbations a t on the level of
the Lie algebra of the system. This at least gives an indi ation that some
di eren es are to be expe ted.
We onje ture that also in ontinuous time the linearization provides suÆient information at least on an open and dense set of systems. If Conje ture 1
an be proved to hold it is lear how to formulate results for the ontinuous
time ase analogous to Corollaries 2,3.
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