Parameter Dependent Extremal Norms for Linear
Parameter Varying Systems

Fabian Wirth
Zentrum fiir Technomathematik
Universitat Bremen
28344 Bremen, Germany
email: fabian@math.uni-bremen.de

Abstract

We study families of time-varying linear systems with restrictions on the derivative
of the parameter variation. This includes the systems usually considered in the area
of linear parameter varying (LPV) systems. We show that it is possible to construct
exact parameterized Lyapunov norms for a wide class of such systems. This may be
used to derive (locally Lipschitz) continuous dependence of the exponential growth rate
on the systems data. Furthermore, it is shown that the exponential growth rate may
be approximated by exponential growth rates of periodic parameter variations.

1 Introduction

The control and robustness analysis of linear parameter-varying systems have been actively
investigated during the last decade. In particular, parameter dependent quadratic Lyapunov
functions for such systems are discussed in the literature and many results have been obtained
in the framework of linear matrix inequalities, see [1, 2, 3, 4, 7, 8, 10, 11].

Despite this activity some basic questions have remained unanswered, at least to the best
of the knowledge of the author. These relate to the continuity properties of the exponential
growth rate as a function of the system data as well as to the question whether periodic
parameter variations are sufficient to approximate the exponential growth rate of the system.

In this paper we generalize results obtained in [12] on the exponential growth rate of
families of time-varying systems with measurable parameter variations to linear parameter
varying systems with bounds on the derivative of the parameter variations. In particular, a
procedure for the construction of exact parameter dependent Lyapunov norms is presented.
Using these norms we can show that the exponential growth rate of an LPV system depends
continuously on the data and is even locally Lipschitz continuous on an open and dense set in
the space of systems. Furthermore, an analogue of the Gelfand formula holds, which states
that the exponential growth rate can be approximated by periodic parameter variations.

We proceed as follows. In the ensuing Section 2 we define the class of LPV systems under
consideration and in Section 3 the exponential growth of a linear parameter varying system
is defined. This is the quantity of interest in this paper. In Section 4 it is shown under the
assumption of irreducibility how to construct parameter dependent Lyapunov norms that
exactly characterize the exponential growth rate. This result is then used in Section 5 to



show local Lipschitz continuity of the exponential growth rate on the set of irreducible LPV
systems. Finally, in Section 6 the Gelfand formula and continuity is proved. This note is
a preliminary version of a research article in preparation. For reasons of space some proofs
are only sketched or omitted. Full details which will appear elsewhere.

2 Problem formulation

Let K =R, C. In this paper we study linear parameter-varying systems of the form
z (t)=A0)z(t), t>0. (2.1)

Here the map A : © — K"™*" is assumed to be continuous and should be interpreted as a map
on a parameter space © C K™. The admissible parameter variations 6(-) are specified by
two sets O, 0, as follows. We assume that ©,©; are compact convex sets. The parameter
variations € : R — O are assumed to be Lipschitz continuous with H(t) € O, almost
everywhere. It is then natural to assume that 0 € ©; and span©; C span© — 6, 6, € O.
Note that 6(t) € © for all t > 0 and Lipschitz continuity implies that 6(t) is contained in
span© — #y a.e. From now on U always denotes the set of Lipschitz continuous functions
that are described in this manner by the sets ©,0;. Given any u € U the corresponding
evolution operator defined through (2.1) is denoted by ®,(t,s),t > s > 0. In the following
we will identify the system (2.1) with the triple (0,0, A).

The following assumptions are important in the sequel. Recall that a set of matrices
M C K™ is called irreducible, if only the trivial subspaces 0 and K" are invariant under
all A e M.

For all 6y € © it holds that span ©; = span {© — 6} . (A1)
The point 0 is contained in the interior of ©; relative to its span. (A2)
The set A(©) C K™ " is irreducible. (A3)

Note that (A1) and (A2) guarantee that there is an A > 0 such that for any pair 6,7 € ©
and all ¢ > ||0 — n||/h there is a u € U with u(0) = 6,u(t) = n. IN particular, as © is
compact there is an h > 0 such that h > ||0 — n||/h for all 0, € ©.

Remark 2.1. (i) We explicitly exclude the case where the parameter variations 0(-)
are arbitrary measurable functions taking values in ©. The reason being that for this
case the results analogous to those obtained in this note are already available in the
literature, see [6, 5, 12, 13].

(11) In a large number of papers it is assumed that the parameter variations 0(+) are con-
tinuously differentiable and that the derivative satisfies certain constraints. Howewver,
it can be shown that the exponential growth rates defined by the sets

{0:R — O |0 Lipschitz continuous and 6(t) € ©1, a. e. }
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and
{0:R — O |0 continuously differentiable and 0(t) € O, Vt € R}

are the same. So that our setup encompasses this standard case. We just find the set of
Lipschitz continuous parameter variations easier to handle for several analytic reasons.

(i1i) The results presented in this paper are a discussion of a special case which may be
subsumed under the following more general framework, see [13]. Consider systems of
the form

= (2.2)

where A : © — K™ 4s a given continuous map, © C K™ is a compact, pathwise
connected set, and F : © — K™ is a set-valued map with compact values that defines a
complete dynamical system on ©. Under controllability assumptions for the parameter
variations a number the basic results of the present paper hold.

(iv) Under the convezity assumption on ©,0; the set U is conver and weak*-compact
in L®(R4,0). Thus we may associate to (2.1) a linear flow ¢ on the vector bundle
K™ x U defined by

o(t; (z,u)) = (P (t,0)x, u(t + +)) . (2.3)

This setup is studied in some detail in [5].

Exponential growth rates

We now define the object of interest in this paper which is the (maximal) exponential growth

rate associated to the system (2.1). Given the map A and the set of admissible parameter
variations U define the sets of finite time evolution operators

Sy (AU) = {®u(t,0)|ucU}, SAU):=]S(AU).

t>0

Remark 3.1. The main technical problem of LPV systems is the fact that S(A,U) does not
naturally carry the structure of a semigroup. Indeed, by requiring that the elements of U are
Lipschitz continuous it follows for uy,uy € U that the concatenation of wy|(—soy and Usg|( o)

is an admissible parameter variation if and only if ui(t) = uq(t). This complicates matters

compared to the case of linear inclusions of the form

re{Ax| Ae M},

where M C K™*™ is compact as studied in [6, 12] and references therein.
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We now introduce finite time growth constants given by
—~ 1
pr(A,U) == sup {; log||S]| | S € St(A,Z/{)} .

It is easy to see that the function t — tp,(A,U) is subadditive so that the following limit
exists

FAU) = lim pi(AU)

As for A € A(©) and t > 0 we have e € S;(A,U) it is clear that p(A,U) > —oo.
The quantity p(A,U) is called exponential growth rate of system (2.1). A trajectory-wise
definition of exponential growth would be to define the Lyapunov exponent corresponding
to an initial condition zq € K" and u € U by

Azo,u) = lirtn sup % log || P, (t, 0)zo]|

and to define as exponential growth rate k(A,U) := sup{A(z,u) | 0 # z € K", u € U}.
However, by appealing to the equivalent reformulation in the context of linear flows on vector
bundles as in (2.3) it follows using Fenichel’s uniformity lemma that x(A,U) = p(A,U), see
[5, Prop. 5.4.15].

Omne might now be tempted to look for norms that characterize the quantity p(A,U) as can
be done for the case of linear differential inclusions, see [12]. However, the following lemma
shows that this is not a very fruitful enterprise.

Lemma 3.1. [13] Consider system (2.1). If there is a norm v on K" such that for all
x € K", w €U and the corresponding evolution operator ®,(t, s) it holds that

v(®,(t,0)z) < LA y(z), Wt >0, (3.4)
then p(A,U) = max {\(z,B)|0# z € K", B: R, — A(O) measurable}.

The previous lemma states that a norm satisfying (3.4) can only exists for system (2.1)
if the parameter varying system realizes the exponential growth that would be possible
by allowing all measurable functions with values in A(©), that is by studying (2.1) with
U = L*(R,0). One of the reasons to study LPV systems lies, of course, in the fact that this
situation is rarely encountered. For this reason we use another approach that introduces a
family of norms with an extremal property. This is the topic of the following section.

We will see that the idea that has been proposed by several authors, (see e.g. [1, 8]) to
use parameter dependent Lyapunov functions can in fact be made exact. That is, we show
how to construct a family of parameter dependent Lyapunov norms that are extremal in
the sense that the exponential growth rate of system (2.1) is the incremental growth rate
with respect to this family. Note that this implies that we cannot restrict our attention to
quadratic norms.



4 Parametrized families of Lyapunov functions

In this section we assume the LPV system (0,07, A) to be given. For ease of notation we
will therefore suppress the dependence on these data of p(A,U), S;(A,U) and other objects
we intend to define.

For each 8 € © and t > 0 we define the set of evolution operators ”starting in 6” by

S,(0) := { ®,(t,0) | u € U with u(0) = 0} (4.5)

Similarly, we define for #,n € © and for ¢t > 0 the sets of evolution operators ”starting in
and ending at n” by R¢(0,n) := {P,(¢,0) | u € U with u(0) = 0, u(t) = n}. Then we define

S<r(f) : = U S:(0) and S(0) := U S:(0), respectively
0<t<T >0
Rer(0,m) = |J Ru(0,m) and R(0,7m) =[] Ru(6,m).
0<t<T >0

Note that the definition entails that for every 8 € © the set R(6,60) is a semigroup.
Furthermore, we note the following properties which are essential in the proofs of the ensuing
results.

Proposition 4.1. Consider system (2.1) with (A1)-(A3). For all6,n € © and all s <t €
R, we have

(1) if Rs(6,m) # 0 then the set Us<,</R.(0,m) is irreducible,
(i) the set Us<r<;S;(0) is irreducible.

If we want to describe the exponential growth rate within the subsets of evolution operators
with given initial and end condition, this leads to the definitions

R 1 R 1
5i(6) = max{glognsn Se &(9)} A0 = max{glognsn Se wm} ,

which has the problem that the functions ¢ — tp,(#), and t — tp,;(6,n) are no longer
submultiplicative, so that is useful to point out the following.

Lemma 4.1. Consider system (2.1) with (A1)-(A3). There is a constant C' > 0 such that
for every t > 0 and for all 0, € © there is an R € R, o5 (0,m) such that

IR]| > Ce.
This result may now be used to prove the following statement.

Lemma 4.2. Consider the system (2.1) with (A1)-(A83). For every 0,n € © we have that



Proof: Fix 0,1 € ©. Clearly, for all t > 0 we have p;(6,71) < p:(0) < py, so that in order to
show (4.6) it is sufficient to show that p < liminf; . p(6, 7). This however, is an immediate
consequence of Lemma 4.1, as we have for every t > 0, that p;(6,7) > 1/t(log C + (t — 2h)p).

The second assertion follows from similar argument. ([l

As the exponential growth in S and in the subsets S(6), R(6,n) is essentially the same it
makes sense to pursue ideas of the construction in [12] and to define limit sets as follows.

Soo(f) : ={S €K™ |3t — 00,5 €S8, (0): e PS5, — S} (4.7)
Roo(0,m) : ={S €K™ |3ty — 00,5 € R, (0,n) : e "G — S} (4.8)
We note the following properties of Sy () and R (60, 7).
Lemma 4.3. Consider the system (2.1) with (A1)-(A83). For all 0,n € © it holds that
(i) Reo(0,m) is a compact, nonempty set not equal to {0},
(11) Seo(0) is a compact, nonempty set not equal to {0}, and UpceSs(0) is bounded,
(iii) for every R € R.(0,n) and every S € Sx(n) we have e 'SR € S, (0),

(iv) for every S € Su(0) and every t € R, there exist n € O, R € R(0,n), and
T € S.o(n) such that S = e P'TR,

(v) Roo(0,1), Sxo(0) are irreducible.

Proof: Without loss of generality we may assume that p = 0 in this proof.

(i) A standard argument shows that R..(6,7) is closed. Lemma 4.1 shows that there
exists a constant C' > 0 and sequences t, — 00,S; € Ry, (0,n) with ||Sk|]| > C for
all k € N. So if the sequence {||Sk||},cy has a convergent subsequence then its limit
must be different from zero. Thus to conclude the proof it is sufficient to show that
there is a bound M > ||S||, for all ¢ large enough and all S € R.(0,n). This shows
that Roo(60,7) is bounded and that the sequence constructed above indeed does have
a convergent subsequence. So assume that the constant M does not exist, so that
there are sequences t;, — 00, S, € Ry, (0,n) with ||S,|| — co. By a small variation of
[12, Lemma 3.1] there are constants 1 > ¢ > 0 and 7" > 0 only depending on the set
R(n,0) such that for all z € K" and all B € K"*" there is an R<y € R(n,0) with
|BRz|| > || B]|||z||. Choose k large enough such that

1Skl > 4/e.

Pick an arbitrary zp € K", such that ||Sgzo|| > ||Skl| €/2. Then we can choose Ry €
R<r(n,d) such that

€ 2
ISR Sewoll = (1Sl 5) "
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(i)

(i)
(iv)

Note that by construction Sy R1S, € R(6,n). Applying the same arguments again we
can choose Ry € R<r(n,0) such that

e\3
IS RoSiBr Skl = (1154 5)

Arguing inductively we construct times Ity < 7, < [(tx+7) and matrices 7; € R, (0,7)
with

1 l € [ 1
“log ITH > —1 (S —>>—1 9>
“tog 17 > Liog (Il 5) = Tiog2 >

log 2.

This contradicts the assumption that limsup, .. = log||T;|| < 1.

U

As Reo(0,m) C Sx (0) it is clear from (i) that S (f) is nonempty and not equal to
{0}. Closedness is immediate from the definition. It remains to show that UpcoSs(6)
is bounded. If this is not the case then there are t;, — oo, Sy € Ry, (0, nr) with
|Sk|| — oo. This is brought to a contradiction similar to the proof of (i).

This is an easy exercise.

Let t, — 00, ®i(t,0) € S, (6) be sequences such that ®y(t;,0) — S € S(F). Fix
t > 0. Let up € U be the generators for ®;. As the family {u;} is bounded and
equicontinuous (due to the compactness of © and 1) we may apply the Arzela-Ascoli
theorem and assume without loss of generality that uy — u € U uniformly on [0, ].
Denote n = u(t) and let R € R(6,7n) be the transition matrix generated by u. By
construction there are nonnegative times s — 0 and S, € R, (1, ux(t)). Then we
have

(I)k(tk, t)SkR S Stlc+3k (9) .

Defining T}, := ®x(tx, t)Sr we may by (ii) assume without loss of generality that T), —
T € Sx(n). Furthermore, as ®x(t,0) — R it follows that TR = S. This shows the
assertion.

Fix § € ©. As we have noted the set R(6,6) is a semigroup that is irreducible by
Proposition 4.1. By (iii) it is easy to see that if S € R(6,0) UR(0,0), T € R (0,0)
then ST, T'S € R(0,0). Thus R (0, 8) is a nonzero semigroup ideal of the irreducible
semigroup

Reo(6,0) UR(D,0) .

By [9, Lemma 1] this shows irreducibility of R, (6,0). The second assertion follows
from R (0,0) C Sx(0).

O

We note the following corollary with respect to the maps 6 —— S,.(0), (0,1) — Roo(6,7).
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Corollary 4.1. Consider the system (2.1) with (A1)-(A3). The set-valued maps

0 — Su(6), (4.9)
0.m) — Ru(0,m) (4.10)

are Lipschitz continuous on O, respectively © x O, with respect to the Hausdorff topology.

Proof: Let 0,7 € © then for t := || —n]||/h there exists a transition matrix R € R, (0, 7).
Defining m := max {||A — pI|| | A € A(©)} we have by an application of Gronwall’s lemma
that

|1 — e ”R|| < exp(tm) — 1. (4.11)
Now for any S € S..(n) we have by Lemma 4.3 that e ”'SR € S,.(f). And so by (4.11)
|5 —eSR|| < |IS||||L — e ”R| < max{||S| | S € UpcoSx(0)} (exp(mt) — 1) .

This shows that max {dist (S, S (#)) | S € Suc(n)} < C||60 — || and by symmetry the same
holds for the Hausdorff distance H (Sy(),Sx(n)). This completes the proof of the first
statement. The second statement is shown in exactly the same manner.
O
We now define a family of norms by setting for § € ©

vp(z) := max {||Sz|| | S € Sx(0)} . (4.12)

Using Lemma 4.3 (ii) it is easy to see that for every § € © the function defined in (4.12)
is a norm on K". The following result shows that in this manner we have defined a family
of parameterized Lyapunov functions for our LPV system that

Proposition 4.2. Consider the system (2.1) with (A1)-(A3). Then
(i) For allu € U and all x € K™ it holds that

V() (Pu(t, 0)) < € vy (),

(ii) for every x € K", every t > 0, and every 0 € © there exists an uw € U such that
u(0) = 6 and such that

Vu(t)(Pu(t,0)x) = et vp(z) .

Proof: Without loss of generality we may assume that p = 0.

(i) Assume that v,u (Sz) > vy (). Then ||T'Sz| > wvye)(z) for some T € So(u(t)).
Now Lemma 4.3 (iii) shows that T'S € S, (u(0)). This contradicts the definition of

Uu(o).



(ii) Let S € Sw(f) be such that ||Sz|| = ve(z). By Lemma 4.3 (iv) there exist matrices
R e S,(0,n), T € Su(n) such that S = T'R. Let u € U be generating for R. Then we
have by part (i)

vo () = [|TRz|| < vu (Ra) < vo(z).

This concludes the proof. ]

In order to state a continuity result we need a notion of distance between norms. To this
end we introduce the space of positively homogeneous functions on K" defined by

Hom (K", R) :={f: K" = R|Va > 0: f(ax) = af(z) and f is continuous on K"} .

Clearly, all norms on K" are elements of Hom (K", R). This space becomes a Banach space
if equipped with the norm

Il = masc {1 (@) | lzll, = 1}
Proposition 4.3. Consider the system (2.1) with (A1)-(A83). Then the map

0 — vy, (4.13)
is Lipschitz continuous from © to Hom (K™, R).

Proof: By definition we have

v = Vnlloo pom = max jmax {[[Sz][ [ 5 € Soo(0)} —max {[|Sz[| |5 € Soc(m)}] -

|z[2=1

Assume that vg(z) = ||Sz|| for some S € S, () then there is a T € S.(n) such that
1S — T|| < H(Sx(0), S (n)) and we obtain

vg(x) = vy(x) < | Sl — | Tal| < |IS = Tzl < CH(Sw(6), Soc(m) ]2,
where C'is a constant such that ||z|] < C||z||2. This shows that
100 = vy lloohom < CH (Soo(6), Soo(1)) -

Now the assertion follows from Corollary 4.1. U

5 Lipschitz Continuity

Using the existence of the Lyapunov norms vy it is possible to prove results on Lipschitz
continuity of p under the variation of the data. To this end we introduce the space of linear
parameter varying systems LPV as the space of triples (©,0;, A) where ©,0; C K™ are
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compact and convex, 0 € O, span©®; C span© — f, for §y € O, and A : K™ — K" is
continuous. This space becomes a complete metric space if endowed with the metric

d((@v @17 A)v (6/7 @,17 A,)) = H(@a @/) + H<@17 @,1) + ||A - A,||OO7@U®/ )

where H(-,-) denotes the Hausdorff distance on the compact sets in K"*" and || A—A'||.0ue’
is the supremum norm of A — A’ on the set © U ©'.
We are especially interested in the subset

T:={(0,01,A) € LPV | (0,0, A) satisty conditions (A1) - (A3) }.

Note that with respect to the metric defined above Z is dense in LPYV. If we fix the dimension
of span ©; C span© — #, and define

LPYV(r) :={(0,0,,A) € LPV | dimspan® — §y =1},

then Z N LPV(r) is open and dense in LPV(r) with respect to the relative topology.
Assuming irreducibility we define for the triple (©,0;, A) the norms vy as in Section 4.
Then define the constants

ct(0,A,U) == max {vg(x) | ||z]| =1}, ¢ (0, AU) :=min {vyg(z)]| ||z|| =1} . (5.14)

Denote by vy, the operator norms from (K", vp) to (K", v,). Note that we have for arbitrary
B € K™ that

c(0,AU)

ct(n, A,U)

(0, A,U)

B) <||B|| < ———=
wy(B) < 1Bl < =7

1}977](3) .

Theorem 5.1. Let Q) C T be compact. For each triple (A,0,01) € Q consider the system
(2.1). Then there exist constants C_,Cy > 0 such that

o o CO.AU

S 0 A <Cy, forall (0,0,A)€Q, 0,n €O

Proof: We begin by showing the existence of C';. Assume that there exist sequences
{(Ok, O11; Ak) Fren C @, {0k € Okfpenys 1Mk € Ok Jpeny such that

C+(0kaAk7uk) N

™ (ks Ag, U)
Without loss of generality we may assume that (O, O, Ax) — (0,01, 4) € Q, 0, — 0 € ©
and 1, — n € O. For all k € N choose Sy € S (0, Ax,Uy) such that || Skl = ¢ (0k, Ag, Uy)
and define Sy, := Si/ || Sk||. Without loss of generality we may assume that S, — S, HS’H = 1.

Let £ > 0 and T > 0 be the constants for R(n, 8, A,U) obtained from an application of [12,
Lemma 3.1] as in the proof of Lemma 4.3 (i). Fix an arbitrary zo € K", ||zo|| = 1. Then by
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convergence for all k large enough there exists an Ry € Ry, (k, Ok, A, Uy) with t, < T +¢
such that

~ £
Define T}, := e ?(Axt)te ) Ry € Soo (g, Ak, Ur). Then we obtain
| Skl | Sk
Ui (0) = || ol = A OH I TAT (HSR To H - HS Sk” HRkIL’oH)

and hence for all £ large enough we have

ct (O, A, U, S — S -
O Anth) i (|| 8Ruwo| — || = S| 1Rezol)
Unk(lh)
4

< P Ak U )t

Where we have used that the sequence {Rk} ren 18 bounded so that the last term on the right
converges to zero by construction. This shows that ¢ (0, Ag, Ux)/c™ (nk, Ak, Uy) is bounded
because ty < T + ¢ and p(Ag,Uy) is bounded by compactness of Q.

The proof for the existence of C'_ follows the same lines. 0

Proposition 5.1. Let K=R,C. The map
(67 @la A) — ﬁ(@a @17 A)
18 locally Lipschitz continuous on the space T.

Proof: Let Q C I be compact and (0,01, A4), (0,07, A") € @Q with associated sets of
parameter variations U,U’. It can be shown that there is a constant a > 0 only depending
on @ such that for all u € U there is a w € U’ with

1A (u () = A (w ()]l < ad((8,01,4),(6, 6}, 4)) .

Denote the evolution operator corresponding to A (u (-)) by ® (¢, s) and the one correspond-
ing to A" (w(-)) by ¥(t,s). Furthermore denote by v, w(s) the operator norms induced
by the parameterized Lyapunov functions v, vw(s) corresponding to the linear parameter
varying system (©',0), A’). Note that we have for 0 < r < s < t that vy)we(TR) <
U (s),w(t) (T)Uw(r%w(s)(R). Then we have for t = k£ € N that

Vu(0),w(k) (P(K,0)) < Vuo)wer) (Y(k, b — 1)@(k — 1,0))
Fuw(o)wk) (P(k,k —1) = U(k, k —1))®(k —1,0))
< fertranr 4 o Bk, k — 1) =Tk, k — 1| | Vaoy (k1) (®(k — 1,0))

where C' is a constant independent of (0, F, A) € Q,0 € © and where we have used the
extremality property (2.3) to obtain the bound on the first term. The constant C' exists by
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Theorem 5.1. Furthermore, we obtain a bound for the difference || ®(k,k — 1) — U(k, &k —1)||
linear in d := d((0,01,A), (0,0}, A’)) so that for a suitable constant Cy we obtain the
inequality

Uw(o)’w(k)(q)(k‘, O)) S [eﬁ(A/’ul) + Cczd] Uw(o),w(kfl)((b(k’ — 1, O)) N

which implies by induction and another application of Theorem 5.1 that for all £ € N we
have

~ ! ! k
@ (K, 0)]] < Csvu(0)wir) (P(K,0)) < Cs [ep(A U 4 Ong] .

As the operators ®(¢,0),t # k are only small perturbations of some ®(k,0) and as the
constants C, Cy, C's were chosen independently of (0,0, A), (0,0}, A’) € Q and u € U was
arbitrary, this shows that

P(AU) < p(AU") + CCyd.
By symmetry we obtain
’ﬁ(A,U) - ﬁ(A,,Z/{/H < CCuyd ((@7 @17 A) ) (@,7 @/17 Al)) :

This completes the proof. 0

6 The Gelfand Formula

To complete the discussion of the exponential growth of linear parameter varying systems
we discuss the analogon of the generalized spectral radius for our case. Again we assume
given a fixed controllable linear parameter varying system (0,0, A) and we suppress the
dependence on that particular system in our notation. In the case of linear inclusions the
generalized spectral radius is defined via the long term behavior of the maximal spectral
radius of evolution operators. This in some way reflects the sort of periodic motion that is
possible in the inclusion. In our case periodicity of the underlying parameter variation is the
natural assumption, which is analyzed in the sequel.
For t € R, we define the set of evolution operators corresponding to periodic u € U by

Pri=J Ri(0,0) .

0cO

Then we may define the normalized supremum over the spectral radii by
_ 1
Pt 1= sup {Zlogr(S) |S € Pt}
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and the supremum of the exponential growth rates obtainable by periodic parameter varia-
tions is defined by
p = limsup p; .
t—o0

As it is clear that p; < p;, we obtain immediately that p < p. We intend to show that these
quantities are equal. To this end we need the following lemma.

Lemma 6.1. Consider system (2.1) with (A1)-(A3). Then there existd € ©, x € K", vy(z) =
1 and a sequence {ty}ren, tr > 1,k € N such that there exist Sy € Ry, (0,0) with e P Sjx —
z and

|ve(Skw) — e’jt’f‘ < %e

Proof: We may assume that p = 0. Pick an arbitrary 8y € © and z € K" such that
vg,(2) = 1. By Proposition 4.2 (iv) there exists a u; € U such that uo(0) = 6y and such
that v,,1)(Pu,(1,0)2) = vg,(2) = 1. Applying this argument again there exists u; € U such
that u1(0) = uo(1) and so that vy, (1)(Py, (1,0)P,,(1,0)2) = 1. Repeating this argument
inductively we obtain a sequence {uy}ren C U and we may then define u € U by u(t) =
ug(t — k), if t € [k, k + 1]. By construction we have

Pli (6.15)

vu(k)(q)u(k,())z) =1, keN.

Also by the extremality condition (2.3) for the family vy, 0 € © we have for t > 0 arbitrary
and k >t that

1 = vy (Pulk, ) Pu(t, 0)2) < vy (Pu(t, 0)2) < vgy(2) =1,

so that in fact v, (Pu(t,0)z) = 1.

As © is compact there exists a strictly increasing sequence sy — oo such that u(sg) — 6
for some 8 € ©. Without loss of generality we may assume that s;.; — s > 1 and z;, :=
®,(sk,0)z — . Now we have

[09() = Vus) (20)] < Jvo(2) = va(2k)] + [va(2k) = Vugsy) (21)]

The first term on the right hand side converges to 0 by convergence of zp, the second by
locally uniform convergence of vy(s,) to vg, which is a consequence of Proposition 4.3. Thus
we have vg(x) = 1.

By convergence of u(sy) there exist o, 7, — 0 and Ry, € Ry, (0, u(sk)), Tk € Ry, (u(Sk11),0).
In particular, Ry, Ty — I as k — o0o. Define t) := (Sg4+1 — Sk) + 7% + 0. Then we obtain for
S = TPy (sk41, Sk)Ri € Ry, (0,0) that

|U@(Skm) - 1’ = |U9<Skx) - UU(SkH)(Zk—i-I)‘

13



< Vg(ThPu(Skr1, Sk) Bt — Po(Skr1, Sx)2k) + [Vo(2hg1) — Vucsprr) (Zrt1)] -
As k — oo the first term on the right goes to zero by the convergence of T}, Ry — I and
zr — x, while the second term on the right goes to zero by locally uniform convergence of
Vu(sy,) YO vg.
In particular we see that ve(Skr — 2zr41) — 0 which implies by convergence of z; that
Srx — x. The assertion follows by taking an appropriate subsequence of the sequence t;. [

Theorem 6.1. Consider a system of the form (2.1) given by the triple (©,01, A). Then
p=p.
Proof: Without loss of generality we may assume that p = 0.
We claim that we may assume (A1) to (A3). For reasons of space this is only shown for

(A3). If A(©) is not irreducible then there exists a regular T € K™*™ such that all matrices
Ay € A(O) can be transformed to

[ All A12 e ‘e Ald
0 AQQ A23 e Agd
Tart=| 0 0 A '
| 0 “us 0 Add |

where each of the sets {A;;; A € A(©)},i =1...d is irreducible (or 0). Note that the linear
parameter varying system defined by setting A;(0) = A;; is irreducible. It is easy to see that

p(AU) = Erllaxdﬁ(A@-,Z/{) and p(AU) = Erllaxdﬁ(Ai,Z/{). (6.16)

........

So assume now that (A1) — (A3) hold. By Lemma 6.1 there exist 6 € O,z € K", vy(x) =1
and a sequence Sy € R(#,0) such that Syx — x — 0. Then we have by [6, Lemma 2] for the
eigenvalues \;(k) of Sy that

0< min 1— |\ (k)| < min [1— X\ (k)] < C|Spx — x|V

— 1<i<n 1<i<n

Denoting by Ay an eigenvalue of Sy for which the minimum on the left is attained we see that
|Ak| — 1 as k — oco. As we have |A\;y| < 1 and t;, > 1 we obtain p > 1/t; log |A\x| > log [ Akl
and it follows that p > 0. This completes the proof.

O

Corollary 6.1. The map
(@7 @b A) = 15(@’ @17 A)
18 continuous on LPYV.

Proof: The maps p;, p; : LPV — R are clearly continuous. Now p = inf;~q g, so that p is
upper semicontinuous as the infimum of continuous functions. Conversely, p = sup,. p: is
lower semicontinuous. Now using Theorem 6.1 the function p = p is continuous. ([
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