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Abstract— We consider large scale interconnected systems
where some of the interconnections are characterized by
uncertain bounded delays. The delays may for instance be
due to a communication network connecting some or all of
the subsystems. Using a general formulation of comparison
functions we derive a small-gain theorem for local practical
stability of such large scale systems. The results build on
some generalizations of recent results on the class of monotone
aggregation functions and almost inversion of general small-
gain operators.

I. INTRODUCTION

Since 1960 small-gain type theorems have proved to be
a valuable tool for analyzing the stability properties of
interconnected systems. With the introduction of the ISS
framework by Sontag [1] nonlinear extensions of the linear
small-gain theorem became possible. One of the first con-
tributions dealing with the interconnection of two nonlinear
ISS systems in a feedback manner was [2]. It has been gen-
eralized to deal with the interconnection of several systems
in [3].
There exists many stability notions which are related to ISS
(see e.g., [4]). One of them is the notion of input-to-output-
practical-stability (IOpS) introduced in [2].
Andrew Teel derived Razumikhin-type theorems for func-
tional differential equations (FDE) in [5] based on the ISS
small-gain theorems from [2].
In [6] it is shown how to construct an ISS Lyapunov function
for a large scale system from the ISS Lyapunov functions of
the subsystems using small gain arguments.
The paper [7] uses so-called cyclic-small-gain arguments to
construct Lyapunov function for an interconnected system.
Two contributions dealing with the notion of ISS for time-
delay systems can be found in [8] and [9].
Similar to [7], the paper [8] uses also the cyclic-small-
gain argument, which is known to be equivalent to the no
Jjoint increase condition if the maximum formulation is used
(see [10, Theorem 6.4]). Here we have to use a slightly
stronger condition than the no joint increase condition (see
Lemma 3.6).
Polushin et al. presented in [11] a small-gain theorem which
guarantees the IOpS property of the interconnection of two
IOpS systems. In this particular work the interconnection of
the subsystems is over multiple channels, where each of those
channels can be delayed. The delay could be introduced by a
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communication network, where the information is possibly
transmitted in packets as for instance when using TCP or
UDP as a communication protocol. Using such protocols
introduces delay or even loss of information i.e., packet loss.
In [12] we relaxed the condition from [11] to a weaker
small-gain condition. We show in [13] that this result can be
generalized to the case of an arbitrary number of subsystems,
where the interconnection can form an (almost) arbitrary
topology. In this paper we continue our work on small-gain
theorems from [13]. In [13] we investigate the notion of ISS
in a maximum formulation. Sometimes it is more natural to
consider the sum formulation of ISS or other norms. To be
able to use different comparison functions we generalize the
results of [13] to the class of so called monotone aggregation
functions (see Definition 2.1).

In order to prove basically the same results as in [13], we
have to change some of our technical lemmas. In particular,
we have to change the lemma which describes the domain of
our gain operator (Lemma 3.2) and the lemma which allows
us the “inversion” (Lemma 3.4).

The paper is organized as follows. The problem setup as well
as the notion of I0pS for FDEs is presented in Section II. The
main contribution of this paper is presented in Section III.
We will conclude our work with some remarks in Section I'V.

II. PRELIMINARIES
A. Notations

In this section we introduce the class of systems under
consideration and the stability notion we investigate. To this
end we have to define some functional classes and their
multi-dimensional extensions.

A continuous function v : R, +— Ry is said to belong
to class G, if it is nondecreasing and satisfies v(0) = 0. A
function v € G is of class K if it is strictly increasing. If v
is of class K and unbounded, it is said to belong to K.
A matrix T = (v,;), 7i; € Korv;; =0fori,j=1,...,n
is said to belong to G"*". It defines an operator I' : R} —
R}*™ by

('(s)i = (vi1(s1), - - -

We write a < b, a,b € R¥ if and only if a; < b; Vi = 1,.., k
(<, >,> are defined analogously). Note that we are com-
paring vectors, therefore we also have to use the negations
#.%,%,%. The inequality a # b means that there must be
at least one component ¢ of a which is strictly less than the
corresponding component of b i.e., a # b :< Ji such that
a; < b;. The other negations are defined in a similar manner.
Furthermore we want to adopt a more general class of
comparison functions. To this end we introduce the so
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called monotone aggregation functions, which incorporate
the properties we need.

Definition 2.1: A map p R? — Ry is called a
monotone aggregation function (respectively MAF,), if the
following conditions are satisfied:

1) positive definiteness: p(z) > 0, Vo € R"} and
w(x) =0 if and only if z =0

2) strict monotonicity: pu(x) < p(y) if x <y

3) unboundedness: p(z) — oo if |z| = oo

4) continuity: p is continuous
A p € MAF,, is said to have the subadditivity property, if
wx +y) < p(x) + p(y), Yo,y € R, Furthermore we call
u1 € MAF,,, pus € MAF,,; compatible, if

() = pa((2,0)) = p2((0,2)),

where in po we filled up the vector x with [ zeros.

For instance, the maximum norm and the 1-norm as well as
all p-norms are subadditive monotone aggregation functions
and fullfill the compatibility condition.

The definition of monotone aggregation function raises the
question whether there is a ¢ € MAF,, which is not a norm.
Considering p(z) = log(|x|+1), where |-| can be any norm
on R" gives a positive answer. It is easy to see that this p
fullfills the properties of Definition 2.1 and is subadditive
but not a norm.

We define a multi-dimensional extension to the notion of
monotone aggregation functions by p : R — R%, p =
(1)t i € MAF,,, Vi = 1,...,n. We denote
such an operator by pu € MAF..

An operator T' : R} — R" is called monotone, if the
following implication holds: Given z,y € RI such that
2 <y then it holds that T'(z) < T'(y).

A given p € MAF] together with I' € G"*™ defines a
continuous and monotone operator (I") : Rt — R’} by

(w(I'(8)))i = pi(yar (1), - -

for s € R} and ¢ = 1,...,n. The class of these matrix-
induced operators has some nice properties. Most relevant
is the fact that any finite composition of matrix-induced
operators gives again a matrix-induced operator.

To shorten the notation we fix a p € MAF, pu =
(p1,...,pm)T, where k has to be chosen appropriately
and assume that all other monotone aggregation functions
are compatible with p. Furthermore we assume that p is
subadditive. This justifies the simplification we will use
throughout the paper by just using a single .

The IOpS notion mentioned in the introduction usually deals
with ordinary differential equations. In this note we are
interested in the interconnection of many systems, where
the inputs of the subsystems are delayed. An appropriate
mathematical object to model such a situation are the so
called functional differential equations or FDEs. An FDE is
a differential equation where the right hand side depends on
a function rather than a single point in the state space for
every time instance ¢t. For a detailed introduction to FDEs
see e.g., [14].

Ve € R,

a’Yin(Sn) )

More precisely, we consider systems of the form:

‘T(t) = f(xdvuba s 7u£17t)

yl(t) = W (xq, ul, ... uly,t) (1)

y'(t) = hr(xd,ucli, . ,ufi,t),

where z € R" is the state, uil, j =1,...,1 are the inputs.
The operators f and h are Lipschitz in z4, uniformly con-
tinuous in ug and Lebesgue measurable in ¢. The subscript d
describes a retarded version of its variable in the following
way zq4(t) == {(s,z(s+1)),s € [-ta(t),0]}, tqg: R — Ry,
td(tg) — td(tl) <ty —ty for all ¢1,t5 € R. Therefore x4 is
a piece of trajectory starting at s =t — t4(t) and ending at
s = t. Now define [|[z4(?)|| := supyepi—s, (1,4 |7(5)], where
| - | is an arbitrary norm on R™ norm. In a similar manner
we define [[yall, [uall, and [|uwq].

To ease presentation we introduce u, = (|[u}|, ..., |lul|)T

and g3 = (|ly}ll, ... 37

Following [11], we use this “multichannel” formulation to
model and analyze the effects of certain inputs on certain
outputs. A second advantage of this approach is to have the
possibility of different delays in every “channel” as we will
see in the next section.

The ensuing definition is borrowed from [11].

Definition 2.2: A system of the form (1) is input-to-
output-practical-stable (IOpS) at t = to with t4(t) >0, 5 €
Krxt, 10pS gains I' € G"*!, restrictions A, € Ry, A, €
R’ and offset § € R’ if the conditions ||zq4(to)|| < A,
and sup,>,, uj < A,, imply that the solution of (1) are

well-defined for ¢ > ¢y and the following inequalities hold:

supy* < p (ﬁ<||xd<to>||>,r<sup uzn,a) ,

t>to t>to
and
limsupy™ < p (F(limsup uj),é) ,

Remark Z.tj’i)o%he first inequalittg;oion Definition 2.2 resem-
bles a property which is called global stability, where the
second can be regarded as an asymptotic gain property.
Our motivation for the name IOpS for FDEs defined in
Definition 2.2 is the following well known fact. For the case
of finite dimensional systems the ISS definition is equivalent
to the global stability property together with the asymptotic
gain property. Although it is not known yet, whether this
equivalence is also true in the case of FDEs, we use the
term IOpS for our definition nevertheless.

Definition 2.2 couples the practical notion in the sense of
IOpS mentioned in [2] with the notion of ISS for FDEs
mentioned in [5] and extends it to a semi global version. The
term semi global refers to the restrictions A,, A,, while the
offset ¢ reflects the practical notion of the IOpS definition.
Setting A, = 00, A, = 00, § = 0, and restricting to ODEs
recovers the usual I0S definition.

It has been shown in [15] that design methods for nonlin-
ear sampled-data systems usually yield stability with finite
restrictions and an offset bigger than zero.



B. Problem Setup

Consider n systems of FDEs ¥;, ¢ = 1,2,...,n, n € N
of the form

. 1 l; 1 v;

T; = fi(wid7uida e 7uid7 Wigs -+ wid) t)
1 1 1 l; 1 V4

yi = hy (Tids Uigy - - Wy, Wig, .. W T) 2)
Ti __ 1,7 1 l; 1 Vi

Yt = h (Tid, Wig, - - Wl Wigy -, Wi ).

Here we distinguish between the controlled inputs « and the
disturbance inputs w. The dimensions of the state spaces and
the input spaces are as follows z; € R™, u] € RP, j =
1,..,0l; and w! € R%i | j=1,.,v;.

The following definition as well as Definition 2.7 are from
[11].

Assumption 2.4: The systems X;,¢ = 1,2,...,n are
I0pS at ¢ = tog with t;4(tp) > 0, restrictions A,; € R,
Ay € Rb) Ay € RY and offsets 6; € R™. More precisely,
there exist 8; € ">, T;, € G™** and T;,, € G %4, such
that for each ¢+ = 1,2,...,n and each {5 € R the condition
[zia(to)ll < Apis sUPpsy ufy < Ay and sup,s, wi <
A, imply that the corresponding solution of ¥; is well-
defined for all ¢ > ¢ and the following inequalities hold

sup y;r <
t>to
g (Bl Tasup ). P sup i 1) )
t>tg t>to
and

lim sup y;r <
t—o0

. —00 . t—oo
If we introduce the following notation

Bz} (t0)) = (Br(x1a(to) N, - ., Bulllznalto) V)T,
Iy = diag{T1u,.-.,Tnu}, Tw =diag{Tiw,...,Cnw}
T T
Sopp = (67,...,60) ", uf = ((ujp)™,...,(uf)T)" and

wi = ((wi)T,..., (wf{d)T)T we can rewrite (3) and (4) to

i | Tiw(limsup u:;)7 Ty (lim sup wzgl)7 51») . @
t

obtain
supy* <
t>to
1 (B(acz{(to)),FU(sup ul), Tw (sup w;{),éoff> , (5
t>to t>to
and, respectively,
limsupyt <
t—o00
I (FU (limsup ),y (limsup w) ), 6off> . (6)
t—o0 t—o0

Before we can describe the interconnection of the n subsys-
tems, we have to introduce a delayed versions of yj’ . To this
end define

g () = (yi t=m O), -y (=7 @)D", i = 1,m,

where 77 : R — Ry, i = 1...n, j = 1,...,r; are

Lebesgue measurable functions. They describe the delay of
the j-th component of the output of the i-th subsystem.
Again, to shorten the notation we introduce

gt = @GO, ar )"

Assumption 2.5: The interconnection of the n subsystems
is described by

ut(t)=0, vt <Tp (7)
ug () < p(¥(G* (1)), ¥t = To 8)

where the operator U is of the form

0 \1112 \Iiln
Uy 0 Uon
U= . . . )
\Ijnl \IjnZ e 0

T RY — Rﬂr is a continuous and monotone operator for
alli,j=1,...,n.

Remark 2.6: Assumption 2.5 states that there exists a
To € R which is the first time instance a connection has
been established. Before that time the input is constantly 0.
After T} the operator W;; describes how the output of the
7-th subsystem influences the input of the i-th subsystem.
To ensure that communication between the subsystems hap-
pens at least sometime, we have to make the following
assumption on the delays.

Assumption 2.7: There exists 7, > 0 and a piecewise
continuous function 7* : R — R with 7*(t3) — 7*(¢;) <
to — tq for all to > t; such that

7. < min {7/()} < max {7} <7@),  ©)

J=1,ers J=1oers
and
t— i:r?f.i.}in{Tg(t)} — 00 as t — 00 (10)
F=1hers
for all ¢ > 0.

Remark 2.8: The inequalities (9) say that the delays
should be bounded from above by 7*(¢) and from below by
T,. Because of the propagation delay of any physical system
the existence of a lower bound 7, is guaranteed.

Basically, (10) states that the delay should not grow faster
than the time itself. In the literature an assumption of the
kind of 7*(¢) < 1 can be found to ensure the property (10).
To account for possible information losses we have to adopt
the more general Assumption 2.7.

In [11] a methodology to satisfy Assumption 2.7 either
by timestamping or by sequence numbering can be found.
Timestamping refers to an approach where in a packet based
transmission (e.g., TCP) every packet is marked with the
current time, while sequence numbering maps an uniquely
defined number to every packet.



III. MAIN RESULT

We find it convenient to define

I=TyoWandT, =pol. (11)

The operator I' resembles the matrix multiplication of ¥ and
I'y. Hence I" has the following form:

0 [y oWy oWy,

F2u o \1121 0 F2u o \I/2n
I'= . . .
Fnu © \Ilnl Fnu o \I/n2 e 0

Let m = Z?zl r;, clearly, I';, is a continuous and monotone
operator from R’ to R’

Small-gain type theorems in the spirit of [3] compare some
operator with the identity. Because of the restrictions and the
offset of Assumption 2.4 we need a slightly stronger small-
gain condition.

Definition 3.1: Let I', be defined as in (11). We say that
I, fullfills the local small-gain condition if there exists
4, A € R, § <A, such that

limsup T (A) <6 . (12)
k—oc0

Before we can prove the main technical lemma, we have to
exploit some topological properties of our local small-gain
condition.

Lemma 3.2: Let I, be defined as in (11) and assume that
I',, fullfills the local small-gain condition (12), then

lim sup Fﬁ(s) <0 Vse, where

k—o00
Q:=|J{seR7[s <ThH(A)}.

k
Proof: Let s < A. From the monotonicity of I';, we
deduce
k k
[h(s) <T5(A), VkeN.

And hence

lilzri}sip Fﬁ(s) < li]?isip Fﬁ(A) <4,
where the last inequality follows from (12). Repeating the
arguments for s < Fft(A) with [ arbitrary yields
lim sup F’:L(s) < limsup FZH(A) < 0,
k—oo k—o0

and the proof is finished. [ ]

Remark 3.3: In contrast to [13] where we have used the
maximum formulation for the IOpS definition, in this paper
we end up with a different () as depicted in Figure 1.
Using the maximum formulation would lead to 2 = {s €
R™ | s < maxy{I'*(A)}}. The reason for the simpler
in the maximum case is that the maximum commutes with
monotone operators.
For a more extensive study of the properties of such mono-
tone operators and their induced discrete dynamical systems
see [10].
The next lemma is the main technical tool for the proof of
our main theorem. It is a generalization of the corresponding

lemma from [13]. Some of the ideas of the proof can already
be found in [16] respectively [3].

Lemma 3.4: Let the premise of Lemma 3.6 hold. Then for
all a,b € Q,

a < u(T'(a),b) (13)
implies
a < max{Ty(u(d)),0}, (14)
where T'y = diag(y1,...,vm) € GM*™.
Proof: First we have to rewrite (13) to
a < p((I'(a),0) +(0,b)).
Using the subadditivity we end up with
a < u(T(@)) + u(b). (15)

If we apply I', on both sides of the inequality, use the
subadditivity, and insert the result in (15) we obtain

a < T} (a) + Ty (u(b)) + u(b)

Repeating the same steps N — 1 times yields
N-1
a < TN (a)+ Y Th(u(®)).
k=0

Because of (12) we can choose N large enough to get

N—-1
a <8+ Y Th(ub).
k=0

Since the concatenation and the sum of the matrix induced
monotone operators in the right hand side of the previous
expression is again a matrix induced monotone operator, this
can easily be rewritten to get (14). [ ]
The next observation will be needed later on.

Remark 3.5: From the construction of I'y in Lemma 3.4
it is easy to see that the following holds.

u(b) < Da(u(d)). (16)
Usually, small-gain type conditions compare some operator
with the identity. As we will see in the next lemma, condition
(12) can also be interpreted in this manner.

Lemma 3.6: Let the premise of Lemma 3.2 hold. then

Lu(s)2s VseQ,s>4¢ 17)

where 2 comes from Lemma 3.2
Proof: We will prove this by contradiction. So assume
there exists s € , s > § such that I';,(s) > s. From the
monotonicity of T, it follows readily that ' (s) > s > 4 for
all k. Realizing that this contradicts (12) finishes the proof.
|
Remark 3.7: The inequality (17) is known as the no joint
increase condition.
Remark 3.8: From the following example it can be seen
that condition (12) is indeed stronger than I 2 id. Consider
the following operator.

21id 0
T‘(o ;id)



I*(4)

0

0

Fig. 1. Sketch of the evolution of I';, in two dimensions. The black bounded
region is 2, where I', # id holds. By condition (12) the iterates of ',
will end in the smaller box on the left.

It is easy to verify, that T € G**2 and T(s) # s Vs €
[0,v], § > 0 and arbitrary v > §. On the other hand
T*(s), k — oo is unbounded, contradicting (12).
From the last example we see that we have to exclude the
possibility of unbounded growth to achieve a property like
(12). The next lemma shows that a descent in one single
point is needed to ensure that property.

Lemma 3.9: Let I, be defined as in (11). If there exists
an a € R and some k € N such that I'¥ (a) < a, then there
exists b < g such that

lim sup Fﬁ(a) <b.
k— o0
Proof: Choose an7 > k. Then the following holds

l k+1 E
0<TI,(a) <---<T7"(a) <T(a) <a.
This is a bounded and monoton sequence. Hence

A Fule) =
exists. The proof is finalized by noting that b < a, which
follows from I‘ﬁ(a) < a. [ |
Remark 3.10: The example from Remark 3.8 suggests
that § = 0 plays a special role. Indeed, setting § = 0 would
allow us to use existing results to prove our main result. If
we would change condition (12) to

lim sup I‘Z(A) =0

k—oc0

we could deduce with the help of Lemma 3.6 that
L,(s) £ sVse.
And hence there exists some w € €2 such that
L,(s) # sVse[0,w].

Now we could replace Lemma 3.4 with [17, Proposition 4.4].

Before we state the main contribution of this paper we
introduce A, = (Az1, ..., Azn)T, Ay = (AL . AT HT
and A, = (AT, ... AT T,

wly -

Theorem 3.11: Suppose the system (2), satisfies Assump-
tions 2.4, 2.5 and 2.7 and that there exist §,A € RT,
0 < § < A, such that the following conditions hold:

limsupl"ﬁ(A) <9, (18)

k—o0

A* € Q, where

A* = max{rd(ﬂ(B(Al.),FW(Aw),aoff)),5}, (19)

and

n(¥(A)) < Ay, (20)

then system (2) is IOpS at t = Tj in the sense of Defini-
tion 2.2 with

ta(To) =
max {tia(To)} + 7" (To) + 7" (To — 7" (To)) . 21)

More precisely, the conditions 2} (Tp) < Ay ,sup;sp, w, <
A,, imply that the following inequalities hold

sup y© <
t>To
max {Fd (,u(B(azji'(To)), Ty (sup w}'), Soff)) , 6}, (22)
t>To
and

lim sup y;r <
t—o0

max {I‘d (M(Fw (lim sup wj), (5Off)> , 6}. (23)
t—o00
Proof: Consider system (5) and assume

¥ (Th) <A, and sup  w; < Ay (24)

te[Tp,00)

In order to achieve the IOpS property of the overall system
it remains to show that the restrictions on the inputs are not
violated. To this end we will first show that the inputs will
be bounded for all positive times. This allows us to conclude
the existence of solutions for the overall system. Then the
claim will be concluded by an application of Lemma 3.4.
Assumption 2.4 together with (5), (24) as well as causality
arguments imply that

yi (To) < p(B(A2), Tw (Aw), dosy) -
With the help of (7), (8) and Assumption 2.7 we can deduce

ut < u(\P(M (B(Az),T'w(Ay), 6Off)))

< u(T(AY),

where the last inequality follows from (16) and (19). From
the last inequality together with (20) we see that the restric-
tions on the inputs are satisfied for ¢ € [Ty —t4(To), To + 7).
Hence there exists 1., > 1y + 7« such that the solutions
of (2) are well-defined for all ¢ € [Ty, Tinax). Now we want
to show that

sup
te[To—ta(To),To+7x]

sup y;{ < A*.

te [TD ;Tmax)

(25)



We will prove (25) by contradiction. To this end assume
Ty € [Ty, Timax — T+) is the first time that
sup y; < A* and sup  yS £ A%
tG[Tg,Tl] tG[To,TlJrT*]

Combining (5), (21), (24) with (8) and Assumption 2.7, we
obtain

(26)

ys <

sup
te(To, Th+7+]

p(B@2). Dw(B0).T( sup i), ury ).
t€[To,T1]

By monotonicity we get

sup  y; <

te(To,T1+7+]

p(BA)Tw(B0), T sup  y7)d0rs)- 27)

te[To,T1+7x]
Since T4 is the first time that (26) holds,

sup  yb < A%

te[To,T1+7x)

Because of the continuity of I' resp. I', the small-gain
condition still holds on the closed interval ¢ € [Ty, Ty + 7],
therefore we can use Lemma 3.4 to get

yT <max {rd(u (B(A2), Ty (Aw), Sos7) ),5}

<A%,

sup
te[To,T1+T74]

which contradicts the second inequality in (26). This contra-
diction proves (25). Next we want to show that Ty,,x = 0.
Again we will prove this by contradiction. Due to the IOpS
assumption on the subsystems and (24) Tiax < oo implies

sup  ut £ A, (28)

te [TO7Tmax)

From (8) and (20) we can see that (28) implies
p(¥(_swp ) £ (W),

Because of the monotonicity of o ¥ and the fact that
supy T < supy; we get

sup

054 max

sup yj{ £ A*,

t€[To,Trmax)
which contradicts (25), hence Tjax = 0.
Summarizing, the restrictions on the inputs hold for all ¢ &
[To,00). Hence we can use (5) to get

sup Y7 < p

up < (Bl (T), T (sup ). (sup ). )
t>To 0

t>Tp t>T,

Using Lemma 3.4 we conclude

sup y(‘i" < max {Fd(,u(B(xj(To)),FW(sup w}'), §0ff)),5},
t>To t>To

which is exactly inequality (22). Similarly we can use (6)
together with Lemma 3.4 to get

limsupy, < max {Fd(,u(I‘W(limsup wj(t)),éoff)),é}.
t—00 t—o0

Realizing that this is just (23) finishes the proof. [ ]

IV. CONCLUSION

In this paper we continued our work on small-gain
theorems which uses the notion of IOpS for FDEs to
ensure that the interconnection of an arbitrary number of
subsystems is again IOpS. In particular we considered the
case where the communication is over delayed, possible
lossy communication channels. The contribution of this
paper is the generalization of our work in [13] to the case
of a more general class of comparison functions.
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