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What are Integral 1

Transforms?

To understand one science perfectly means having a considerable knowledge of
all other sciences

(P. J. Brebner, Christopher Quarles College Professor and Master Detective)

As the name may suggest, an integral transform is a transform that involves
integrals. This, of course, is no help at all. So let us try to give an intuitive collection
of what we may mean with it.

1.1 General considerations

A transform 7 takes a function f from a function space 2" : {f: X - C} to a
function 7' f from another function space % = {g : Y — C}. In some cases, we will
have that X = Y, but in many cases it will happen that ¥ # X. This can be for
various reasons:

1. The transform 7 f may provide information of f that is not so easily visible
from f directly.

2. We may be interested in a function f, but all we know is a measurement
g = Tf where T usually models the physics of the acquisition process of
the measurements. This is what is usually called an inverse problem since
in order to find f we have to invert 7 in some way or another! to obtain

f=Tg.

Usually a transform, be it integral or not, is only defined for certain functions, so
a careful definition of the space 2" and sometimes also of % is usually important.

A transform is called an integral transform if it involves integrals of functions,
i.e., is of the form

Tf(y)://F(f,x,y)dx, X c X.

Of course, this is still very general as the function F : 2" x X XY — C can be very
complicated as can be set X’ over which integration is performed; and if all that
is too easy for you, you may even replace dx by du(x) where u is some measure
on X. In reality, however, many integral operators are of a simpler structure. In

In many practical applications T may not even be invertible or the inversion may numerically
difficult or ill-conditioned.



1 What are Integral Transforms?

particular, many of them are based of a kernel K : X XY — C and the integral
operator is of the form

Tf(y) = /X Ko f(d,  fe.

Such transforms are linear, i.e., T(af) = aT f and T(f + g) = Tf + Tg and many
of their properties are usually derived from properties of the underlying kernel K.

1.2 Some examples

But before we get lost in more of the unnecessary general stuff, let us consider
classical examples of integral transforms, in particular those that play a role in
what is going to follow.

Example 1.2.1 (Fourier transform). The Fourier transform of a function f :
R? — C¢ is defined as

T(E) = (&) = /R e, £eR, 1.2.1)

where &€ - x = £1x1 + - -+ + €4x4 denotes the inner product between ¢ and x. This
transform will be a fundamental tool in many of the things we consider later which
will be reason why will dedicate Chapter 2 to it.

Example 1.2.2 (Fourier series). Let T = R/2n7Z denote the torus where we identify
any two elements of R if they just differ by a multiple of 2. As a set, T ~ [-x, 7],
but any addition and multiplication is well-defined on T in contrast to the interval.
For a function f : TY — C, which has a 2m-periodic extension to R, we call

1 —ia-x
@) /Tf(x)e dx, a €74,

the coefficients of the Fourier series of f. Here we have a transform that maps
functions defined on T¢ to functions defined on Z%, so that the domain of the
function and the domain of its transform are not the same any more.

Tf(a)=f(a) =

Note that both the Fourier transform and the Fourier series are integral trans-
forms with kernels, namely,

1 —la-x

(2m)4 ’

respectively. Also observe that in both cases the transform is only defined for
functions that fulfill certain properties.

K(x,&) = e ¢ and K(x,a) =

Example 1.2.3. A one-sided relative of the Fourier transform from Example 1.2.2
is the Laplace transform, defined as

TF(s):= /0 ) f(He*dt, seC. (1.2.2)

While the function f is only defined on RY, the Laplace transform, which plays
a role in theory of systems and electric circuits, has a complex parameter that is
usually interpreted as amplitude and frequency.



1.3 Integration and spaces

Example 1.2.4 (Wavelet transform). A function y with the property that?

b (&)[
—d [¢'e]
/Rd 1€1h &<

is called a (admissible) wavelet and the associated wavelet transform is defined
as

Tf(x,u):/Rdl//(xT_t)f(t)dt, xeRY ueR,

and has the property that the number of parameters of the transform is now even
greater than the number of parameters of the function itself. The wavelet transform
plays an important role in time-/frequency analysis.

Example 1.2.5 (Radon transform). A transform where function and transformed
function have a completely difference structure is the Radon transform that we
will consider in 2D here. For f : R> — R and a line

L={vo+tv:teR},

defined by the anchor point vy € R* and the direction v € R? \ {0} one defines the
line integral

Tf(L)=Rf(L) = /R F(vo+1v) dt. (1.2.3)

This is not a kernel integral and makes some stronger requirements on f since the
integration is only over a line, which is a set of measure zero. What this means, we
will see in a moment. The Radon transform, introduced by Johan Radon in 1917
has a physical interpretation that makes is the foundation of computed tomography
as we will see later.

The list of examples that we have seen in this section is in no way exhaustive or
complete, but it already shows some of the basic concepts and questions that we
will encounter in the course of this lecture.

1.3 Integration and spaces

In this section we give a short and superficial introduction to what we me mean
when we talk about integrals. Those who want to know details are for example
referred to (Forster, 1984; Williamson, 1962). The most common integral in Anal-
ysis and Calculus® courses is the Riemann integral based on the integration of
finite step functions on finite and mostly compact intervals. I works quite well for
continuous functions on compact domains but fails for nasty functions like

B 0 xeQqQ,
f(x)_{1 X e€R\Q,

2This is called the admissibility condition and implies that / Y =0.
%In the German system analysis is mostly calculus, the English and American system makes a
distinction that is also visible in the title of books.
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for which the lower integral is zero and the upper is the interval length. Also it
notoriously troubled with infinite domains of integration, just try to compute

/OO cos(x)dx
0

by approximating it via fOR cos(x)dx letting R tend to co. It simply does not work
and actually the function cos(x) is not integrable on R.

The Lebesgue integral on the other hand, is based on the notion of measurable
sets in R? and the defines for any countable decomposition of some measurable
E c R? into disjoint measurable sets E;, j € N, the upper and lower sums

o0

m(E;). AMﬁ=ZQ§ﬂwmwﬂ

J=

Aﬂﬂ=ZFwﬂw

j:1 )CEEj

and then the upper and lower integrals

l o—— : f * T o
Af®ﬂ~£&}01 uéﬂmh_mmaqx

Eq,E9,...

which is “the smallest from above” and “the largest from below”; the always sat-

isfy /El > fET and the function f is called integrable if the two coincide. When
done properly this gives a proper notion of integration on R¢ that agrees with the
Riemann integral for f € Cc(RY), i.e., for all functions with compact support.

The integral has all nice properties that we expect of it, like linearity, positivity,
monotonicity and additivity, at least as long as things are finite. For infinite oper-
ations, like limits or interchange of integrals or integrals and limits, one has to be
careful. An example is the following result.

Theorem 1.3.1 (Lebesgue dominated convergence). If f,, n € N, is a sequence of
integrable functions which is dominated, i.e, there exists an integrable function g such
that* | f,| < g, with f, — f, then f is integrable and

/ f(x)dx = nh_r)r‘}o/ Jfu(x) dx. (1.3.1)

The point here is “dominated”. In general the limit would neither be integrable
nor would (1.3.1) hold without the sequence being dominated, cf. (Gelbaum and
Olmstedt, 1964). And there exist quite a few of such subtleties for Lebesgue in-
tegration. We will not dwell on them in this lecture as we want to focus on other
things and sometimes we may be a little bit “generous” in the arguments and refer
to the theory. If you feel uncertain, take the effort to consult the standard literature,
as in the end knowledge and even understanding is not a disadvantage.

Even the point evaluation of locally integrable functions is not a trivial issue. Of
course, we can write f(x), but since a locally integrable function can be modified

*This only has to hold almost everywhere, but we have not defined what this means nor do we
intend to do so.



1.3 Integration and spaces

on a set of measure zero’, the evaluation is not well defined and f — f(x) is
in no way a reasonable or continuous functional. To define a reasonable point
evaluation, we use the ball of radius ¢ around x,

B =y e s y-sl <o}, IBsl= [ ar
Bs(x)
to define the average

1 1
usf(x) = — f(t)dt = 7 /35«)) f(t+x)dt 1.3.2)

Vs JBs(x) f
at x.

Theorem 1.3.2 (Lebesgue). If f is locally integrable, one has for almost all x € R?
that

f(x) = lim ps f (x). (1.3.3)

Any point x for which (1.3.3) holds is called a Lebesgue point of f and the
Lebesgue’s theorem, Theorem 1.3.2 states that the complement of the set of Lebesgue
points has measure zero. Modifying the function there in an appropriate way, gives
an integrable function where all points are Lebesgue points and we can assume that
(1.3.3) holds everywhere.

In this lecture we will consider some standard spaces of functions that will be of
use later.

Definition 1.3.3 (Continuous functions).

1. By C (R?) we define the vector space of continuous functions of R4, which
are functions such that for any x € R? and any & > 0 there exists § > 0 such
that®

x-yl<é6 = lf(x) = fl <e.

2. Moreover, we write C,(R?) for the uniformly continuous function where
for any & > 0 there exists § > 0 such that for any x € RY

x-yl<6 = lf() = fl <e.

3. By Coo(R?) we denote all functions f from C(R¢) that have compact sup-
port, that is, there exists a compact set Q ¢ R? such that f(x) =0 for x ¢ Q.

4. An important and particularly nice class of functions is C{;B(Rd), the set of a
infinitely differentiable functions with compact support.

Even if C(‘)’B(Rd) looks like a class of functions almost too good to be useful, they
actually are quite frequent and useful: they are dense in the integrable functions.

SEven worse, the spaces of integrable functions that we consider are only equivalence classes
modulo sets of measure zero.

6The norm | - | that measures the distance in R¢ is not relevant here as all norms on finite dimen-
sional spaces are equivalent. If this does not make sense to you, look it up.
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Theorem 1.3.4. For any integrable f and & > 0 there exists g € Cj) RY) such that

/Rd | f(x) —g(x)| dx < &. (1.3.4)

A fundamental role will be played by functions whose powers are integrable
which form the basic spaces for integral transforms.

Definition 1.3.5 (L, spaces).

1. For 1 < p < oo the p-norm is defined as

1/p
11l = (/Rd |f ()17 dx) ., f:RY>C, (1.3.5)
and the L,-space consists of all functions with finite p-norm:
Lp(®RY) = {f : [Ifllp < oo} (1.3.6)

2. For p = oo we consider

I /1l = ess-sup {| £ (x)] : x € R’}

where the essential supremum allows to exclude the values of f on a set of
measure zero. This is a somewhat ugly space.

3. The dual norm to || - ||, is || - || where 1/p +1/g =1,1 < p < co as well as
the pair 1, co.

Exercise 1.3.1 Show that

Coo(RY) ﬂ L,(RY).

1<p<co
¢

A fundamental and frequently used property is that for 1/p +1/g =1 and f €
L, (RY) aswellas g € L, (R9) one has that fg € L1(R?) and the Holder inequality

/gl < 1Ay llgllq (1.3.7)

holds. The special case p = g = % is known as the Cauchy-Schwarz inequality.

For 1 < p < oo, the space L, is a Banach space, i.e., a complete normed space.
“Normed” is clear since the spaces are defined by the norms || - ||, wile complete
means that any Cauchy sequence of functions in L,(RY) has a limit, i.e., any
squence f,, n € N, of functions with the property that for any & there exists np € N
such that

”fn_fm”p SS’ m7n2n0’

converges to a limit f € L,(R"). The point is the existence of the limit and the
proof is not completely trivial, cf. (Williamson, 1962).

Exercise 1.3.2 Give an example of a normed linear space that is no Banach space.
What is the simplest example? o



The Mother of All : !
Transforms
If God were omnipotent and omniscient in any literal sense, he wouldn’t have

bothered to make the universe at all. There is no success where there is no
possibility of failure, no art without the resistance of the medium.

(R. Chandler, Playback)

The Fourier transform is ¢he transform and it covers hardcore applications as well
as very deep and absctract mathematics like working on locally compact Abelian
groups (Gasquet and Witomski, 1998; Katznelson, 1976; Loomis, 1953).

2.1 Definition and Basic Properties

We begin with the Fourier transform of a function, defined on absolutely integrable
functions.

Definition 2.1.1 (Fourier transform). The Fourier transform of a function f €
L1(RY) is defined as

F (&)= f(&) = /R ) Fx) e €' gy, £ eRY. (2.1.1)

The Fourier transform maps functions defined on R to functions defined on R,
however, the two instances of R? play a somewhat different role. The keyword is
dual group, cf. (Katznelson, 1976), but accidentially R? is its own dual. Here

is the standard inner product on R? yielding that

d
. T . .
el x = prilaibrttxada) l—[ e ¢
Jj=1
Since! |e""‘ | =1 for x € R, we also have that ¢~*'¢| = 1 and therefore

/Rdf(x)e_igrxdx S/Rd ‘f(x)e_’frx dx:/Rd |f(x)| dx,

Hust to make it clear: we are talking about the complex modulus here.




2 The Mother of All Transforms

hence the Fourier transform is well-defined for f € L1(R¢). Historically, the Fourier
transform is a relatively modern concept, Fourier? himself “only” introduced Fourier
series as a tool to solve the heat equation. Of course, Fourier series can do much
more, for example they form the foundation of musical acoustics (Benson, 2007;
Helmbholtz, 1885).

Remark 2.1.2. 1. The physical and technical interpretation of the univariate

Fourier transform of a function, interprested as signal over time, is the con-
tribution of a certain frequency to the signal. To do so, the complex value

f(f) = ‘f(f)‘ e %) g interpreted as amplitude |f(§)‘ and phase 6(¢) asso-

ciated to the frequency.

. The condition f € L ensures that

7@ <1l (212)

Keep in mind, however, that the condition is only sufficient but not necessary
for the existence of the Fourier transform.

. Sometimes the Fourier transform is equipped with a factor (21)42, and we

will see soon why this is the case. However, when using various sources of
literature or libraries, it is important to check which factor is used there.
Otherwise it can lead to quite bad errors.

. The Fourier transfrom not only exists on R? but on locally compact abelian

groups using the associated Haar measure, cf. (Loomis, 1953). This is a nice
theory intertwining mesure theory, algebra, topology and analysis, but not
needed in our applications here.

. An important operation on R is the translation operator 7, y € RY, defined

as
o f=f(C+y). (2.1.3)

Moreover, any nonsingular matrix A € R™? defines a dilation
oaf=f(A). (2.1.4)

Proposition 2.1.3. For f € L1 we have that f € C,(R?).

Proof: For &, € R?, we estimate the difference

Flevor=fie) = | [ roo(ere™ - ax

[l
R

———
=1

IA

T
e léx—l)dx;

2Jeam Baptiste FOURIER, 1768-1830, , French mathematician and politician, was not only member

10

of the “Académie des Sciences”, but also participated int the expedition of NAPOLEON BONA-
PARTE to Egypt as a scientific advisor. Later he became governor of the Department Isére with
its capital Grenoble where he supported Champollion and thus contributed to decyphering the
hieroglyphs.



2.1 Definition and Basic Properties

since f € L; there exists for any & > 0 a number M > 0 such that®

/ | f(x)] dx < &
R‘I\[—M,M]d

ist. Then, using Exercise 2.1.1,

7 +o)- o)

< / L (o) e —1) dx+/ If () ‘e—f‘?” —1( dx
[—M,M]d Rd\[—M,M]d
<2
< / lf (x)] ‘e‘i‘STx - 1) dx + 2¢
[_M’M]d
< M ||5||1/Rd |f ()| +2e =M ||6]l{ [ fll; +2e.

This expression can be made arbitrarily small indepently of ¢ since any given &
implies an M and according to this number we can choose ||5||; < €/(M]|f|l1) to
obtain

Fe+6) - flo| <3
independently of ¢&. o

Exercise 2.1.1 Show: For a € R? and 1 < p,q < oo such that 1/p +1/¢q = 1, one
has L
e =1 < Jall, Il

¢

The next is an important operation that is not only closely related to the Fourier
transform and of great value in signal processing, but can also be seen as an alter-
native multiplication of functions.

Definition 2.1.4 (Convolution). Forf, g € L(R?) we define the convolution

fxg:= ./Rd f(-—1)g(t)dt *: L(R) X L(R) — L(R), (2.1.5)

whenever the integral on the right hand side exists.

The convolution is symmetric since a simple change of variables yields
prg= [ fCe-nswar= [ f0gC-ndi=gxr.
R4 R4

We also have that*

irselh = [ | re-nswaas [ [ 1ra-ng)dra
/ / £ (= 1) g(0)] dxdr = / / £ drdr = IfIllglh,
R4 JR4 R4 JR4

3This is one of the “magic” properties of the Lebesgue integral
*The interchanging of the integrals due to Fubini’s theorem is yet another Lebesgue subtlety that
we are not working out in detail.

11



2 The Mother of All Transforms

so that the convolution maps L; X L1 to Lq; this is the “multiplication” property
mentioned before.

Exercise 2.1.2 Show that (L1(R?), %) is a Banach algebra, i.e., a Banach space

“, . ”

with a multiplication operation “+” that satisfies the usual laws of commutativity
and distributivity and is compatible with the norm of the Banach space. o

Next, we collect fundamental properties of the Fourier transform that we will
use frequently in what follows.

Theorem 2.1.5 (Properties of the Fourier transform). For f € L1, the following
holds true:

1. foranyy € RY,
(o f)" (&) =V EFle),  éeRY (2.1.6)

That is, translations are turned into phase shifts.

2. for any nonsingular A € R4 one has

Ao J?(A_T‘f) d
(caf)" (&) = Tdeta] £ eRY. (2.1.7)
3. forg € Ly,
(f#8)" (&) =f(&)5&), ¢eR” (2.1.8)
4, z‘f%feLl,j:L...,d, then
o \" .
(Tf) () =it f©. j=1..d £eR’ (21.9)
Xy

S.if()jfely,j=1,...,d, then fz's differentiable and

Jd = A .
— (&) =(=i(); )" (&, j=1,....d &eR% (2.1.10)
0&;

6. if f € L1(R), then

(A ey L ey inTE
0= (1) @ =G /R T e ae (2.1.11)
Definition 2.1.6. The operation
v 1 Ap_.
[ r =l )

is called the inverse Fourier transform.

12



2.1 Definition and Basic Properties

Proof: For 1), we compute

()" (£) /Rd fl+y) e €5 ax = /Rd F(x) e €@ gy = V"¢ /Rd £ (x) e € gy
= ),

and 2) we obtain because of

A o . ey, f(ATTE
CAMNGEE /Rdf(AX)e 7 dx = |det A 1|/Rdf(x)e e dx:—|<(ietA|);

in both cases it is helpful that the transformations map RY bijectively to itself.
The statement 3) is due to

/Rd ( /R FIOTCED) ds) e

/ / F(s) e g(x = 5) & ) dsdx = F(£) 3 (£),
R4 JR4

(f =8)" (£)

while for 4) we use integration by parts which is justified since Coo(R¢) is dense in
L1(R%) and yields for j =1,...,d

K A B e O e
(701) © = [ Ewe e a [ jewge®a

ie [ e =i flo).

5) is obtained by computing for 4 > 0 and n € R? the difference quotient

r hn) — ry —i(&+hn)Tx _ —iéTx
fE+hn) - &) _ o & et
h R4 h
) —ihpTx _ 1
= f(x) PR
Rd h
Since
—ihnTx _ )

and since

(UTX) f= i njx;f(x)
=

the Fourier integral exists and is linear in 7 due to our assumption that (-);f €
L1(RY). Therefore, f is differentiable and (2.1.10) follows by choosing n = e I3
j=1,...,d.

The proof of 6) requires a bit more effort and uses the Féjer kernel

d
Fy:=2F (), 1>0, F(x):= (zjlr)d /[ e ﬂ (1-t]) e*dt, xeRY,
SRS,

13



2 The Mother of All Transforms

which is the inverse Fourier transform of a hat function. These kernels have the
property® that for any f € Ly (RY)

tim ||f = f % Fally = 0 (2.1.12)

holds, see (Katznelson, 1976, S. 124-126) for the case d = 1 which can easily be
extended by a straightforward tensor product argument. Therefore® some subse-
quence of f * F; — f converges almost everywhere for 4 — oo, cf. (Forster, 1984,
S. 96), and we get for almost all x € R? that

For = [0 R

1 d )T
— 1 — &) D€ ge g
(2m)d /Rd S % (1=1€1) e &ldr

[-1,1]4 /

- (271r)d Lro |
[-4,1]

da J

_ 1 < |§J'| iETt ixT¢
= G / g(1—7)/ () e dr ¢ ag

—

=

(1 - @) e 0"E g gy

1
=

[-.4]4
=/(&)
(1-1V1) < <1
—_——
Tl .
) (2n>d / n( |J)f(§) Ca
[—viva) T

—@m)~d [ 4 (&) "€ dé

(gﬂ)d / l—[( lg])f(f) ' d,

Vislglea 7

—0

/ Fley e ag,

(2m)4

5That we do not prove here!
60ne more of these statements that need some effort to be verified in detail.

14



2.1 Definition and Basic Properties

since

d

|'] (1 - @) f& et ag
Tsle|<a 7

d
< ]‘[1—'5—’ ‘f(f)’ el ge < / ]f(f))df—ﬂ)
Vicje < 7 T e\ [Vaval”
<1

da f € Li(R). Hence, the inverse Fourier transform f" is a uniformly continuous
function that coincides with f almost everwhere, so that we may even assume f is
continuous. mi

Exercise 2.1.3 Prove the following statement without using (2.1.9): if f, f’ €
L1(R), then (f')" (0) =
Hint: integration by parts. v

The next classic gives us information on the behavior of the Fourier transform
of a function “far out”.

Proposition 2.1.7 (Riemann-Lebesgue lemma). For f € L1(RY), we have that

|fl|1m f(&) = (2.1.13)
Proof: If, in addition, %f € Li,j=1,...,n,then (2.1.13) is a direct consequence
of (2.1.9) and (2.1.2):
af

ax; 1_ (T) (f)‘ €l ‘f(f)‘ £eR, j=1,...,d.

Summing over j, we then find that

d
Zlﬂa
2

> 1f<f)\i €] = 1¢l |7
j=1

hence,

(9f

1
For arbitrary f € L1 and g € C, 0(Rd) such that” || f — g||; < &, we get, on the other
hand, that

o2 |1f - gl 2 |7(6) 20| = || - g

hence

lim \ (g)) lim @I+ 1f - gl <,

[[§ll—c0

’Once more it is the density of the smooth functions that is relevant here.

15
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and since & can be chosen arbitrarily small, the claim follows. m]

The third classic is a result that tells us that properly normalized the Fourier
transform can be extended to an isometry on Lo(R?).

Theorem 2.1.8 (Parseval®/Plancherel). For f, g € L1(RY) N Ly(R?) we have®

1 SU—
[ r@ewa= o [ Few@ e, (2114
and especially with f = g,
1 —~
I fllg = Wllfllz. (2.1.15)

Theorem 2.1.8 allows us to extend the Fourier transform to Lg(R?) by consider-
ing, for f € Ly a sequence

fn = X[-nn)d * f €lLiNLoy, n €N,

cf. Exercise 2.1.4, of “cut oft” function that converge to f for n — oo in the norm
|I-Ilo- Since, according to Theorem 2.1.8,

fn+k - fn

= ok = 0"y = @O Nl furke = fully,  koneN,
2

faisa Cauchy sequence and due to completeness it has a limit in Ly, which we
define to be f. This gives a formally correct and consistent definition of a Fourier
transform on Lo(RY).

This construction and (2.1.15) explain why the Fourier transform is often defined

as
1

(27r)d/2 ‘/R;d f(x) e X gy

since then it is an isometry on Lo(RY), ie.,

£l = Il ll2. f € Ly(RY). (2.1.16)

f(&) =

Exercise 2.1.4 If f € Ly is compactly supported, the f € L;. &
Proof of Theorem 2.1.8: We define

hx) = / F()g(t—x) di=(f+g(=) (x). xR
Rd
so that 4(0) = ffg. Moreover,

h(E) = F(&) (g(=)" (&) = f(£)g€),  £eR%

———
=26

8Marc-Antoine PARSEVAL DEs CHENES, 1755-1836, contemporary of Fourier, was quite involved
in the troubles of the French revolution and published 5 (five) papers in his lifetime, but all of
them were presented to the Académie des Sciences which was not ordinary

9Keep in mind that the complex inner product involves complex conjugation in order to be definite.
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2.2 Fourier Series and Periodization

If f and g are so “nice” that f, g € Ly ist, for example when they are differentiable,
then (2.1.11) implies
1 ~ = 1 ~ :
(&) dé = h lofd:ho:/ dx,
o7 [ F@F@ =g [ R ae=no)= [ 10 g0)ds

which gives (2.1.14). And the Plancherel identity (2.1.15) is finally a direct con-
sequence of the Parseval formula (2.1.14). |

2.2 Fourier Series and Periodization

We obtain a different form of a Fourier transform if we consider functions on the
torus

T = Rd/(QnZd) ~ [-n,n]?.

Keep in mind that the torus is more than just the set [—7, 7]¢ since all additions and
multiplications are well defined on the torus, just modulo 27 in each component.
Because of that, all functions from L, (T¢) are 27 periodic which means that

fG+2ma)=f, aecZ! (2.2.1)

and gives a natural extension of these functions to R?. The converse can also be
done.

Definition 2.2.1. The periodization of a function f : RY — R is defined as
fo= Y F(-+2ra), (2.2.9)
aezd

provided that the sum on the right hand side exists.

That the sum on the right hand side exists relies on conditions on f, for example,
the constant function f = 1 cannot be periodized. Moreover, it depends on the
sense in which the function should exist, pointwise or as an element of a function
space like L.

Lemma 2.2.2 (Periodization). If f € Ly (RY) then f. € L1 (T¢) with || f.|l; < |I£]l1-
Z f(x+2ra)

/Td .0 d“/Td %

>/ 7 e 2ma)l v = [ 150 v = 7l
na+[—-m,m]4 R4

aezd

Proof: Since

Il filly dx < /Td Z |f (x + 2ra)| dx

aezd

we f. € L1 (T%) and 2r periodicity of the function is obtained by shifting the
summation index in

folc+2ma)= Y f(-+2(a+p) = ), f(-+21B) = f.

Bezd Bezd

as § — f—a. |

Exercise 2.2.1 Give an example where || f.|[1 < || f]l1- o
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2 The Mother of All Transforms

Definition 2.2.3. For f € L1(R?), the ath Fourier coefficient is defined as

/ £ (x) e @' g, aeZf (2.2.3)
and the associated Fourier series is

fu(x) =~ Z f(a) e, xeTd (2.2.4)

aezd

again provided the series converges.

Convergence of Fourier series is a nontrivial issue, even in one variable. There
exists even the example, due to Du Bois—Reymond in 1873, of a continuous function
whose Fourier series was divergent at some point. This observation even triggered
a new field of mathematics, Approximation Theory, cf. (Sauer, 2017).

Remark 2.2.4. In Fourier series, the function belongs to L1 (T¢) while the Fourier
coefficients belong to Z¢ and the Fourier series takes them back to a function
defined on T“. Therefore, T? and Z¢ are dual groups in the vague way that we
mentioned before. In contrast to RY, there is no more self-duality.

That the Fourier coefficients of the periodization f, should be connected to the
Fourier series of f, is shown by the following computation:

ful@) = (27r)d/ ﬁZde(x+27rﬂ)e i’ gy
R
= ot ﬁzz;/qr LI if;ﬁ @
= o L0 b = o Fla,

which brings us to our next result.

Theorem 2.2.5 (Poisson'® formula). Iff,f € Ly we have the Poisson summation
formula

Z f(2ra) = (2 R Z f(@)  and Z f(a) = Z f(©2ra). (2.2.5)

aeZd aeZd aeZd aeZd

10Siméon Denis Poisson, 1781-1840, student of Laplace and Legendre, between 300 and 400 pub-
lications on Mathematics and Physics.
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2.3 Distributions and a Strange Derivative

Proof: If the partial sums of f. convergell, then f(a) = ﬁ (@) f"ur a € Z¢, implies
that

(2 )d Zf( ) = Z f*(a) e (Z f*(a)e’“ )(O)_f*(O)

aezd aezd

Z f(0+27m) = Z f Qra),

aezd aezd
and yields the first identity. With this and (2.1.7) a “change of variables” gives
1 A
> f@) = 3 (genuf) @) = o 2 (cm21f) (@)

aeZd aezd

Z f(27ra) .

a€zd

O

Remark 2.2.6. The Poisson formula (2.2.5) is a pointwise statement and uses
evaluations of f and f only at the discrete points Z¢ and 27Z, respectively. These
points are a set of measure zero and any L, function is defined only up to such
a set. However, since we assume that both f, f belong to L, they also belong
to C,(R?), since they are related by (inverse) Fourier transforms and therefore

the point evaluation is a continuous linear functional and all sums in (2.2.5) are
well-defined.

2.3 Distributions and a Strange Derivative

If we want a function for which the Fourier transform and the inverse Fourier are
defined, it has to be of the form f, f € L1(R?), at least so far. A way to bypass this is
to use objects that go beyond functions, but include L; functions in a natural way.
This will be the concept of tempered distributions. For details on various types
of distributions see (Yosida, 1965) which is not easy to read, but a very compact
source of valuable information.

Definition 2.3.1 (Test functions and distributions).

1. A test function f € . (Rd) is a element of the linear space of Cj; (Rd) with
uniformly bounded derivatives,

||
9(Rd) =3¢ € Cy (Rd) : sup sup |[—¢(x)| < (2.3.1)
aeNd xeR? Ox
topologized by the family of seminorms
|a|
lol, = = max 87¢(x) @ € Ny. (2.3.2)

HOtherwise we would have to apply a proper summation method, like Féjer kernels, cf. (Sauer,
2017).
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2 The Mother of All Transforms

2. A sequence (¢, : n € N) of test functions is said to converge to some ¢ if there
is a compact set Q C R¢ such that ¢,(x) =0, x ¢ Q and

lim |¢, — @], =0, a e Nd. (2.3.3)
n—oo

3. A distribution 7 is a continuous linear functional'? T : .7 (Rd ) — C.

4. A distribution is called a regular distribution if there exists a function f €
L4 (Rd) such that

16 =1,0)= [ fwewd.  seT®). @34

Remark 2.3.2. 1. The topology of test functions is needed to ensure that the
limit of test functions is a test function again and in particular compactly
supported. Even the limit of uniformly convergent compactly supported func-
tions need not be compactly suppoted any more as the example

1

o = fX[=nn)s Flik=1x00 = flimea-r = © k=1,2,... (2.3.5)

shows.

2. Any expression of the form (2.3.4) is a continuous linear functional since for
¢, ¢’ € T (R?) we also have that ¢ — ¢’ € 7 (RY) and

IA

T(¢) - T (4] /Rd |f () p(x) = ¢"(x)] dx < max |$(x) - ¢ () 11fh

¢ — ¢l /1l

IA

3. For x € R? the point evaluation ¢ — ¢(x) is a continuous linear functional
T (R?) since convergence in .7 (R¢) is uniform convergence of all derivatives,
hence especially uniform convergence and therefore pointwise convergence.

Hence ¢, — ¢ implies ¢, (x) — ¢(x).

4. While the point evaluation is a distribution, it is not a regular distribution -
there exists no Ly function that represents it. Nevertheless it is the limit of
the sequence

1,0 = [ A0 f=F ey (236)

of regular distributions. In other words, the regular distributions are not
closed.

12A functional is a mapping from a (function) space to the underlying field, in our case C. A
linear functional is continuous iff it is bounded, see (Kreyszig, 1978; Taylor and Lay, 1980;
Yosida, 1965).
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2.3 Distributions and a Strange Derivative

5. While we will use distributions as some replacements for functions, they have
the obvious problem that, in contrast to f(x) for a function, the “value” of a
distribution somewhere is not defined at all. They are just linear functionals.

6. Nevertheless, distributions are sometimes even called generalized functions.

Exercise 2.3.1 Turn (2.3.5) into an example where f and all the f, are continuous.
¢

The example of the point evaluation shows us where the advantage of distribu-
tions lies: while the sequence f, from (2.3.6) does not converge!® in L;, it still
converges in the distributional sense, distributions are much more “forgiving”.
Moreover, regular distributions for differentiable f motivate the definition of the
derivative of a distribution by simple partial integration:

|| ||
(‘9 ) 9) (0 d

(- 1)'“' / f(x)—¢<x>dx—( 1)'“'T(—¢) (2.3.7)

The right hand side of (2.3.7) does not depend on f any more and is a continuous
linear functional on 7 (R?) due to the way how we normed the space, we have the
following observation.

Proposition 2.3.3. Any distribution is infinitely differentiable with

|er|
(557) @ = coir(32a).

Moreover, in contrast to functions, differentiation and limit can be exchanged
and a lot of things that were forbidden in Analysis of functions are possible for
distributions. One disadvantage, on the other hand, is that it is very difficult to
check for a given distribution whether it is positive. We not dwell on details here,
the basics of the theory are, for example, nicely summarized in (Forster, 1984).

To define a Fourier transform for distributions, we need a slightly different class
of distributions.

Definition 2.3.4 (Tempered distributions).
1. The Schwartz class'* .% (R?) consists of all rapidly decaying functions

y(Rd) - {f e C™ (Rd) . sup

xeR4

|

0
P() 5= f()

<oo,p€H,a€Ng

(2.3.8)

131t also is not a Cauchy sequence!
Named after Laurent Schwartz, one of the fathers of distribution theory, and note after Hermann
Amandus Schwarz, the Cauchy-Schwarz Schwarz.
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2 The Mother of All Transforms

with the topology based on the family

olel

7/ (%)

— , m € Ny, (2.3.9)
0x

1£1l,, = sup max max |p(x)

xeRd @ <m pell,,

of seminorms. This means that a sequence f, € .7 (R?) converges to f €
S (RY) if

) ol
lim sup sup sup |p(x) 5 (fu = )(x)
l’l—)ooxeRd (ZGNg pen X

=0. (2.3.10)

2. A tempered distribution 7 is a continuous linear functional on .7 (RY).

Note 7 (RY) c .7 (RY) not only in the sense of an inclusion of sets, but also
with respect to the respective topology: the topology induced by (2.3.9) is stronger
than the one induced by (2.3.2) which means that any sequence that converges
with respect to the stronger distribution also converges with respect to the weaker
one, but maybe not conversely. Since the continous functionals for a superset are
a subset of the continuous functionals for the set!®, any tempered distribution is
also a distribution so that the wording makes sense.

Proposition 2.3.5. f € .7 (RY) ifand only if f € .7 (RY).

Proof: Since .7 (RY) c L1(RY) because of the fast decay, f exists. By Theo-
rem (2.1.10),

ol e

@f(é‘) = (=) N &), aeN; (2.3.11)
and since f € .7 (R?) also implies that pf € .(R?) for any p € II, the right hand
side of (2.3.11) belongs to L1(R?) and therefore the derivative on the left hand side

is a continuous function. Moreover, for any p € II,
olel
p(f)@f(f) = (p(=iD) (=i(:))* f), (2.3.12)

where

p(=iD) = Zpaim'ﬁ p= Zpa(')a,

ox’

and the right hand side of (2.3.12) is still in .#(R¢), so that the Riemann-Lebesque
Lemmma, Proposition 2.1.7, yields the fast decay. The converse is clear since the
inverse Fourier transform has the same properties. m]

Exercise 2.3.2 Prove that .7 (R?) c C,(RY) (strict inclusion). o

Now we are in business: due to Proposition 2.3.5 we can apply the same idea
used for derivatives to define the Fourier transform 7 of a tempered distribution as

T(¢)=T (5) . ped (Rd) : (2.3.13)

1°Being continuous and linear on a larger set means more constraints.
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2.3 Distributions and a Strange Derivative

and the inverse Fourier transform is almost trivial;
TV(¢)=T(¢Y), ¢ (Rd) : (2.3.14)

which immediately yields that
T¢)=T"(9) =T (#') =T(0),  ¢e(R),

hence TV = T. For the Fourier transform of tempered distributions we have similar
properties as for the Fourier transform of functions, for example,

PURTS WY
(ix,7) (9) = (ix,7) (@)-

More on the Fourier transform for tempered distributions can be found in (Yosida,
1965).
What does all that have to do with derivative. Well, introducing the Laplace

operator
d
32
A= —
Z dx2
Jj=1 "7

we note that due to (2.1.10)

M&

AN (&) = ) (-ig)) f(f)——f(f)z £)' =-lel f&),  ger?,

Jj=1

and we can easily solve the differential equation’®

Af=g e f=—(|%) e=-(16) 7
2

using the Fourier transform. The Laplace operator is a second order differential
operation which fits well with the exponent 2 in the norm. We generalize this idea
a little bit to obtain a fairly fundamental concept.

Definition 2.3.6 (Riesz potential). For r € R we define the Riesz potential'’ of
order r is defined via its Fourier transform as

(I ) (&) = |€l;" F(é),  ¢eRrd. (2.3.15)

In this context, r < 0 corresponds to a differential operator of order r, whiel for
r > 0 it corresponds to an “inverse” diffential operator which is some sort of integral
operator and has a smoothing effect.

16This is called the heat equation and solving it was Fourier’s original motivation to introduce
Fourier series.

17Marcel and Frederic Riesz were two brothers of equal mathematical success. In particular, both
contributed to Functional Analysis.
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2 The Mother of All Transforms

The Riesz potential can be understood as a differentiation of order r where now
we can even define fractional derivatives of arbitrary order, which we will write
as A’/2. For r = 2 we recover the Laplace operator. For distributions, these “differ-
ential operators” are of course well-defined and we will call a function differentiable
of order r > 0 in the Fourier sense if

. 9 r/2
Jim (1 + |g|2) 7(&) =o. (2.3.16)
Replacing the decay rate |§|§ by 1+ |§|§ does not make a difference for |§|§, it only

makes our lives easier for |£| — 0.

Definition 2.3.7. The Sobolev space H" (R“) consists of all functions f € Ly (RY)
for which the norm

It = [ (1 1e8) || ae (2.317)
is finite.

And in fact, functions from the Sobolev space are differentiable, at least under
some conditions.

Theorem 2.3.8 (Sobolev embedding theorem). Ifr > $+k, then H" (RY) c C* (RY).

Proof: Choose a with || = k and consider, for f € H" (R) the function g(§) =
(—i&)2f(£), € € R?. To show that g € L1 (RY), i.e., that

/ 19(&)] dé < oo,
Rd

we choose C > 0, split the integral and use the Cauchy-Schwarz inequalitly to
obtain

[eorae= [ we@naer [ e

lIgll2<C l€lle>C
- [ |efo|ass [ e ae
€lle<C l§llz>C
2 PN N2 7 [2
< J / gcw [ |7l d5+J [ |asnery” 7ol dex
lI£]l2<C lI£ll2<C lI£ll2>C
=« <|[7],=cmenr1, =17l
PN
XJ / |1+ 1213) " o] ae.
li¢ll2>C

The first three quantities are finite, and for the third integral we use the fact that
r> %+ k and the polar coordinates & = sv, s € Ry, ||v]lo = 1 with d¢ = s?71ds dv to
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2.3 Distributions and a Strange Derivative

conclude that

2

dé

/ '(1 elen) e

liglle>C

= / / (1 + sz)_ 52 (v*)? s dy ds
C  Jvlle=1 —
<1

(/ dv) / (1 + C_Q) s2h=2r+d=1 g
[Ivl=1 c

the integral exists if the exponent is < —1 which is equivalent to 2k —2r +d < 0 or
d
r>k+ 9-
If g € L1(RY), there exists the inverse Fourier transform

IA

P =" = g [ ste)eae

as a uniformly continuous function and since

o \" o\
S = ==
(7] @=s0=(51) ©
the functions f and F have to coincide almost everywhere. m]
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The Radon Transform 3
and Its Relatives
If your wish is to become really a man of science and not merely a petty exper-

imentalist, I should advise you to apply to every branch of natural philosophy,
including mathematics.

(M. Shelley, Frankenstein))

Now we will focus on the main integral transform of this lecture, namely the
Radon transform and its relatives. The main task of this chapter will be to define
and invert it formally and to consider questions of uniqueness of the transform.
Numerical methods will come later.

3.1 The Physical Motivation

The main importance of the Radon transform comes from its interpretation in the
context of Computed Tomography. If an X-ray beam is sent through inhomo-
geneous material, a part of its energy is absorbed by the material it passes, the
rest of the energy continues its way through the object, see Fig. 3.1.1. This model
ignores a lot of physical effects, like diffration or scattering of the beam, but it is
sufficient for our purposes here. Moreover, the usual assumption is that the ray
is monochromatic, i.e., it has only a certain well-defined wavelength; also this is not
really refleting the reality.

If we denote the material dependend absorption rate at x by f(x), x € R?, and by
I(x) the intensity there, then for another point on the beams, say x + ¢ the energy

[ [

Figure 3.1.1: The basic idea of Computed Tomography: a ray (usually X-ray) is sent
through an object and the intensity at the other end is measured by a de-
tector. The absorption of energy can then be related to a line integral (lef?).
In the approximation, the ray is decomposed into small pieces (right).
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3 The Radon Transform and Its Relatives

approximately satisfies
I(x+06)—I1(x) ~—f(x)61(x), ie., I(x+0)=1(x)(1-f(x)9),

cf. (Olafsson and Quinto, 2006). To turn this multiplicative relationship into an
additive one, we take the logarithm of both sides and apply the Taylor expansion

log(1 - ax) = - a J= - i
og(1—ax) JZ:; - X ]Z:; (ax)

of the logarithm with respect to ¢ at 6 = 0 to obtain

y=0

log I(x +6) log I(x) +log (1 - f(x)9d) =logI(x) — f(x)d+0O (62)
log I(x) — f(x) ¢,

that is, we have the approximate identity

&

log I(x +96)logI(x) — f(x)9d. (3.1.1)

Next, we decompose the line from the source xg to the detector xp into N +1 pieces
of length ¢ and apply (3.1.1) iteratively to get

o I (xs)
51 (xp)

= —(log! (xp) —log I (x5))

N n
— Y log I (xs+ (j+1)8) —log I (xs+j6) = Y f (xs+j) 6,
j=0 j=0

which is a quadrature formula or Riemann sum, cf. (Heuser, 1984; Sauer, 2014)
for the line integral

1
/ () dx = lxp — s / £ (xs + (1= Dxp) di,
[xs.xp] 0

which we normalized such that /[Xs o] 1dx = ||xp — xs|| reproduces the length of
the line. This already is the Radon transform and asks for a formal definition.

3.2 Definition and Invertibility

Despite the two dimensional “practical” application in Section 3.1, we will define
the Radon transform on R, in particular as this will guide us to other transforms!

for d > 2.
Definition 3.2.1 (Hyperplanes and Radon transform).
1. The unit ball and the unit sphere in R¢ are denoted by

BY = {x eR? : x|y < 1} and §d-1 .= {x eR? : |x|y = 1} , (3.2.1)

respectively.

L Hint: the case d = 2 is very special since lines and hyperplanes are the same.
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3.2 Definition and Invertibility
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Figure 3.2.1: The sinogram of some object, computed with Matlabs radon function.

2. For v € S and s € R, the hyperplace H(v, s), is defined as
H(v,s) = {x eRY:VIx = s} . (3.2.2)

3. For v € $¥ and s € R the Radon transform of f € .7 (R?) is defined as

Rf (v,s) = / f(x) dx, (3.2.3)

where dx denotes the (d — 1) dimensional area integral, i.e., integration over
a set of measure zero.

Remark 3.2.2. The “d — 1” for the sphere in RY may appear a bit strange, but
it is common use, a tradition motivated by the fact that the sphere is as (d — 1)
dimensional manifold.

In the plane, i.e., for d = 2, the normalized vector can be parametrized uniquely
as v = (cos @, sin 6’) for some 6 € [0, 7], then the Radon transform can be written as
Rf(6,s) and we can arrange the two parameters as a two dimensional coordinate
grid. Such a sinogram which color codes the values of the Radon trasnform can
be seen in Fig. 3.2.1.

The definition of the integral in (3.2.3) may appear a bit strange, but we can
define in a more formal way as follows. Any orthogonal matrix®> V € R%>?-1 with
VTy =0 yields a parametrization

'/Hf(x) dx = T/ f(x)dx = '/RLH f(sv+Vy) dy (3.2.4)

\4

of the integral. Indeed, each point of the form z = sv + Vy satisfies

sz:s viv + 3Ty y=s,
——"
=1 =VTy=0

2An orthogonal matrix V € R¥*4~1 is a matrix with orthogonal columns which can conveniently
be written as VIV = I. Note, however, that VV7 # I since V is not a square matrix.

29



3 The Radon Transform and Its Relatives

and lies on the hyperplane. The representation is independent of the chosen V.
Indeed, if Vi, Vy are two such matrices, then their columns span the orthogonal
complement of v in RY, hence there exists a square matrix Q € R? such that
Vo = V10. Since
1=Vy"vy = Q"VIV,0 = 070,
Q is a ortgonal matrix with Q! = QT and also V; = VoQ7 as well as
1=vivi=v[v,0" o  0=VW.

Then,

Flovaviy) dy= [ fsvavaon dy=ldeo [ fisvevi) oy

[ Rd—l
=1

Rd-1

verifies that the definition in (3.2.4) is indeed independent of V.

Remark 3.2.3 (Hyperplane trouble). 1. The hyperplane H(v, s) is a set of mea-
sure zero and since L, functions are only defined up to a set of measure zero,
we had to restrict the definition to continous functions for which such inte-
grals can be formed consistently.

2. The association (v, s) — H(v,s) is ambiguous! Since v

to (—v)Tx = —s, we also have that

x = s is equivalent

H(v,s) =H(-v,-s), that is, Rf(v,s) =Rf(-v,-s) (3.2.5)

which has to be considered once we ask questions about invertibility and in
particular injectivity of Rf.

Lemma 3.2.4 (Projection Slice Theorem). For f € . (R%) and g € Lo (R) we
have

/g(s) Rf (v,s) ds:/ f(x) g(vTx) dx, v e §dt (3.2.6)
R R4

Proof: First, we substitute all definitions and choose V such that Vv = 0 to get

/Rg(S)Rf(v,S) dsz./Rg(s) / f(x)dxds

[ee [ dlf(sv+Vy>v i [ el |Jos

[ etelo s v1n ax= et VI [ g (e V1) F0 o
R4 ~——— ———— JR4
=1

/ (0 Tx) F(x) d,
Rd

since the matrix [v, V] is also orthogonal,

T T T
v viv vV
(VT) v V):(VTV VTV)

b i)
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3.2 Definition and Invertibility

hence
el v, VIt =el [v, V] = ([v,V]en)" =7,

O

Note that Schwartz functions are also rapidly decaying and therefore the integral

/Rd /Rdg(e{x)f([v’v] x) d

would even be defined for functions g that increase a most polynomially, i.e. for
functions for which there exists a polynomial p € II such that |g(x)|] < |p(x)],
x € RY,

Lemma 3.2.4 gives us a result for the Fourier transform of the Radon transform
with respect to the offset s by simply specializing g(x) = ¢7"** which turns (3.2.6)
into

3

(Rf (v, )" (o) = /R e SRE (v, ) ds = /R S eV gy = F (o) .

Corollary 3.2.5 (Fourier Slice Theorem). For f € ./(R?) one has
(Rf v. )N (@) =f(ov), ves’™ oeRr (3.2.7)

A side effect effect of the Fourier slice theorem is that it gives us a consistent
embedding on the Radon transform into Lj(R?).

Corollary 3.2.6. The mapping f — Rf is injective on ¥ (R?).
Proof: Suppose that Rf = Rf’, i.e,, R(f — f’) = 0, for some f # f’ € L1(RY).

Since we can write any & € Réasé=ov, o eR,ves? (3.2.7) implies that

(f-H" =0, ¢eR

which is a contradiction. m]
Exercise 3.2.1 Is the representation of é asé =ov, 0 €R, v € sd unique? o
Exercise 3.2.2 Prove that the Fourier transform is injective. &

The fact that the Radon transform is injective gives us hope that there may be an
inverse of the Radon transform; and even if injectivity is, of course, only a necessary
condition for the existence of an inverse, this hope is justified.

Theorem 3.2.7 (Inverse Radon transform). For f, f € .7 (RY),

R'IMIRf=f (3.2.8)
where 1
R0 = 5o /S ot (v,xTv) dv, xeRY (3.2.9)

denotes the dual Radon transform or backprojection.

3In accordance with the “engineering approach” to convert everything into its Fourier transform
from the very beginning.
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3 The Radon Transform and Its Relatives

Proof: Each point 0 # £ € R? can be written in two ways as & = ov, namely,
o =|&lg, v=¢/I€le and o = —|&lg, v = —&/|&]2, which implies that

Le@=3[ [ coniorta

Taking this into account, we can expand the inverse Fourier transform of f to
obtain

_ 1 7 ixTé _ 1 3 ixT (ov) d-1
1@ = g [ FOde= g [ [ Flone" ot avas
1

= DA ixT (ov) d-1
2(2m) /R/S (RF (v, )" (o) ™ @ || dv dor
1

1

= Sod-1 — DA i(xTv)o | _jd-1
T 9(27)d1 /sd 27T./R(Rf(v’ N (o) e 1471 dor dv

) W /S % /R (PR f (v, -))A (0)e' ") dor dy

= W /Sd ((Il_de(v, .))A)V (xTv) dv

1 1-d T _ pxyl-d
W/S‘d] Rf (V,X V) dv=R"I Rf(X),

which already is (3.2.8). O

The name “dual Radon transform” needs some explanation; looking at the pro-
jection slice theorem, that is, at equation (3.2.6), we see that

/Sd/Rg(S)Rf(V,s)dsdv /Sd /Rdg(vTx) () dedv
/Rd f(x) /Sdg (VTX) dv dx = /Rd R*g(x) f(x)dx.

—————
=R*g(x)

In other words, R* is adjoint of R if we consider the function g, defined on R, as
a function on S¢ x R that is constant in the first variable, g(v, s) := g(s). This is a
natural and canonical way to introduce additional variables into a function.
The formula
R1=R 4 (3.2.10)

for the inverse Radon transform in d variables is definitely beautiful and elegant,
it only has one disadvantage: it does not work numerically or in practice, at least
according to (Natterer and Wiibbeling, 2001). But the reason is not hard to under-
stand: the Riesz potential /'~ multiplies the Fourier transform with |o-|*~1 which
amplifies the high frequency oscillatory content in the signal Rf and thus increases
the noise in the measurements.

Exercise 3.2.3 Implement the Radon inversion by means of (3.2.10) and test it. ¢

To overcome this problem, we have to include some denoising or smoothing into
the inversion, and this is where the convolution comes for our rescue.
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3.2 Definition and Invertibility

Theorem 3.2.8 (Filtered backprojection). For f € L1 (RY) and g € L; (S? xR),

(R'g)*f=R"(g*Rf). (3.2.11)
Proof: By definition, we have for x € RY,

(RN W= [ ®e®stx-na

- W/Rtifsdg(v,v”) Fx - 1) dvr
ﬁ/w/wg(v,ﬂ(x—t)) £ dvd
ﬁfsd/]&/wlg(V’VT(X—SV—Vy)) f (sv+Vy) dydsdv
W/Sd/ﬂag(“ﬂxﬂ) /Rd_lf(sva) dy ds dv

= [ f(y)dy=Rf(v.s)

T

vl y=s
1 T .
= g L, B0 < REw) (107x) dv = B (g RP),
which also shows how the convolutions in (3.2.11) have to be understood. O

Remark 3.2.9. Let us recall once more how the convolutions work here: if it in-
volves a function defined on R¢, we use the “normal” convolution, if the function
is defined on S x R, on the other hand, the convolution only accesses the second
argument which belongs to R. This makes sense and is only reasonable since the
convolution involves a translation and this is not so clear on S, in contrast to

T, by the way.

Remark 3.2.10. In principle or on an abstract level, the filtered backprojection
(3.2.11) determines f as the solution of a linear system, namely

Tf=hb, T:f— (RQ =T, b=R"(gx*y). (3.2.12)

where y = Rf is the measurement. However, this is an interaction of operators and
functions and not of matrices and vectors* in finite dimensional spaces. To solve
this numerically, the equation has to be discretized.

The filter g in (3.2.12) which gives the method its name, can be chosen freely,
at least in principle. In practice, the concrete choice of the filter is a fundamental
issue that strongly influences the behavior of the algorithm and usually requires
some experience. The filtered backprojection has to advantages:

1. We can avoid the Riesz potential which corresponds to a differentiation and
only have to compute backprojections.

2. To solve linear operator equations of the form T f = b, a lot of methods are
known that can even be adapted to over- and underdetermined problems.
Usually, we will face the latter here since normally it is practically and tech-
nically impossible to measure Rf (v, s) for all v € S*! and s € R.

*Elements of function spaces are vectors as well.
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3 The Radon Transform and Its Relatives

3.3 Further Transforms

In two dimensions, the case d = 2, the Radon transform is a model of X-ray tomog-
raphy. For d > 2, this is no more the case as we integrate over affine hyperplanes
then. To that end, we define two other transforms as in (Natterer, 1986).

Definition 3.3.1. For f € .(R%) and v € S?71, we define

1. the X-ray transform
Xf(v,x):= /f(x +tv) dt, x € RY, (3.3.1)
R
2. the divergent beam transform

Df(v,x,) = /0 N f(x+tv)d:,  xeR% (3.3.2)

These transforms have some obvious properties, for example,
1. Xf(v,x) = Xf(-v,x),

2. Xf(v,x+Av) =X f(v,x), 1 € R,

3. Xf(v,x)=Df(v,x)+Df(-v,x),

and, in addition,
/llim Df(v,x —Ax) = X f(v,x).

The second property 2) makes it reasonable to restrict the X-ray transform to pairs
TS = {(v,x) ;v e ¥ x e RV x = 0} = 4 x RO, (3.3.3)

the set of which consists of a point on the sphere and the tangent plane there®.

Moreover, the Radon transform can be written in terms of the X-ray transform
in the following way. Given v € S?°!, we choose any w € S?~1 such that viw =0
and integrate the X-ray transform in this direction over the hyperplane,

Rf(v,s) = / Xf(w,x)dx

xewt yIx=s

Here we take into account (3.3.3) to factor out ambiguities.

The geometrical difference between the Radon transform and the X-ray trans-
form are shown in Fig. 3.3.1. In both cases, we have the direction v, depicted in red
and the orthogonal plane v*. In the Radon transform, integration is performed
over the hyperplane v+ and the region of integration is shifted parallel to v by the
offset parameter s € R. In the X-ray transform, on the other hand, we integrate
along the red ray and shift the ray; since shifts along the ray make no sense, we
can restrict these shifts to shifts within the hyperplane.

5This is called the tangent bundle.
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3.3 Further Transforms

Figure 3.3.1: Comparison of Radon and X-ray transform. In the Radon transform (Zef?) the
plane is moved along the direction v (red) while in the X-ray transform the
direction is moved in the plane v* (right).

Remark 3.3.2. The direction v and the shifts s € R and x € v* can be seen as a
parameter and another variable that depends on this parameter. This is why the
transforms are also written as

R,f=Rf(v,):R—R and X, f=Xf(v,):vt >R (3.3.4)

with R, f € . (R) and X, f € . (v*). Convolutions and Fourier transforms are
then applied to these functions.

There is also an analog of the Fourier Slice theorem for the X-ray transform.

Theorem 3.3.3. For f € .7(R%) we have

(Xf, N (&) =f&), vesil gevt (3.3.5)

Proof: We again define V € R¥*4"! as the orthogonal matrix such that v+ = VR4,
ie., VIy =0, write £ = Vp as well as V = (v V)e R9*4and compute

(Xf(v. ) (&) = / G /R F x4 ve) di dx

L L W ) ane e

- [ == o,

which is correct since
o nf)-o o) enf)-ev ().

which shows that £ € vt is essential for the validity of (3.3.5). m|

Also the X-ray transform has an inversion formula whose proof follows in some
way dual lines to the one for the Radon transform.
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3 The Radon Transform and Its Relatives

Theorem 3.3.4 (Inverse X-ray transform). For f € .7 (R?),
X*IXf =7, (3.3.6)

with the dual X-ray transform

* T
X'f = e 2|/ FOL vV v, (3.3.7)

Remark 3.3.5. Note that VV7x is the orthogonal projection of x on the hyper-
plane spanned by the complement matrix V, i.e. to v*. Indeed,

vTva = vV vix=0, X € Rd,
——
=0

hence P,R? = v* since rank Py = d — 1; Py is also easily verified to be a projection:
Pi=vVviv vl =vvl = py.
——
=1

Nevertheless, keep in mind that VV? # I, only VIV = I.

Proof: We use the integral formula

1
%= dnd 3.3.8
/Rdg(f) & |Sd—2|/gd-1 /v 12 8 () dndv (3.3.8)

from (Natterer, 1986, VII.(2.8)) for the inverse Fourier transform

1 ATe 5 1 T s
10 = o [ @ ae= o [ e i dnay

=g(&)
1 1 ixT
) (2m)d |S9-2| ./Sdl ‘/‘:J_ nlz ™ " (X f (v, )" () dndy

—1 —1 ixT
= (27T)d |Sd_2| ‘/Sd—l /Rd—l |Vy|28 Vy (Xf(v’ ))/\ (Vy) dydv
1

1 ; T, \T
= _— V l(SV+VV -x) Vy X . A V d d
(27)9 |S4-2] Ld—l '/Rd_l [Vylae (Xf (v, )" (Vy)dydv

—1 - 1 / T,\T
T (@2m)7]5] _/Sd_l /Rd_l J2l2 "V (X f (v, ) (2) dzdy

1
= —— [ Xfe,vvTx)dv,
Tl R A A

which completes the proof. m]

Again, up to normalization®, the dual X-ray transform is indeed a dual to the

That normalization is sometimes an unavoidable issue, we already learned at the beginning from
the Fourier transform.
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3.3 Further Transforms

X-ray transform as the computation

/Sdl /Rdl Xf(v,Vy)g(Vy)dydv = /541 /Rdl /Rf(tv +Vy)g(Vy) dtdydv
/Sdl /Rd/Rf(Vx)g(VvTVx) dxdv:/Sd1 /Rd F)g(VVTx) dxdv

./Rd f(x) /Sd1 g, VVTx) dvdx = 2n |Sd_2| /Rd F(x) X g(x) dx

t
shows, where we set x = (y) and note that

VIVx=vT (v V) (;):(VTV V1) (;):(o ) (;):y.

Finally, there is also a filtered backprojection for the X-ray transform and the proof
follows the same computational lines as the one for the Radon transform.

Theorem 3.3.6. For f € .7 (RY) and g € L1(S“™ ' x R?) we have
(X"g) = f=X"(g*Xf), (3.3.9)
Proof: We compute

Xz )= [ Xg=n

1 T
Iz Sdlg(V’VV (x=1)) £(1) dvdr

1
2 |S4-2| Jga—

1 T
m‘/sd_l /Rd_lg(\/,VV x—Vy)/Rf(sv+Vy)dsdydv

1 T
o507 /Sd_l /Rd-1 g (v, VVix - Vy) Xf(v,Vy)dydv

1 ’ o
W/sd—l (g*Xf) (V,VV x) dv=X(g*Xf),

/ / g (v, VT (x —sv - Vy)) f(sv+Vy)dsdydv
R JR4-1

where we note that the convolution g * X f ran only over x € v* in accordance to
what we said before. m]

It follows that the method of applying the filtered backprojection sketched in
Remark 3.2.10 can also be applied to the X-ray transform, but of course also the
same practical challenges are present.

Remark 3.3.7. In our computations we frequently used the substitution trick
/ f(tv+w)dwdt = / f(tv+Vy)dydt = / f(Vx) dx = / f(x)dx
R Jvt R JR4-1 R4 R4
with x = (;) and using the fact that V is orthogonal, hence |detV| = 1. In the

future, we may keep computations simpler and do this transform implicitly. It is a
good exercise, however, to work out the explicit form.
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3 The Radon Transform and Its Relatives

3.4 Uniqueness for Compactly Supported Functions

We have already seen in Corollary 3.2.6 that the Radon transform is injective,
hence, as a consequence Rf = 0 implies that f = 0. In this section, we collect
some more results of this type. Such results are especially nice if f is compactly
supported which is the standard assumption in Computed Tomography — objects
without compact support would not fit into the machine. Many of the results are
based on the fact that the Fourier transform of a compactly supported continous
function is amalytic, i.e., infinitely differentiable and its Taylor series converges
everywhere. Let us recall the basics.

Definition 3.4.1. 1. A polynomial p is a function of the form

p(x) = Z Pax® = Z Paxytoxyt,  #{a:pa # 0} < oo

d d
aeNO aeNO

if the number of nonzero terms is infinite, we speak of a power series. By II
we denote the space of all polynomials.

2. A polynomial is called homogeneous of degree n if it is of the form
d
P =Y pax?  lal= ) ay
|a|=n j=1

We denote the vector space of all homogeneous polynomials of degree n by
110 and write
n
_ 0
-
j=1

fot the space of all polynomials of total degree (at most) n.

Any polynomial and any power series can be written in terms of its homogeneous
components as

p(x) =Y pa(x),  paelly.
n=0
Moreover, any homogeneous polynomial of degree n has the property that

p(Ax) = Z Pe X = 1p(x). (3.4.1)

la|=n

Being equipped with this machinery, we can state the first result which defines
certain sets of directions that yield uniqueness via the Radon transform.

Proposition 3.4.2. Let ¥ C S be a set of directions such that p(?) = 0 implies
p =0 for any homogeneous polynomial. If f € C&’)(Rd) and Rf(V,-) =0, then f = 0.
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3.4 Uniqueness for Compactly Supported Functions

Proof: Since f € C(‘;B(Rd), the Fourier transform f is analytic and can thus be
written as

o0

f© =) an®), a eI

n=0
The assumption on f yields that

0=(Rf(v, )" (o) = f(ov) = ia”an(v), veV, oekR.
n=0

Hence, a, = 0, n € Ny, yielding f = 0 and therefore f = 0. O

We also get a nice result for the X-ray transform.

Proposition 3.4.3. If f € C5o(RY) and X f (v, -) = 0 for infinitely many v € S*1, then
f=0.

Proof: The assumption implies by Theorem 3.3.3 that 0 = f(&) for & € v* for an
infinite set 7" C S?~! of directions. Hence, for any such v, and n € RY, n =vIpv+&,
£ € vt we have that

fn =i i@ =Y, =2 e () v = 3 () o)

aeNg n=1
for some p, € 112, n € N, hence f(17) = (vI'p)g, for any v € #. Thus

fay =g | v

vey

has a zero of infinite order at 7 = 0 from which we conclude that f = 0 and therefore

f=0. O

Unfortunately, a finite number of directions will never do the job. To that end,
we consider the following result which is of a slightly more technical nature than
Proposition 3.4.3.

Proposition 3.4.4. Let vi,...,v, € §-1 0 c R4 compact and7f € Cg’(Q). For
each Q' C Q° there exists a function g € C;°(Q) that coincides with f on Q' but satisfies
Xg(v;,:)=0,j=1,...,n.

Proof: This time we enforce a factor of the form [] V]TU in the Fourier transform.
To that end, set

n

q(x) = HVJT.x = Z Go x°,

j=1 la|<n
and set ol
0 0'¢
. _ [ . |a|_
4( zD)—q( ’ax)'— D, da(=)" =
la|<n

"The set Cy’(Q) consists of all infinitely differentiable functions on Q that vanish on the boundary
0Q of Q.
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3 The Radon Transform and Its Relatives

Now, we construct a function % such that
q(=iD)h = f. (3.4.2)
For n =1, the equation takes the form
—ivIVh=f,  Vh= (i,h:jzl,...,d),

and a solution is the line integral

S
h(x):i/ f(tvi+y)dt, X=sv1+y, yeEV
0

this is the fundamental theorem of integration and differentiation. For n > 1, we
repeat the construction inductively taking into account that

qg(D)h = (—iv{ ) e (—inV) h.

Finally, choose any “mask” function ¢ € C;°(€2) which is 1 on Q' and set g =
q(—=iD) (¥ h), so that, for x € &/,

g(x) =q(=iD)( ¥ h)(x) =q(=iD)h(x) = f(x).
——
1

Then, by Theorem 2.1.5, 4)

8(&) = q(&) (ym)" (8),
and therefore, by Theorem 3.3.3, for j =1,...,nand ¢ € vj,

(Xg(v;,))" (&) = 8(&) = q(&) (Wh)" (&) = (V&) -+~ (vi&) -+ (vE&) (W) (£) =0,
~——
=0
which gives Xg(v;,-) = 0 as claimed since the X-ray transform is only considered
on the complement of the respective direction. O

In other words: infinitely many directions yield uniqueness in the X-ray transform,
Sfinitely many don’t. Here, we have a clear cut and, first of all, this is not very
promising. Obiously, we can only measure finitely many rays in practice as the
number of pixels on a detector and the number of measurements are clearly finite.
Note, however, h = f — g satisfies 2(Q’) = 0 but still XA(v,:) = Xf(v,-), so all
information on f is squeezed into the possibly small domain Q \ Q'.

The Fourier transform g of g vanishes of high order at the origin. Since

20 = [ reds= [ g an

the function g must oscillate on Q. Higher orders of the zero yield even more
oscillations as the following argument shows. Let

w@=[|vie.  Tcil...n),

keJ
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3.4 Uniqueness for Compactly Supported Functions

then

0=g;(D)g(0) = (qs(=i")g)" (¢) = /Qg(X)qJ(—iX) dx,

hence g is perpendicular to the space spanned by the g;. These vanishing mo-
ments are known in wavelet theory, cf. (Mallat, 2009) and imply a certain amount
of oscillarion of g on Q. This makes g a “noisy” function.

We finish this section with a result on the (realistic) divergent beam transform
that we have not considered yet. Here, we restrict the support of the function to
the unit ball and locate the X-ray source outside the unit ball.

Theorem 3.4.5. Lot 2° € R\ BY be an infinite set and f € C(‘;B(Bd). IfDf(-,x) =0,
x € X, then f =0.

Proof: Let® v* be an accumulation point of {ﬁ 1x € ﬁ”} and choose &€ > 0 such

that f is supported on Bi_9.(0) = {x : [x]g < 1 — 2¢&}; this is possible due to the
assumption that the compact support of f is contained in the interior’ of BY. Since

for infinitely many points sufficiently close to the accumulation point v*, we can
find an open neighborhood U(v*) ¢ S%°1 of v* such that

#2 = {x:xTv>1-6,veUM)} =

and we have infinitely many footpoints for infinitely many rays. Now, for x € 2
and v € U(vY),

/S D Fow,x)(Tw) 4 aw = /S o /0 ) Fx+w) w4 dedw
1-d
= [ ey ay= [ ro) (To-o7)  a
R4 R4

1-d
/ () (va - vTx) dy, (3.4.3)
lyle<1-2¢

due to the support of f, where

viy—vIx < vl yla— vix <(1-28)-(1-¢)=-¢
—— S~
=1 >l-¢

whenever f(y) # 0, hence (vIy — vTx)l_d is well defined as is the integral itself.

8This is correct: we choose the direction according to the points from where they emerge.
9Recall that, by definition, Cyo(€) is the set of continuous functions with a compact support
Q' cQ°.
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3 The Radon Transform and Its Relatives

Replacing!® y in (3.4.3) by y = sv +w, w € V*, we this get

/Sd_l Df(w,x)(VTw)t 4 dw = /Rd f) (va - vTx) ) dy

d
dwds

/R . f(sv+w) (VT(SV -w) — vTx)

/R (s — vTx)l_d ‘/l f(sv+w)dwds = ‘/R (s - vTx)l_d Rf(v,s)ds,

=Rf(v,s)

and the assumption that D f(-,x) =0, x € 27, allows us to conclude that
1-d
0= / (s - vTx) Rf(v,s)ds, veU®W"), xe 2. (3.4.4)
R

The power series expansion

1-d
(S - VT.X)

- L(n+d—-2)! (v x)l-d=—n "
;(_1) (d-2)! T

i (_1)n(n +d - 2)(vTx)1—d—n §"
n=0 1

=:cp,#0

converges uniformly in U(v*) X 2" for |s| <1 - 2¢, so that
0= Z cp(vTx)l=d= / s"Rf(v,s)ds, velUW"), xe 2. (3.4.5)
n=0 R

As we will see in Proposition 3.5.1, there exist homogeneous polynomials p, € 19
such that

/San(V, s)ds = p,(v), v e sl
R
and therefore

O:chpn—(v) veUW"), xe 2.

Ty\n’
n=0 ()C V)

The set {w € RY : #w! 2" < oo} is at most a (d — 1)-dimensional subspace of RY,
see Exercise 3.4.2. Since U(v*) is open, there exists for almost any v € U(v*), a
sequence x; € 2, j € N, such that all the numbers

1
1-¢

t] = (VT_Xj)_l € (0, :| _] €N,
are disjoint and therefore the power series

(o)

gu(1) = > capn(v) 1"

n=0

0Qyr standard trick.
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has infinitely many zeros'!. This implies that all p, vanish on a dense subset

of U(v*), hence, being their polynomials, p, = 0, n € Ny, and the density of
monomials yields that Rf (v, ) = for any v € S71, hence f = 0. O

Exercise 3.4.1 Show in one line that a homogeneous polynomial is uniquely defined
by its values on S¢71. o

Exercise 3.4.2 To complete the proof of Theorem 3.4.5 assume that 2~ c R? \ B¢
and show that:

1. {w: #wl'Z < oo} is a linear subspace,

2. for any finite % C R there exist only finitely many w € R such that #w’ % <
#Y .
Hint: consider {y —y" : y,y" € #}.

Use this to show that {w : #w” 2" < oo} is a linear subspace of RY of dimension at
most d — 1. ¢

Remark 3.4.6. The proof of Theorem 3.4.5 is quite remarkable. It tells us that
the principal direction of the beams is the one determined by the!? accumulation
point of the projections of 2~ on the unit sphere. The open neighborhood U(v*)
then represents a small cone around this principal direction to get an infinity of
directions.

3.5 Consistency

In the proof of Theorem 3.4.5 we already used the fact that the integral of the Radon
transform against a homogeneous polynomial gives a homogeneous polynomial
again. We will prove that important fact and show that in fact it even characterizes
the Radon transform and the X-ray transform.

Proposition 3.5.1. For f € .7 (R%) and n € Ny, there exist homogenecous polynomials
pn and q, of degree n such that

/ s"Rf(v,s)ds = p,(v), v e st (3.5.1)
R
and

/L Y Xf(v.x)dx = gu(y),  yevh (3.5.2)

moreover, the polynomial q, is independent of v.

Proof: For (3.5.1), we compute

/Rs”/Vlf(sv+w)dwds

-/R/vl ((SV + W)Tv)n f(sv+w)dwds = /R;d(xTv)”f(x) dx,

H And these zeros have an accumulation point if 2™ is bounded.
12]f there are several ones, the argument holds for each of them, pick your favorite.

/S”Rf(v,s) ds
R
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which is a homogeneous polynomial with respect to v. (3.5.2) is obtained in almost

the same way by
/ (xTy)" / f(x+1v)dtdx
vt R

/Rd ((Z - IV)Ty)nf(Z)dz = /Rd(zTy)”f(z)dz,

which is independent of v as claimed. i

/ (xTy)"X f (v, x) dx

What makes Proposition 3.5.1 remarkable is the fact that is also has a converse.
This also motivates the following definition which we give before we state and proof
the converses.

Definition 3.5.2. The conditions (3.5.1) and (3.5.2) are called Helgasson consis-
tency conditions for the Radon transform and the X-ray transform, respectively.

Theorem 3.5.3 (Consistency of the Radon transform). If g € .7 (S x R) is an
even function, i.c, g(—v,—s) = g(v,s) and

[eos as=p). pemil ner, (3.5.3)
R

then there exists f € % (R?) such that g = Rf.

Proof: The first step is straightforward. In view of Fourier Slice Theorem 3.2.5, we
define f by its Fourier transform

flov) =@, N (), ves! oeR, (3.5.4)
which is well-defined since g is even and hence
[ (=) (=v)) = (g(=v, D" (=) = (g(=v, )" (=) = (g(=v, = )" () = f (o).

The main task is to show that the f defined this way really belongs to . (R%). To
encorporate polynomials, we write the exponential as

n—

il = Z iy, en(=it),  en(t) =1" ZO (Ji—]n)' (3.5.5)
=

1
"
= I

where ¢ : R — R is an analytic function with a zero of order n at the origin.
Therefore, by (3.5.3),

Flov) = () o) = /R T g(v,5) ds

n—-1 . .
= (_l,?-)] sfg(v, s)ds + / en(—ios)g(v,s)ds
= /- R o
n—1 . ,
= ) (—;(;')]pj(v)+/Ren(—ig-s)g(v’s) ds
n—-1 N
= 2, (_j’!)']pj(o"’)"'/Ren(_iffs)g(v,s) ds.
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3.5 Consistency

hence

n—1 )]

_.l, pi(&)+ / en(—ios)g(v,s)ds, £ €R% (3.5.6)
. R

Differentiablity of the polynomial part is no problem, for the integral, we have to

express ag by a5 and -2 55> which is getting a bit technical. Since o = €]y and v = %,
the chain rule gives!3

d

_0do 0 vy 0 & o0 1 0 0o 10
Z SIS o AL
8 & 85] FEa (9§j vy |€lg 0o o ﬁvk oo 0'(91/]

Taking into accout that e,(t) = t"b,(t) with b € C*(R) and differentiating under
the integral sign'*, we get that

%( —ios)" b, (—ios)g(v,s) = (v]%-'_lﬁiv_,)o- ((=is)"by(=icos)) g(v,s)
= "W ((=i9)"b(=iors) + o (=is)"™ b (~icrs) ) g (v, 5)
+o 1 ((—is)"b(—icrs)ig(v, s)) :
dv;
It follows that if a function # is of the form

h(v,o) =o"b(o)a(v), beC®R), aec. 7 (S,

then a h is of the same form with n replaced by n — |a|, and in particular with
la| = n we have that
olel
o0&

f&) = /R b(—ios)a(v,s) dx, beC®R), aec. (S, (3.5.7)

and the function f is indeed C®. Rapid decay is obtained by muliplying with
£ = glely® and taking into account that g is a Schwartz function. O

Theorem 3.5.4 (Consistency of the X-ray transform). If g € ./ (TSY7Ix) satisfies
g(,x) =0 for x|y > c and

'/l (xTy)"g(v,x) dx = q,(y), yevt, gqn€ Hg, n € Np, (3.5.8)

with q, being independent of v, then there exists f € ./ (RY) such that g = X f.

Proof: We will eventually use Theorem 3.5.3 for the proof. To that end, we set for
v e S

hy(w, s) = / g(v,x) dx, w e v, (3.5.9)

{xeviwTx=s}

13There is a little bit more to it, we take the “physicist approach” here
1 Check why we are permitted to do so.
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3 The Radon Transform and Its Relatives

which is well-defined due to the compact support of g with respect to the second
variable, and compute for n € Nj

/s"hv(w,s) ds:/ / s"g(v,x) dxds
R R

{xevitwTx=s}

=/R / (T w)"g (v, x) dxds = /Vl<xTw>"g<v,x>dx:qn(w>,

{xevitwTx=s}

which implies by Theorem 3.5.3 that &, = R f for some f. Since g, does not depend
on v by assumption, so does h,. For d = 2 this is sufficient since then (3.5.9) says
that g = h, = Rf = Xf. For n > 2, we consider, for fixed v, w € v* and s € R, the
integral

Xf(v,x)dx = / /Rf(x+tv) dtdx

{xevitwTx=s} {xevtwTx=s}

= / /f(sw+y+tv)dtdy: f(sw+x)dx =Rf(w,s) = h(w,s).
vinwt JR wt

In other words, the Radon transforms of g(v,-) and X f(v,-) coincide on v* for
any v € S971 and since the Radon transform is injective, it follows that g = X f. O

Remark 3.5.5. As shown in (Natterer, 1986, I1.4), there is even a support property
for f in Theorem 3.5.3 and Theorem 3.5.4: if g(v,s) = 0 for |s| > a or g(v,x) =0
for |x|y > a, respectively, then f(x) = 0 for [x| > a. This is due to an explicit

inversion formula based on Gegenbauer polynomials, see (Natterer, 1986, I1I.2,
Theorem 2.3).

3.6 Stability

The results in Section 3.4 about uniqueness showed that for compactly supported
functions, the Radon transform and the X-ray transform are injective, that is, if
the transforms as linear operators yield zero, them the function must be zero.
However, there exist even quantitative statements in terms of proper norms which
we are going to consider now. Let us start with the norms, as an extension of what
we encountered in (2.3.17).

Definition 3.6.1. The Sobolev norm || - || (ga) is defined as

1 1 gy = /R (1+18) |7 ae, (3.6.1)

and the Sobolev space H"(R?) consists of all functions for which this norm is
finite. Moreover, we define the Sobolev spaces H"(S?1xR) and H"(TS%™?) for the
Radon transform and the X-ray transform by

1 iy = [, [ @ 1o dody (36.2)
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3.6 Stability

and

)
1 Wprsiny = [, [ (14 ) 5l dnav (3.63)

respectively.

A stronger and quantitative form of invertibility is given by the following concept.
In fact, an operator is stable in the sense of Definition 3.6.2 if it is continuous and
has a continuous inverse.

Definition 3.6.2. A linear operator 7 : X — Y between two Banach spaces is
called stable if there exist two constants 0 < A < B < oo such that

Allfllx < Iflly < Bllfllx. — feX. (3.6.4)

Since it will become relavant in the proof of the following theorem, let us recall
the following important concept.

Definition 3.6.3. For Q C R? we denote by Coo(€2) the set of all compactly sup-
ported C* functions f such that supp f C Q°, i.e., the compact support is a subset
of the interior of Q.

With respect to the correct spaces'®, the Radon transform and the X-ray trans-
form are indeed stable.

Theorem 3.6.4. For any compact Q@ C R? and r > 0 there exist constants 0 < A, <
B, (Q) < oo such that

Al f ey < IRl preca-v) sa-1xg) < Br(Qf Il g rey (3.6.5)

and
Al fll g ray < WX fllgrarzgsa-1y < Br(Q) 1l gr (ra) (3.6.6)

hold for any f € Cy(R?).

Remark 3.6.5. The notation in (3.6.5) and (3.6.6) is deliberate and correct: the
proof will show that only the upper bound depends on Q.

Proof: To prove (3.6.5), we use the Fourier Slice Theorem for the Radon transform
to compute

rr(de 9
||Rf||?_1r+(d—1)/2)(Sd—IXR) = /Sd_l /R(l + o 2)rHd=D/2 |(Rf(V, N" (O’)| dodv
/ /(1 + g 2)rHd=D/2 |f(v0‘)|2 dodv

sd-1 JRr
2/ / (1 + g2)r+d-D/2 |f(v0')|2 dodv
Sd-1.J0

2 [ ety R fof e

1> And these will be ones we just introduced in Definition 3.6.1 — what a coincidence.
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3 The Radon Transform and Its Relatives

while for (3.6.6) we use

2
X Wgsiny = [, [ (emB) X" 0 dnav

/ /1+|n| If(n)lgdndv

/ €501+ €2 |

which are both of the form

F(a) = Ca// 7+ €25 | f O de, 1<a<d-1, (3.6.7)
R4

fora =d -1 and @ = 1. Since a > 0,

57 = (12) ™ 2 (1 1e) ™
it follows that
F@) = C, [ aslely @l de = Collf oy (368
which is the lower estimate in (3.6.5) and (3.6.6).

For the upper estimate we note that for |£|y > 1,

—a/2

ez (1rlel) =l <2 (146

and therefore

/ 1771+ 1E127 8 |F @) de
[€]2>1

—a/2 a | A
< 2“/2/ (1+16) " A+ 1Rt f @ at

[£]2>1

< 2 [ @viehy|f@f de= 20

(R

To estimate the remaining integral, we first note that

[ et ariery t|i@f de < max| i@l [ lelma iyt ae

€121 |£l2<1

and the integral is some constant independent of f, cf. Exercise 3.6.1. We choose
a function ¢ € C (Rd) that is equal to one on Q = supp f and set Y = e —i€" v
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3.6 Stability

Then, by Theorem 2.1.8,

2 1 2

~ (2n)d

2
fef | [ s

/ i€ f(x)dx
Q

(2711)d /Rd (1+ |77|2)_r/2 Ye(n) (1+ |77|2)r/2 f () dnr

@ (/Rd (1+ |n|2)" 10 () dn) (/Rd (1+ InIQ)Vf(n) dﬂ)

1 BT
e (/R (1+1n2) " el dn) L1 g

and since

/ b () f () d
Rd

IA

ben = [ e ) dy =+ ),

it follows that

1+ ) e[ dn
[ ()

/Rd (1+ 1) " W+ of an
/Rd (1 + I - f@)_r 0 (m)[* dn

is a continuous function in ¢ and therefore

max |F @ < Wl max o [ (14 10B) " el dn = Call 71 e

X ——
|élo<1 lé1<1 (2m)4 Jga
(3.6.9)
In summary,
F(a)
—a 42 A 2 —a 42 A 2
< / E37 (1 + 1£27 | de + / £l30 1+ £ E | F o)l de
[€]lo=1 |€l2<1

< (261/2 + CQ) ”f”iI'(Rd)’
which gives the upper estimates and completes the proof. m]
Exercise 3.6.1 Show that

€171+ 813" dg <00,  1<a<d-1
|€]2<1

Hint: Use polar coordinates. o

The constant Cy in (3.6.9) depends on Q and grows with the size of Q. However,
in many situations this is not that bad.
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3 The Radon Transform and Its Relatives

Example 3.6.6. Let us consider a simple example where Q; := 1Q, 1 > 1, and
accordingly ! = ¢/(-/A) and 1//? = e_’fr't//(~//l) Thus, by (2.1.7), 1&? = A0 (A(- + &))

and therefore

= [ () foden|

(27T)d R4
d L

) (;n)d/Rd (1+|’7—f|3) 0 (an[* dn
1 L

) W/R (1+ /- €B) [l dn.

Although this is monotonically increasing in A, the above term is bounded inde-
pendently of A4 and & by

1 . 1 (
(2r)d /Rd |¢(77)|2 dn = (2ﬂ)d||¢,||§ = |yl

which therefore gives an upper bound of B,(€,) independently of A.

3.7 The Limited Source Problem

In many practical applications, especially in more than two dimensions, the X-ray
source is not located at all positions around the object, for example on B,(0) for
some p > 1 if f is supported on B, but one can only move the source along some
curve. Let’s make this formal.

Definition 3.7.1. Let a : I — R?\B< be a differentiable curve, then the associated
measurements along the curve are

Df(v,a(u)), vestl uel (3.7.1)

Remark 3.7.2. It is a standard assumption in Differential Geometry of curves that
the curve a has a C! parametrization. Then the arc length

la(x) = / Gl du,  xel,
usx

with d = %a, is well-defined. Note that there is a subtle difference between the
curve a(I) as a subset of R, and the curve as a function / — R?. In fact, there are
three classical ways to parametrize a curve:

1. with a free parameter u € I, usually to describe the curve a in terms of simple
functions,

2. with respect to the arc length which means that |@|g = 1 and yields the intrinsic
geometric parametrization,

3. with respect to the time ¢ which gives a physical meaning to the derivatives,
namely d as the velocity, d as the acceleration and a'® as the so-called jerk.
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3.7 The Limited Source Problem

By means of appropriate reparametrization one can, of course, switch between
the different types of parametrization.

The obvious question is whether this information is sufficient to reconstruct am
function f € C(‘)’B(Bd). And indeed, the answer is positive as soon as the curve is
nontrivial, i.e., #a(I) # 1. Since a is differentiable!®, it must assume infinitely many
different values since with any two disjoint points there is a whole curve connecting
them. Theorem 3.4.5 then tells us that the divergent beam transform is injective.
The situation become worse, however, if we ask for stable reconstruction, that is,

an estimate as in Theorem 3.6.4. This is impossible in general.

Example 3.7.3. Suppose there exists a hyperplane H = (v,s) such that H N
a([0,1]) = 0 but H N B? # 0. Then choose any f € C(‘)’B(Bd) such that f(H) # 0,
i.e., there existst some x € H such that f(x) # 0. The hyperplane H cuts R into
the halfspace H, = {x : vIx — s > 0}, the halfspace H_ = {x : vx — s < 0} and H

itself. Finally, define
_ f(X), X € H+
fe(x) = {O, xé¢H,,

which leads to a discontinuous function. However, the function

(v,1) = D f(v,a(1))

17 since any ray from a(f) meets f transver-

is C*® provided that a is a smooth curve
sally only. So, f can be reconstructed, but since it has no finite Sobolev norm!®,

there cannot be a stable embedding.

The example suggests that the source of the trouble may be the fact that there
exists a hyperplane through the object that does not meet the curve a. This suggests
the following definition due to Tuy (Tuy, 1983).

Definition 3.7.4 (Tuy’s condition). A differentiable curve a : I — R? \ B? is
said to satisfy Tuy’s condition if for any x € B and any w € S?! there exists
u =u(x,w) € I, such that

wl (x—a(u) =0 and wla(u) #0. (3.7.2)

This condition means that any hyperplane through our “measurement region”
B¢ intersects with a and that the intersection is transversally, i.e., that a does not
run within the plane, but “pierces” the plane. If Tuy’s condition holds true, we get
a stable analytic inverse formula.

Example 3.7.5. A circle around B? does obviously not satisfy Tuy’s connection
while a helical curve around the cylindery containing the ball satisfies it.

16 And therefore continuous.

7Sometimes being at least differentiable is even part of the definition of a curve.

18The Sobolev embedding theorem says that all functions of sufficiently high smoothness must be
differentiable.
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3 The Radon Transform and Its Relatives

Theorem 3.7.6. Ifa satisfies Tuy’s condition and f € Cyo(B?), then

1 1 9G )
1t = (2m)4 /Sdl vIa (u(x,v)) du (u(x,v),v) dv, x € BY, (3.7.3)

where
Gu,v)=(Df(,a)" (v), ue[0,1], v esit.

Proof: We first extend D f to y € R? by’

- [ iyt [ I\ a=Lpe(2
Df(y,)c).—/0 f(x+ty)dt—|y|2/0 f(x+t|y|2) dt |y|2Df(|y|2,x).

This function has a Fourier transform (D, f)" := (Df(-,x))" defined as?’

/ e €D, f(y)dy = / i€y / f(x+1ty)dtdy
R4 R4 0

/ / e_inyf(x +ty)dtdy = / t_d/ e_ifT(y_x)/tf(y) dtdy
0 R4 0 R4

/ t—dei.fo/t/ €1 £(y) dtdy:/ t—deifo/zf(g) dt
0 Rd 0 4

/ 1972013 £ (1) dt.

0

This looks similar to the inverse Fourier transform in polar coordinates,

(D+f)"(€)

(Qi)d /Sdl /0 " H1TE f1g) drde, (3.7.4)

except the incorrect power of . Therefore, we consider x = a(u). i.e.,

fx) =

(Daf)" € = [ 1172640 feg) ar
0
and take the derivative with respect to u,
/ 14-2,ité" alu) (ithd(u)) f(t€) dt
0

(€7 a(w)) /0 AL (1) i,

d A
E (Da(u)f) (f)

that is,

d

® d-1 itxTa(u) 2 _ o A d-1
/0 e F(t&) dtdé = ETa0n dn (D) f)" (), eSS (3.7.5)

19This a homogeneous extension of order —1.
2Since D, f(0) is not well-defined, a careful proof would first use

(Dof)" (&) = / EDLF D dy, £ 0,

lyl>e

and then consider the limit & — 0.
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3.7 The Limited Source Problem

No we make use of Tuy’s condition: For each x and ¢ there exists u(x, £) such that
ETx = ETa(x, £), so that we can substitute (3.7.5) into (3.7.4) to obtain (3.7.3) after
replacing & by v. m]

The point of the inversion formula (3.7.3) is that all terms appearing there are
nice and well-defined. If f is smooth, then 471 f(zv) decays rapidly with ¢ and the
integral

(D) f) (v) = /0 " 1A f(py) d

is well defined and smooth with respect to u and v. Averaging that over v only
makes ist smoother. In other words: if Tuy’s condition is satisfied, a stable recon-
struction can be expected.

Let us try to understand the geometric meaning of (3.7.3). One starts with
the point x for which one wants to reconstruct?! f and looks, for any v € §é-2
at the hyperplane with normal v that passes through x. By Tuy’s condition, the
hyperplane intersects the curve in at least one point with parameter u = u(x,v)
such that vIa(u) # 0. Then the function (D,(u)f)" (v) is tracked along the curve
and this derivative is evaluated at u(x, v).

Note that the intersection parameter u(x,v) can be chosen in a continous way
despite the fact that it need not be unique. In particular, if we fix x and vary
the direction v along a continuous curve on S?71, then the intersections from a
subcurve of a.

Remark 3.7.7. 1. If we assume that a is intrinsically parametrized with respect
to the arc length, then v’ d(u) is the (cosine of the) angle between the normal
to hte hyperplane and the tangent to the curve. In other words: the flatter the
curve intersects the plane, the larger the number (de(u))_1 and the smaller
the derivative of G must be in order to obtain a finite value f(x). This of
course amplifies any small errors in the measurements and leads to numerical
instability.

. . . . . -1
2. If a is parametrized with respect to time, then the factor (vI'd(u))™ becomes
smaller if the speed increased along the curve, but of course the increased
speed also increases the derivative with respect to u of G.

3. More precisely, let ¢ : I’ — I be a reparametrization of the curve a, that is, a
surjective function with ¢ > 0, then, with a, = a o ¢, the chain rule gives

. . , 9G, 0G ,
ap(u) = a(e@) ¢(u)  and  —=(u,v) = —— (), v) ¢(u),
u ou
and the formula (3.7.3) turns out to be invariant under reparametrizations.

4. In other words: the formula (3.7.3) depends on the curve, not on its parametriza-
tion.

HYes, in this respect the reconstruction is a pointwise one.
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Signal Processing and the 4
Filtered Backprojection

Nothing spoils numbers faster than a lot of arithmetic.

((Peppermint Patty, The Peanuts, 4.12.1968))

We already encountered the filtered backprojection in Theorem 3.2.8, but so
far it is a result in terms of convolutions; to relate it to filters and to build re-
construction algorithms based on the filtered backprojection, we will give a short
introduction to continuous and discrete signal processing and then return to the
filtered backprojection itself.

4.1 Signals and Filters

While “backprojection” is just another name for the dual Radon transform and thus
easily explained, the meaning of “filtered” needs some more concepts; digital or

discrete signal processing is explained for example in (Hamming, 1989; SchiiBler,
1992).

In the general sense of Signal Processing, a signal is simply an element from a
function space, for example, f € L, (RY) or f € .#(R%), or maybe the images of
the Radon or the X-ray transform.

Definition 4.1.1. A filter is an Operator from a signal space X to a signal space
Y.

Of course, on this level of generality almost everything is signal and filter; there-
fore, the common understanding of a filter means an important subclass of filters.

Definition 4.1.2 (Filter). An operator F : L, (RY) — L, (R?) is called a linear
and time invariant filter or LTT filter or simply a filter if

1. F is linear, i.e,, it is a linear operator,

2. F is time invariante, that is, ist:
(FA)(+y)=F(f(-+y), yeR%
Usually one also assumes that F' is continuous or, equivalently, bounded.

Exercise 4.1.1 Show that an operator F : X — Y on Banach spaces X,Y is
continuous if and only if it is bounded. (Riesz and Sz.-Nagy, 1955, S. 149) o
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4 Signal Processing and the Filtered Backprojection

Using the translation operator from (2.1.3) in Remark 2.1.2, time invariance can
also be written as the commuting property

Fry, =1,F, y € RY, (4.1.1)

Moreover, LTT filters have a very nice representation which is based on the following
concept.

Definition 4.1.3. The impulse response of a filter F' is the distribution f = F¢
obtained by applying the filter to the Dirac distribution ¢, definiert by 6¢ = ¢(0).

Remark 4.1.4. The distributional definition of the impulse response is obtained
by applying the filter to the sequence of functions or regular distributions f, =
5X[-1/n1/n) € Lp(R) which yields a sequence of functions F f,. This sequence may
not converge in L,(R9), but it converges in the distributional sense.

The following result is presented and “proven” in a handwaving fashion by mix-
ing functions and distributions in a very naive and incorrect way; it can also be
done correctly, however, with more effort, see (Gasquet and Witomski, 1998). Nev-
ertheless, it explains the particular role of convolutions in signal processing.

Proposition 4.1.5. An operator F is a filter if and only Fg = f = g, where f is the
impulse response of F.

Proof: To write the filter as a convolution, we use the triviall identity

g(x>=<g*6><x>=/Rdg<-—r> 6(r)dr:/Rdg(r> 5(x - 1) dr,

and generously change the order of integration to obtain

Fg=F/Rdg(r> 5(-—r>dr=/Rdg<z) Fé(-—r)dr=/Rdg<r> FC—tydi=frg.

For the converse, linearity is obvious and

(Fg) (x +) =/

R

(ryFg) (x) F@0 glery—1)dr

[, 70 ng =0 di= (£ )

implies time invariance. O

Ignoring such banalities as mathematical correctness, nasty details and existence
of objects, the concept of a filter is equivalent to that of a convolution or, when
passing to the Fourier transform, to a multiplication:

Fg=fxg &  (Fg'=f3

The Fourier transform f of the impulse response f is called the transfer function
of the filter F and due to the linear relation between the filtered function and the
function itself, sometimes people speak of a linear system.

Let us look at some not so standard example of filters.

! And formally incorrect ...
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4.1 Signals and Filters

Example 4.1.6 (Partial differential operators). Any partial differential operator
with constant coefficients is a filter. ein Filter! Indeed, writing the partial differ-
ential operator F of order n as
ol
F:Zaw—, a, €R, |a| <n,

a
|a|<n 0x

and applying it to a sufficiently smooth function g, we get for any ¢ € R¢ due to
(2.1.9) that

alel \" _ ~
(FO" (&) = ) aq (Wg) &)= ) au (-i&)" 8(&) = (&) (&)

le|<n la|<n

with the polynomial transfer function

@ =) (=)a,¢7,  £er”
la|<n
This example also highlights the problem that we are facing here: the impulse

response f = f is not well-defined as a function, only as a distribution since the
only polynomial belonging to some L, space or to the Schwartz space is the zero
polynomial. This is the reason why we have to switch to distributions eventually.

Particular classes of filters are described by means of their frequency response,
i.e., by the way how they act on certain frequencies in the sense of parameters of
the Fourier transform.

Definition 4.1.7 (High, Low & Band). Let 0 < C; < Cg € R. A filter F is called
1. low pass filter if f(&) =0 for |£] > Cy,

2. high pass filter if f(£) =0 for |¢| < C1,
3. band pass filter if suppfg [C1, o], iee., f(&) =0 for & ¢ [Cq, Ca]?.

The ideal low pass filter would naturally be the characteristic function of some
cube centered around the origin, for example? with the transfer function f =
X[-11]% which leads to the sinc function which is an abbreviation for sinus car-
dinalis; the function is

d

1 . ] sin x;

fx) = —Zsincx, sincx := | | ,
n ! X

j:1 J

and can be seen in Fig. 4.1.1. As we will see soon, the sinc function is of great

theoretical importance, but has significant deficits in practice, cf. (Gasquet and
Witomski, 1998).

Exercise 4.1.2 Show that

d
C
X_c.cpa®) = (;) sincCx,  x € R’ (4.1.2)

2The we normalieze the bandwidth to [-1,1] is no conceptual restriction.
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Figure 4.1.1: The function f(x) = sincx.

4.2 Bandlimited Functions and Shannon

If we imagine for a moment a sound record, then we realize that the technical
equipment like microphones can only record a certain frequency range, in many
cases 20-20000 Hz which is related to the ability of human hearing®. Thus, the
spectrum f of such a recording has a compact support — it is bandlimited.

Definition 4.2.1. A function f € L; (Rd ) is called bandlimited if there exist some
bounded set Q ¢ R such that supp f C Q, i.e., supp f is a compact set*.

From the above perspective, bandlimited functions seem to be the only ones
that exist in a “real” world of recording data. And they are even nicer, they are as
smooth as we want. Let us recall the argument.

Proposition 4.2.2. If f € L, (Rd) is bandlimited, then f € C* (Rd).

Proof: Since f is uniformly continuous, it belongs to L;(R9) if it is compactly
supported and the same holds true for the functions g, := (-i-)* f, @ € Ng, hence
they have an inverse Fourier transform

for= gl = ()7 F) € Cum).

|al
But by Theorem 2.1.5, f,, = aax—(,f, hence f has derivatives of any order. O

Going beyond f € L; and requesting that f and fare both smooth, i.e., f,fe
C* (RY), one embeds everything into C¢ and obtians a classic from functional
analysis, cf. (Yosida, 1965, S. 161), where it is proved of tempered distributions.
Although the proof is not too hard, we will only quote the result here without a
proof.

3And equipment that exceeds these restrictions in expensive like hell.
4By definition, the support supp f of a function f is the closure of {x : f(x) # 0}, hence always
closed and therefore compact if and only if it is bounded.
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4.2 Bandlimited Functions and Shannon

Theorem 4.2.3 (Paley-Wiener). A holomorphic® function F : C? — C is the Fourier
transform

F(z) = / f(x) ei7'x dx, z€C,
Rd

of a function f € C* (R?) whose support is contained in [-M,M]%, if for any n > 0
there exists a constant C > 0 such that

IF(2)] < C(1+[z)™ MI¥,

In the “reality” of thechnical applications, we are usually not dealing with func-
tions defined on a continuum, but with discrete measurements, the functions are
sampled. The fundamental theorem that connects samples and functions is the
famous sampling theorem that we will consider next.

Definition 4.2.4. For / > 0, the sampling operator S, maps a function f : R —
R to the sequence

Suf = ( fha) : ac zd) . (4.2.1)
Given a function ¢, the associated quasi interpolant is defined as
Onf=Sufrd= ) Suf(@)¢(-—a), (4.2.2)
aczd

provided that the sum exists.

The question is now whether, when and how we can reconstruct f from its
samples S, f and what the influence of the function ¢ is in this process. The answer
is the celebrated Shannon® Sampling Theorem that shows that reconstruction is
possible and this even with a universal choice of ¢, namely,

sinc , := sinc (7).

Theorem 4.2.5 (Shannon Sampling Theorem). If f € L1 (RY) is a bandlimited
Sfunction with suppfe [-T,T1% and h < h* = %, then

d

£= (5uf wsines) (100) = 3 g ohoy [ [ EIBZ0) g

wezd =1 7 (xj/h - a/j)

Hence, f can be reconstructed exactly from the samples.

Remark 4.2.6. The coupling between the bandwidth 7 of f and the sampling
distance / is on of the most important concepts of digital signal processing and
provides the link between the discrete and the continous world. Therefore a few
remarks on this fundamental result are in order:

5Complex differentiation is not so obvious and the driving force behind Function Theory, cf.
(Fisher, 1990; Hille, 1982).

6Claude Elwood SHANNON, 1916-2001, electrical engineer and mathematician, one of the fathers
of the theory of digital signal processing, invented the word “bit” and developed chess pro-
gramms (before 1950).
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4 Signal Processing and the Filtered Backprojection

. In the literature, the sampling frequency 1/#, also called the Nyquist fre-

quency is said to be half the bandwidth. This is due to to some normaliza-
tions, but also due to the fact that the bandwidth is often defined as the width
of the frequency support which is 27 in our case.

. The sinc function is no good practical way to reconstruct functions from

signals as it has no finite support, decays quite slowly, namely like 1/x and is
just an L1 function. Hence cutting of the expansion is not easy and prone to
errors.

. In many cases the sampling distance / is chosen as h*/k for some k € N

which is then called k-fold oversampling.

. Some proofs of the sampling theorem in the engineering literature (Griinin-

gen, 1993; SchiiBler, 1992) and the arguments there are not formally correct
and only provide intuition. A good example for the opposite is (Mallat, 1999).
The proof in this lecture is a modification of the one from (Kammeyer and
Kroschel, 1998).

. While Shannon published his theorem in 1949 in (Shannon, 1949), the result

itself was given earlier as a result on infinite cardinal by Whittaker (Whit-
taker, 1935) in 1935, and Kotelnikov (Kotelnikov, 1933) gave a similar result
even earlier. This is the reason why it is frequently referred to as Shannon-
Whittaker-Kotelnikov theorem nowadays.

Proof of Theorem 4.2.5: Since f is bandlimited, f € L; (RY) and the orthgonality
of complex exponentials on T¢ yields for 4 > 0 and @ € Z¢

Snf(a) =

=7 [ Sn @ e e (S 0= Y Sif B e,

d
(27) e

(4.2.4)

but also

60

&ﬂm=fmm=ﬁmw—@)ﬁ/f@nmfﬁ

= (Qﬂ)d ,Bgz; / f(f) elha ¢ dé

h=1 (2 p+[-m,m]4)

) un)dZ e / F(ne) e ae

Bez onB+[—-nm,w]d

B (273h)d ﬁEZZ:d /Td f (h_l(f + 27rﬁ)) '€ qg

B (27r1h)d /Tf(z f(h 1(f+2ﬂﬁ))) e dg, = (21)d/ F(£) ¢,




4.2 Bandlimited Functions and Shannon

which means that

iozTg ._l -~ -+27T,3 .
/TdF(ae . P hdﬁédf ) w2l

Snf(a) = @)

the function F is a periodization of the Fourier transform and up to the factor h~!
exactly the same as (2.2.2). Moreover, F € C (T?) c L; (T9) is 2n periodic and
since f is bandlimted, the sum in (4.2.5) is even finite for any x € R<. Since the

exponentials ei"T', @ €Z¢ form a complete orthonormal system7, we can conclude
from (4.2.4) and (4.2.5) that

DY f(fwﬂﬁ) =F@E) =) @) =) f(hp)e™E,  £eTi (4.26)

Bezd h Bezd
If 4 is so small that

[-m, 7] 2 [-Th,Th]Y < Th<n

Wl [-m a4 2 [-T,T]Y
— h <

T
T’

we getfor j=1,...,d andeTd that
1 T
WE+2mB); > — (-7 +27B;) 2T (-1+28/) > T,

whenever §; > 0, and that h L&+ 27B); < =T whenever B; < 0. This, however,
means that the sum of the left hand side of (4.2.6) consists only of the term with
B =0 and replacing & by h¢é we get

F&=n" > flhaye ™t

aezd

’A standard result in Analysis.
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A

-l N . - >
{
- T -7 i
Figure 4.2.1: Periodization of a function with too large support. The overlap makes it
impossible to reconstruct the function uniquely from the periodization; of

course the dark gray function in the right hand image has to be extended
periodically.

Therefore, since T < n/h, the T-bandlimitedness of f yields

fx) = o = [ e e ae
= (2 )4 / f(f) ledf ( ) / Zf(ha)el(x ha)! fdf
[-T.T]4 [-T.r)4 *<F
_ (R i(x—ha) ¢
= (%) éf(ha/) / e dé
h-1lTd
d l(xj ha,)f
- ha)
( ) aezzdf( ‘ n xj—ha,) é=—n/h
l(x] hw])ﬂ'/h_e l(x] hwj)ﬂ/h 1
_ a;Zf(ha)n 5 e .
| —
=s1n7r(xj/h—aj) :(ﬂ(xj/h—a/j))_l
~ sin x]/h—aj) _ )
= ), f(ha) ﬂ i) = (Saf wsines) (/).
aeZd J
which is (4.2.3). |

The clou in the proof of Theorem 4.2.5 is to consider the “Poisson sum”

D f(w) =1 Y flha) e g, (4.2.7)

h
aeZd aeZd

cf. (2.2.5), that combines the periodization of the Fourier transform of a function
with the Fourier series of the sampling sequence; in principle, this works without the
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4.3 More on the Filtered Backprojection

assumption that f is bandlimited® or that the sampling is sufficiently fine. But if
is so large that the function f (h~1.) has a support larger than the invterval [-r, ],
the overlapping parts of the periodization contaminate the function, see Fig.4.2.1,
and a reconstruction of f and therefore of f becomes impossible.

But things are even worse: since we combine frequencies that have nothing to
do with each other and which are now considered modulo 27, the reconstruction
of an undersampled signal can lead to unwanted effects that are called aliasing.
Their removal, called antialiasing, is an important task in many applications of
signal and image processing.

4.3 More on the Filtered Backprojection

Once we know at least some basics of signal processing and know what the “filtered”
in the name means, it is getting time to have a look at the filtered backprojection
from a numerical perspective. To that end, we start with the measurement y :=
Rf € #(S?xR) and also precompute the dual Radon transform G := R*g €
L1(R?) of the filter g € L1(R), more precisely, the impulse response of the filter that
we are considering. This reconstruction function g is a free parameter in our
reconstruction process and it usually can be chosen from a full library of possible
filters, according to the concrete situation at hand.
With the definitions above, (3.2.11) takes the form

Gxf=R"(gxy). (4.3.1)

The ideal filter would be G = ¢ as then we can directly write down the solution

f=R"(gxy). g=(R)6.

But whenever something becomes so simple, there might be a catch to it. Of
course, the problem here is that, although ¢ is a formal identity for the “convolution
product”

6 x f(x) = f(x),
this identity only holds in the sense of distributions, not of functions, and we should
not expect that there are functions such that R*g = 6.

Exercise 4.3.1 What are the Fourier transform ¢ and the inverse Fourier transform
6" of the ¢ distribution, respectively. 3

To simplify notation a bit in the following, we write for g € L1 (S? X R),
g, o) =g(0)(gv, )" (¢), ves! oeR (4.3.2)

In particular for numerical applications, it makes a lot of sense, to choose the filter
as simple as possible and a good approach in this direction is to exploit suitable
symmetries that are in accordance with the underlying transformation. In the case
of the Radon transform this is of course the ambiguity

Rf(v,s) =Rf(-v,=s),

80f course, in order for the left hand side of (4.2.7) to exist, some sort of decay of f should be
incorporated.
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4 Signal Processing and the Filtered Backprojection

that we noticed quite early in Remark 3.2.3. Resepcting this ambiguity, we get a
usefuly formula for the dual Radon transform of our filter.

Theorem 4.3.1. Ifg € . (S¥1 xR) is an even function, i.c, g(v,s) = g(-v,-s),
then

(R"9)" (&) = I¢ly7% (lg—| |§|2) & e R\ {0}. (4.3.3)

To prove the theorem, we need a little computation that gives yet another rela-
tionship between the Radon transform, the dual Radon transform and the Riesz
potential.

Lemma 4.3.2. For f € . (RY),

(R'Rf)" (&) = €137 F (&), (4.3.4)
that is, R*R = 971,
Remark 4.3.3.

1. As we have already seen, the Riesz potential I” can be understood as some
sort of differential operator, at least if r < 0, otherwise it takes the form of
a (smoothing) integral operator. Usually, such operators that are defined by
multplication of the Fourier transform with the norm of the argument are
called pseudodifferential operators.

2. Being a multiplication of the Fourier transform, (4.3.4) is nothing but a con-
volution of f with the filter (| - |%‘d)v. The only drawaback here is that in the
case d = 2 we take the inverse Fourier transform of a function that does not
belong to L;(R?) as it decays only like |§|§1.

Exercise 4.3.2 Compute the impulse response of the transfer function F(¢)
& =lny.

¢
Proof: The proof is similar to the one of the inversion formula in Theorem 3.2.7,
but this time we consider

1 T

(I"‘lf) ()= 7 [,V T e ae

- // lov[* F (o) ¢ ||t dy dor
Sd-

2(271)‘1 —
_|0.|1 d

1 1 A iocxTy
W/SdE/R(Rf(V’)) (O')e do dv

W /sd Rf (v, vTx) dv = (R'R) f(x)

to obtain (4.3.4). O

Proof of Theorem 4.3.1: We recall from equation (3.5.5) in the proof of Theo-
rem 3.5.3 that whenever g is an even function such that ¢, € L1(R) for any v € $771,
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4.3 More on the Filtered Backprojection

then the inverse Fourier transform f of the function such that g¢,(o) for & = ov
satisfies” ¢ = Rf. Supposing that g is “sufficiently nice” such that this is possible,
we then get that R*g = R*Rf = I?"1 f, and because of (3.2.7) we have for & # 0,

(R'9) (&) = 1ER @O =1l F (lg%)
¢

1-d s : — |e1-d 5 i
1) Rf(|§|2,) (1éD = lef? g(m

which completes the proof. m]

,|f|2),

Remark 4.3.4. The extension of (4.3.6) to & = 0 is not obvious since [¢]17¢ leads to
a pole of order d —1 there; this is the price to be payed for the smoothing effect of
197! with respect to the high frequencies. So, in order for (4.3.6) to be well-defined
at & = 0, we request g(v, o) to have a zero of order d — 1 at o = 0, that is,

O:/gv(s)skds, k=0,....,d-1,
R

see the discussion after Proposition 3.4.4. Once more, this is a wavelet-like property
and requires that g has a certain oscillation property that depends on the dimension
of the space in which it is applied.

Since the inversion formula also exists for the X-ray transform, it comes as no
surprise that similar results exist there as well. The counterpart of Lemma 4.3.2 is
the following result.

Lemma 4.3.5. For f € % (RY),

XXM &) = 1€l F&), (4.3.5)
that is, X*X = 1.
Proof: We compute, again with the help of (3.3.8),

1
(2m)4

—1 —1 -1z in' x
= - InlalnlyF () €™ * dndv
(27)4 |S4-2| Jgan

1 1 T
- Xf(v, N (p) €' dnd
e [ [ I e dnay
1 1 T *
= EW i Xf (V, \"4% .X) dv=X Xf(X),

1700 = g [ I @ a

which gives (4.3.5). O

This again allows us to conveniently compute the Fourier transform of X*g for
some filter g.

9The consistency conditions (3.5.3) “only” server the purpose of ensuring that f € .7(R%), i.e.,
to prove smoothness and decay.
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Theorem 4.3.6. Ifg € . (TS satisfies g(-,x) = 0 for |x|g > C, then

(X' (&) =€l g, vVTg)  vesh geRY\{0}. (4.3.6)

Proof: Again we make use of the fact that g = Xf for some f : R? — R, see
Theorem 3.5.4, and so, for any v € sé-1,

(XX () = 5" (@) = €51 F (g +vV7e)
€T (X NNVVTE) = €1 4 (v, VVTE).

(X"8)" (§)

as in (4.3.5). O

4.4 Radial Filters for the Radon Transform

In practice, one makes an even more fundamental simplification in terms of sym-
metry by requesting that g is independent of v and defines it as a radial function

g (v,5) = ¢(s), ves? seR. (4.4.1)

Of course, in view of Theorem 4.3.1 we choose g as an even radial function which
means that ¢ has to be an even function, i.e., ¢(s) = ¢(—s). Theorem 4.3.1,

G(&) = (R'g) (&) =€ ¢ (I€l),  £eRY,

is also a radial function and according to Remark 4.3.4, ¢ should also vanish of
some order at the origin.

Our goal is the reconstruction of bandlimited functions as those are the ones
that are, according to Shannon, accessible from discrete sampleslo. Let us denote,
like in Definition 4.2.1 the compact support of the Fourier transform by Q, then
the ideal filter for the reconstruction would be

®e'W=6O-w@=|y Eog  eex

A

ie., 8§ =|-1%"yq, as then
(Gxf)'=Cf=xaf=f
and therefore R
Gxf=(GxN)"=f"=F
The function G is radial if Q has radial symmetry, and we can choose Q = B,,(0) =

wB? as the ball with radius w. For a little more liberty in the choice of the filter,
we rely on a univariate transfer function ¢ with the property

10But we only proved that bandlimited is a sufficient condition for reconstruction, we did not say
anything about the necessity.
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4.4 Radial Filters for the Radon Transform

Figure 4.4.1: The radial sinc function, G(x) = sinc  (|x|2) plotted in 2D as an example of
a radial function. Later we will only show the univariate “distance” part of
the filters in the images.

Then we set

[

@) ie.  &(&) =p (€)= €15y (—) (4.4.2)

|2
w w

G(&) = w(

and now the impulse response g also depends on the dimension d. Note that this
construction automatically deals with the problem mentioned in Remark 4.3.4.

In practice, the band one wants to reconstruct is of fundamental importance:
cutting off too many high frequencies results in a loss of details, keeping to many
high frequencies results in noise. And dropping low frequency content can lead to
a more or less constant shift in the values that affects the contrast.

For a first example, we keep it simple and choose w = 1 and the ideal lowpass
¥ = xq for Q = B?. For d = 2 this leads to

G =sinclxly  and  g(€) = ((x-11) (€l) =@ (€l2), ¢ =11 x[-11,

see Fig.4.4.1. According to (Natterer and Wiibbeling, 2001), this filter was pro-
posed by Ramachandran und Lakshminarayanan which was abbreviated to the
more catchy and easier to remember name of Ram-Lak filter.

The function p(s) can now be computed from its Fourier transform

p(o) = o xi21.1y(0), o €eR,
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4 Signal Processing and the Filtered Backprojection

where for d = 2 we obtain the classical Ram-Lak filter as

1 . 1 ! .
p6) = o [lrlxan@ e do = o [ o™ ar
2n R ’ 2n -1

0

1
—/ O'elasd0'+-/ e’ do
-1 0

jors 10 0 jors 11 1
Los Logs
e 1 . . e 1 .
= - [o- ; +/ —e'%do+ |0 — ] —/ —e'do
is |1 Jais is |g Jo s
s LS s )
e’ —e 1 . 1 . . e —2+e
= - +|— €| - |—5 7| =2sincs - ————
lS —S _1 —S 0 —S
=25 1sins
eis/2 _ e—is/Q 012
= 2sincs — - 5 = 2sinc s — (sinc —) .
(2is/2) 2

The sharp edges of Ram-Lak in the Fourier domain, i.e., its low order of smooth-
ness, lead to a bad decay rate of p itsel, cf. Theorem 2.3.8, and lead to artifacts
in practical applications, see (Olafsson and Quinto, 2006). These artifacts can be
reduced by using the filter based ony ¢ = x[_1,1] cos & which is globally continuous
and whose associated p decays much faster, see Fig. 4.4.2. In 1974, Shepp and
Logan proposed to use ¢ = y[_11] sinc 5 which switches the role of Fourier trans-
form and function since the sinc function is the (inverse) Fourier transform of the
characteristic function.

Exercise 4.4.1 Compute the function p for 5: X[-11] €OS 7. &

Unfortunately, an explicit computation of g is not easy already in the case of the
Ram-Lak filter since

1

1
(2m)¢ (2m)¢
1

B iovT _
) 2(2n)d ‘[R/SLH jor| 1)([—1,1] (o) "% |09t dvdor

! vt 2d-2
= l _xd _ d
2(27r)d/R(/Sd_1e V) o[ x -1 (o) do,

=Jo(o |x]2)

§() [ a@ e e = [ el (el o de

where J is a so-called Bessel function!!; these very particular special functions ask
for a separate treatment which will be provided in the next section.

U¥riedrich Wilhelm BESSEL, 1784-1846, German astronomer, contemporary and friend of Gauss.
Being director of the Prussian Observatory at Koénigsberg, he developed these functions in his
studies of planetary orbits.
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Figure 4.4.2: The functions p (upper row) and p (lower row) for Ram-Lak (left) and the cos-
filter (right). As suggestet by the theory, the cosilter decays much faster.

4.5 Bessel Functions

When computing the Fourier transform of a radial function, i.e., of a function of
the form f(x) = ¢ (|x|2), some strange effect happens, namely

1

/Rd f(x)e_ifrx dx = 5/}}{; " f(ov) e"‘T‘fTvlcrld_1 dvdo

1‘/ (/ i€ dv) ¢(o) || do,
2 R §d-1

so that the integral

f&

Y(o, &) = /S B e i€ gy (4.5.1)

can be expected to have a special meaning. We can expect ¥ to be a radial function
with respect to & since we can write the inner product as

Ev =€)y vy sinf = |€]y sind, 0 € [-n, r],
——
-1

and if v varies over SY71, the integral runs over all values of 6, independently of

&; this is simply the symmetry of the unit sphere. For example, in d = 2 we can

paramaterize v as
&t cosO+Esind

1€1] ’
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and obtain that
Vs
V(0 8) = ¥ (0 |¢ly) = / e~ K250 4o _ 7 (rlély) = T (o |€]2)
for

w
J(x) = / e~ xsinb gg. x €R. (4.5.2)

T

The general case is obtained by writing v as

&ésint +wcos
y =
€12

and decomposing the integral into

/ e—ifTv dv = // e—il.fl;lfT(fsin9+wcos0) dw do

§d-1 T JSd-2

( / dw) [t st an = g2 g el
§d-2 T

~—— —
“fs-

, westtngt={yes? : ely=0} ~s72,

with the function J of (4.5.2). In summary, the spherical integral

eV gy
Sd—l

yields always the Bessel function J as a radial function, the ambient dimension d
only affects this via the constant |Sd_2 | that we already know from the transforma-
tion (3.3.8). Thus, a radial function f = ¢ (|¢|2) always has the Fourier transform

&) = |54 /R () (o ]y 1o dor. (4.5.3)

The operation in (4.5.3) is an integral transform for ¢ in which the role of the
exponential is taken by the Bessel function J; lots of formulas for Bessel functions
and different ways of representing them can be found in (Abramowitz and Stegun,

1972).
What can we say about the function J? It is real valued since

T 0 bd bd
/ e—lx sin HdH / e—zx sin Hdg + / e—lx sin Bde — / e—lx sin 6 + ezx sin 6 do
- - 0 0

2 / cos (xsin@) d6 = 2 / cos (xcos(8 —m)) db
0 0

0 T
2 / cos (xcosf) do =2 / cos (x cos 8) db.
- 0

T

and this formula also suggests a proper normalization via J(0) = 1.

Definition 4.5.1. The Bessel function of the first kind!? is defined as

1 T
Jo(x) = ;/ cos (x cos @) do, x € R,. (4.5.4)
0
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Figure 4.5.1: The Bessel function Jy in the interval [0, 50], looks like a sine-like damped

oscillation.

Jo is an even function and therefore can be easily extended to x < 0 although
it suffices to consider Jy on R,. Some important basic propeties of the Bessel

function, taken from (Jackson, 1941), are as follows.

Theorem 4.5.2 (Properties of the Bessel function). The Bessel function Jo from (4.5.4)

1. satisfied the second order differential equation
1 1 /
f(x)+)—cf(x)+f(x):0, x €R.
2. The zeros A1 < Ay < ... of Jo fulfill

1 1
(k—i)ﬂ'</lk<(k+§)7f, k € N,

3. For any two zeros A # p of Jo one has

1
/ x Jo () Jo () dx = 0
0

the functions Jo(A;-), form an orthonormal system of functions.

Proof: For (4.5.5) we take derivatives of the integrand,

d
— cos (x cos 0) = —sin (x cos 0) cos b
dx
as well as )
— cos (x cos ) = —cos (x cos §) cos’ @
dx?

2There is also a second kind and the parameter can be varied as J,, @ € R.

(4.5.5)

(4.5.6)

(4.5.7)
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and obtain with a little bit of partial integration that

Jy (x) + %J(')(x) + Jo(x)

1 /" 1 d
— / (1 — cos? 9) cos (xcosf) — — / cos @ sin (x cos 0) df
0 X Jo

T

1 T
- / (1 - cos® 0) cos (x cos 6)
0

T

1 1 d
+— [sinfsin (x cos6)]j —— / x sin? 0 cos (x cos 0) do
X mx Jo

=0

1 T
— / (1 — cos® 0 — sin? 9) cos (xcosf) = 0.
0

T

=0
Next we use the transform of variable 8 — 7 — 8 in
/2 b b
/ cos (xcosf) df = / cos(x cos(mr—6) ) do = / cos (x cos 6) db,
0 T T

/2 ——— /2
=cos(—60)=cos 0

which yields, together with (4.5.4), the alternative formula

9 /2
Jo(x) = ;/0 cos (x cos ) db. (4.5.8)

Another transform 7 = x cos 8 with

d
dr =220 = —xsin0do = —Vx% — x2 cos? 0 df = —Vx? — 12 do,

do

yields
2 X
.mm:—/'iﬁi—m. (4.5.9)
0

n (2 _ 12

The denominator can be written as v/(x + 7)(x — 7) which behaves for 7 — x as 13
for + — 0 and thus constitutes an integrable singularity. If x = (k + %) n, k € N, the

integrand has its zeros at (j + %) n, j =0,...,k, which is clear for j < k and an

application of the I'Hospital rule for j = k. Now we fix k € Ny, set x = (k + %) T
/2
. / cosT dr.
0 x?2— 12

., j=1...,k (4.5.10)

and define

as well as
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4.5 Bessel Functions

We have that 0 < ¢ < di < --- < d since the denominator in (4.5.10) decreases
with increasing j by the definition of x. Moreover,

gJo (x)

COST

k
/”/2 = dr+ Yy / d
_98T ap _cosT .
0 Vx2-12 a 2 — 72

JHl-m/2.7/2]

I
\\}
=S
—_—
—_
»
+
N
~———
3
~————
I

k c+ Z (doj — dgj-1), k = 2m,
= C+Z(_1)jdf: =
J=1 (C—dl)*‘z (doj — daj+1), k=2m+1,

J=1

and since all summands are positive for even k and negative for odd k, the sign of
Jo ((k + %) JT) behaves like (—1)¥, k € Ny. Since the Bessel function is continuous,

this eventually yields (4.5.6).
The orthogonality (4.5.7) follows from the differential equation13 (4.5.5). Indeed,

1 1 1
/o xJo (Ax) Jo (ux) dx = —/0 x (J(’)’(/lx) + EJ(’)(/IX)) Jo (ux) dx

1 1 1
= [ s e =3 [ a0 de s
0 0
1

1
= - BJ(’)(/Ix)xJo (ux) 0+%-/0 Jo(Ax)Jo(px) dx

=0

1 ! 1 !
+E / Jo(Ax) xJy(ux) dx — 1 / Jo(Ax) Jo(ux) dx
0 0

1

1
—/ Jo(Ax) xJ(ux) dx.
1 Jo

The same computation can be done by substituting the differential equation for
Jo(ux) which analogously yields

1 1 1
/ xJo (Ax) Jo (ux) dx = —/ Jo(Ax) xJy(ux) dx,
0 M Jo

hence also
1
(- ) /0 xJo () Jo (ux) d

1 1
= / Jo(Ax) xJ gy (ux) dx — / Jo(Ax) xJ(ux) dx = 0,
0 0

13This is a fairly standard trick that also finds its application in the world of orthogonal polynomials,
cf. (Szego, 1939).
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4 Signal Processing and the Filtered Backprojection

and this proves orthogonality of Bessel functions with different zeros A, u. And

1
/ ng(/lx) dx >0
0

is obvious. O

With the Bessel functions we can compute decompositions into orthogonal series
just like the Fourier series do with the exponentials ¢’*’; this is done by expanding
f into

1
‘/0 x f(x)Jo (Axx) dx

Fre D fido ey, fi= 2
keN / ng (Axx) dx
0

which is a discrete Bessel transform.

An interesting aspect are the asymptotics of Bessel functions, i.e., the question how
Jo(x) behaves for x — oco. This is neither trivial nor simple. According to (Jackson,
1941), one method for such results is to show that f(x) = vxJo(x) satisfies the
differential equation

1/ 1
1@+ (1 - 4—)62)f(x) -0,

which yields asymptotics of the form

sin(x +¢)  r(x)
+ , sup |r(x)| < oo;
N 572 XERP+| ()]

Jackson refers to (Courant and Hilbert, 1931) there. A behavior like x~1/2 is not
great, but at least the function decays at a defined rate, other than for example
sine and cosine functions.

The index “0” in Jy suggests that there may be other Bessel functions of order
n € Ny and, yes, those exist, satisfy the differential equation

Jo(x) =

144 1 74 n2
e +=f e+ (1- S rw =o,
X X

and can be written as

1 w

J(x) =— / cos (xcos@ —n(m—0)) db, (4.5.11)

T Jo

or, with proper normalization,

1 T
Jn(x):% / el sind=int gg. (4.5.12)

T

geschrieben werden. They have properties like the ones we described in Theo-
rem 4.5.2 for order 0, cf. (Benson, 2007; Jackson, 1941).
A nice application of Bessel functions is to solve the euqation

¢ = sin (wt +x¢), (4.5.13)
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4.6 Fourier Reconstruction and the FFT

for ¢, which has the explicit solution

o 2 f
o= Z Jn(n) sin nwt. (4.5.14)
n=1

nx

And (4.5.13) is no artificial problem, the equation apppears naturally in plane-
tary motions but also with frequency modulated sythesizers, see (Benson, 2007),
where one can find quite some material about the role of Bessel functions in music
synthesis.

4.6 Fourier Reconstruction and the FFT

The conceptionally simplest way to compute an inverse Radon transform, even
simpler than filtered backprojection, is to just use the Fourier Slice Theorem, stated
as Corollary 3.2.5. Recall that it says that

(Rf(v, )" (o) = f(o), (4.6.1)

hence, if y € .7(S? "1 xR) is the measurement function, then we can reconstruct f
from its Fourier transform

flov) = % (N (@) + (=v, D" (=0)) 5 (4.6.2)

here, we symmetrize the measurement into an even function'* which just repro-
duces y if it has the proper structure. What we get is, no surprise,

F) [ e e ae

(27)4
1
2(2m)4

But: how shall we compute this numerically as there are two integrals involved and
numerical integration is a topic by its own, especially in several variables.

This brings us to the question how the Fourier transform is implemented numer-
ically, and here we usually rely on the Fast Fourier Transform, also known as FFT.
To that end, it is reasonable to first define what the fast Fourier transform does
fast.

Definition 4.6.1 (DFT). 1. For n € N we use Z, := Z/nZ to denote the integers
modulo 7 which we usually represent!® as {0,...,n - 1}.

[ ot (00" @)+ 6(=0)" (-0) dvder
R Jgd-1

2. For a vector
c ez = {c: 74 — c}

we define the discrete Fourier transform of DFT of ¢ as

¢ = Z c(ﬁ)eQ”i“Tﬁ/" ta € ZZ i (4.6.3)
BEZs]

Nice exercise: any function f : R — R can be written as the sum of an odd and an even function.
And: what is the problem with odd functions in several variables?
In the same way as the torus R/27Z is represented by [0, 27] or [-n, 7].
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4 Signal Processing and the Filtered Backprojection

Remark 4.6.2. 1. The DFT maps ¢(Z¢) to itself and depends on the dimension
of the vector ¢ we apply it to.

2. The intuition of the DFT is that we first form the trigonometric polynomial

F& =" c(p)e'

BeZy,

and the sample this function uniformly over the torus at the points 277 for
aeZd.

3. This is by far not the most general way to define a DFT. One simple extension
which is relevant in practice is to consider a different length in each coordi-
nate, i.e., to consider Z, = Z,, X --- X Z,, for some v € N¢. The situation

from (4.6.3) is the special case v = (n,...,n). Since the extension is pretty
straightforward but notationally intricate, we will stick with the “uniform”
case here.

The DFT is closely related to the periodic convolution

cxd:=cx*,d:= Z c(-—a)d(a) ef(Zg), c,def(Zﬁf), (4.6.4)

aeZd

where the subtraction in the argument has to be performed modulo Z¢. It is straigh-
forward to show that

é¢d=(c,d) (4.6.5)
holds for the DFT.
Exercise 4.6.1 Prove (4.6.5). &

The DFT can be seen as a matrix-vector multiplication

N d 9i T a € Zd
¢ =V,c, V, =V = | e Bln 5 Zg , (4.6.6)
with the Fourier matrix V,,.

Remark 4.6.3. Note that in (4.6.6) we index the matrix with multiindices, not with
“normal” linear indices. This reflects the structure of such a matrix but in order
to use, for example, standard matrix software, one would have to impose a total
ordering on Z¢. This could be a lexicographical ordering

a < p iff Cl’j:ﬂj,j<k, ak = P,
or a graded lexicographical ordering
a< g it |a| <|Blorla|=|Bl.a < B.

These “real” matrices, however, will not show a visible structure any more
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4.6 Fourier Reconstruction and the FFT

Exercise 4.6.2 Compute the lexicographically and graded lexicographically or-
dered Fourier matrices for d = 3 and n = 3. ¢

The Fourier matrix has the interesting property that its entries

d
(Vn)a,,B — eQm'a/Tﬂ/n — 627(1'((11,81+.,~+ad,3d)/n — n eQnia/j,Bj/n’ a,ﬁ c ZZ’ (467)
Jj=1
are the products of the entries of univariate Fourier matrices. Such matrices are
known as a particular structure that plays a fundamental role in (numerical) Linear
Algebra, cf. (Horn and Johnson, 1985; Marcus and Minc, 1969; Van Loan, 2000;
Van Loan, 2009).

Definition 4.6.4. The Kronecker product A ® B of two matrices A € C"*" and
B € C™" is the matrix

auB . alnB
A®B=| 1 .. |eRmmx (4.6.8)
amB ... au.B

It is immediate from the definition (4.6.8) that the components of A X B run
exactly over all products a; b, 1 <j<m,1<k<n,1<j <m, 1<k <n,
hence, if we write

c X €Ly X Ly
B BeZyX Ly

O € Zyy X Ly

bz xz, | 469

) =C=AQB= (aal,,&bfm,ﬁz :

then we immediately see that the multiindex notation reveals the structure of the
Kronecker product as a proper natural ordering. By induction, this formula is
easily to higher order Kronecker products.

Lemma 4.6.5. For A, = (afk) e R"W*" p=1,...,q, the product can be indexed such
that

anmlx---meq)

q
= P
B € Zn X X1y, ap = 1—[ o, By (4.6.10)

A1®---®Aq:(aa,ﬁ:
p=1

Proof: For g = 2, the claim is (4.6.9), while otherwise we write

q+1 q+1
X4, = Me| K4,
p=1 p=2
1 g+1 1 g+l
an ®p=2 Ap oo ag, ®p=2 Ap
1 g+1 1 g+1
aml,l ®p=2 AP o Ay ®p:2 Ap

and since, by the induction hypothesis,
g+1 q+1
@y aty e, o T X
]k p ]k ll’p,ﬁp ,BGZnZX"'XZ ’
p:2 p:2

Ng+1
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4 Signal Processing and the Filtered Backprojection
£16

we can simply se

q+1 q+1

1 1 p aEZmIX---XquH,
ap =Adg, B ® Ap = Qo p H %oy B €Ly X+ XLn,,,
= (@aq) (B ) p=2
to advance the induction hypothesis. m]

Now, (4.6.7) and Lemma 4.6.5 tell us that Fourier matrices have a simple struc-
ture.

Corollary 4.6.6. The Fourier matrix in d variables is a Kronecker product of d univariate
Fourier matrices:

vi=vlg...eVl. (4.6.11)
N’
d

Remark 4.6.7. If we would work with different »n in different dimensions, i.e.,
cel (an X - -an), then the DFT is given by the matrix

d
_ 1
__<§§>‘21
j=1
and only the bookkeeping becomes a bit more intricate.

Finally, also the inverse of a Kronecker product is simple.

Lemma 4.6.8. If A1, ..., A, are nonsingular, then sois A1 ® --- ® A, and

-1
q q
X 4a,| =4, (4.6.12)
p=1 p=1

Proof: Again we start with ¢ = 2, i.e,,

(A® B) (A ®B‘1

Aby ... Abln A7 by Lo AbTL,
Abwi ... Abm,, Ab1 .. Ab, .
n’
- _ =1,....m =1,...,m’
= (> aab;b;} szl n,)_(wjk 1 YT
r=1 e LR
and use induction for the general case. ]

Now we have all tools to show that the DFT is invertible.

16To be honest: this proof is not mathematics but bookkeeping, but that is worth the while.
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4.6 Fourier Reconstruction and the FFT

Proposition 4.6.9. Up to normalization, the Fourier matrix is unitary'’, i.e.,

1

vl= ﬁv,{f : (4.6.13)

Proof: By Corollary 4.6.6, Lemma 4.6.8 and Exercise 4.6.3, it suffices to compute
the inverse of the univariate DFT V. Denoting by

1 17 o 1.
Wy o= (Vi =2 [6—27”1"/" L ke Zn] = —[w 7 ¢ ik ez,

2ri/n e observe that

1 . 1 RN
R jt =tk _ — Jj—k
(Vi W) 11 nE‘“‘“ n§(w )

teZ, lteZy

with w ;= e

Hence, the diagonal elements are
1 o\l n
VaWa)yy =2 3 () =2 =1
(€Zn

while for the off-diagonal elements with j # k we obtain

Vo W,) . = = (J‘k) == : == LA
( )ji n;:(; @ n 1-wi~k n 1-—w/*

since 0" =1and —n < j — k < n, hence w/~* # 1, we obtain that

vy - L 1= 1k
VoWl = = =
hence V,W,, = I and therefore W, =V 1 since V, is a square matrix18. O
Exercise 4.6.3 Show that (A ® B)Y = AT ® B! and (A ® B)" = A" @ BH. o

The computation of a univariate DFT appears to have a complexity of O(n?),
since it is the multiplication of a matrix and a vector and the usual effort for this
process is O(n?). This can be improved and the idea behind the FFT is strikingly
simple: let us suppose that n = 2m is an even number and remark that

2 _ eQmQ/n — eQm/m

w = Wy, Wy, = w,

then we get for any ¢ € € (Z,) and j € Z, that
Z c(k) w'k = Z c(2k) w¥* + Z c(2k +1) ) (2k+D)

keZ, k€Zm k€Zpy
D@ oy +w Y e(2k+1) wy

k€Zpm, k€Zm
(c(2))m () + @’ (c(2-+1) (),

—T
17This is the complex version of orthogonality, namely AAM =] where A" = A .
18Keep in mind that for non-square matrices there is a difference between a left inverse and a right
inverse.

¢n(J)
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4 Signal Processing and the Filtered Backprojection

which is
én=ch=(c(2))) +w (c(2-+1)). (4.6.14)

The FFT simply consists of applying this computational rule recursively, which of
course requires that n = 2¥ for some k, at least in our naive form.

What is now the value of this representation? If we assume that the values
w,...,w" 1 are precomputed and available in a table!”, the naive version of the
DFT as a matrix-vector mulitplication of an n X n matrix with an n-vector would
require O (n?) operations. So let us check what a computation via (4.6.14) would
need and call that number F(n). Then (4.6.14) tells us that for the computation of
¢, we first have to compute the two DFTs of length m = n/2 on the right hand side
(cost of 2F (n/2)), then multiply the second result componentwise with the vector
(a)f : j €Z,) (cost of n) and the add them componentwise20 (cost of n). Hence,

the total effort in (4.6.14) is 2 (F(n/2) + n), which leads to the recurrence relation
F(n)=2(F(n/2)+n). (4.6.15)
For a dyadic n = 2 with ¢ € N, we thus get
F(n) = 2XF (zf-k) Lk k=1, (4.6.16)

which follows by induction from the fact that for k =1 (4.6.16) is just (4.6.15) while
the inductive step is

2kF (25—/() +k 2f+1 — 2]( 9 (F (25—](—1) + 2f—k) +k 2{’+1

2k+1F (25—/(—1) + 2€+1 + k 2€+1 — 2k+1F (25—/(—1) + (k + 1) 2€+1.

F(n)

Considering (4.6.16) for the special case k = £ = log, n, this becomes

F(n)= 20 F()+ €2 =n(21 F(1)) =0 (nl :
(n) (1) + n (2 logyn+ F(1)) (n log, n)

=n =2n logy n

which is significantly better than the O (n?) of the naive matrix-vector multiplica-
tion. Indeed, O (n log, n) is a typical asymptotic complexity21 for methods based
on the principle of divide and conquer, and is often derived as a consequence of the
so-called master theorem, (Steger, 2001).

This complexity results holds not only for numbers n that are powers of 2. If ¢
is chosen such that 271 < n < 2 then we can simply replace n by 2/ and embed
the original signal into a larger one, for example by padding it, i.e., adding zeros.
Then the computational cost

2F1)+202° < 2nF(1)+ 2log,(2n) 2n = 2n F(1) + 4n (logy n +1)
= 2n(2log,n+F(1)+2),

9They are the same for all ¢ € £(Z,) and could be held in some cache; and even if they were not
precomputed, the effort for that is O(n).

20The vectors are m-periodic and will simply be extended by periodicity.

21 And the constant here is very moderate!
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is increased by a factor of two, hence the asympiotic complexity of O (n log, n) still
remains valid.

To extend the FFT to multivariate data, we again make use of a computational
operation for Kronecker products; to prove it, we need another definition.

Definition 4.6.10. The vectorization v(A) € R™ of a matrix A € R™*" is defined
as

ail
aml al
v=|[  |=| ], A=(a1 ... an). (4.6.17)
Aain an
Amn

The following cute formula for Kronecker products is classical and can be found,
for example, in (Horn and Johnson, 1991; Marcus and Minc, 1969).

Proposition 4.6.11. For A € R™", B € RP*? and X € R™? we have
v(AXB) = (BT @ A)v(X). (4.6.18)

Before proving the proposition, let us first check that the dimensions coincide
on both sides of (4.6.18). Since AXB € R™*? the expression on the left hand side
is a vector of size mq, the Kronecker product on the right hand side belongs to
R2™*P" and v(X) is an np—vector, so the right hand side indeed also gives a vector
of size mq.

Proof: We write X = (x1 ... x,) in terms of it colums, B = | b : ;{ B i’ o ’Z

and get for the {th column of the product that

(AXB)g = AXBegIAX(bjgijzl,...,p)

)4 )4

= A Y xjbye| =) bje Axj = (breA byeA) v(X)
j=1 j=1

- ((Beg)T®A)v(X)

and therefore

(AXB) ((Be1)” ® A) v(X) ((Be1)” ® A)

: = : = : v(X)

(AXB), ((Bep)" ® A) v(X) ((Bep)" ® A)
(Bep)”

= LA v(X) = (BT ® A)v(X)

(Bep)T

v(AXB)
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as claimed. O

The “Kronecker trick” (4.6.18) allows us to compute the product of a Kronecker
product A1 ® --- ® A, A; € R™> and a vector x € R", n = ny---ngy, which we
interprete as v(X) for a matrix X € R"""*"_ We obtain

(A1® - ®A)x = (A1® @A )I(X) = (A28 - ® A,)XAT
= (Ay®---®A)Xy

where
Xl — XA? — (AjXT)T c Rn2~~~ns><n1_

is computed by determining the products
le
Ax/, x/ = ol j=1,...,n9 - ny.
xi,n1

of A with the rows of X. If A; = V} in the case of the multivariate DFT, then each
of these products can be computed by means of the FFT which costs O(njlogny),
but we have to compute it for ng - - - n; columns, so the total cost is

(Cnilogni)ng---ny =Cnlogn;.

Applying the same procedure to all n; columns of X; needs C (C nglogng) ng - - - ny
operations, and since there are n; of these columns, the cost is

n (Cnglogng) ng---ng = Cnlog ny.

Proceeding iteratively, it is easy to see that the total cost for the d-dimensional FFT
for a signal of the form (4.6.3) has a cost of

d
Canognj =Cnlog(ny---ng) = Cnlogn,
=1

with the same constant C as in the one-dimensional case.
In most applications, also in the ones we are considering here, the measurements
are equidistant samples

c(a) = (Snf) (@), @€ Z],

on an n X ---Xn grid. If we compute the DFT ¢ of this signal ¢, then we compute,
from the mathematical point of view, a discretization of the associated trigonomet-

ric polynomial
@) =) cla) e =) flha)e™t

aEZ aEZ

on the grid 27Zy /N, that is,

(Snf)" =énl@)= ) f(hp)e @l ezl (4.6.19)
BEZN
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08

06

L L L L
0 100 200 300 400 500

Figure 4.6.1: The modulus of the DFT of the sinc function. The substantial artifacts that
we observe at the boundary we see nasty artifacts that cannot be explained
by discretization alone.

Remark 4.6.12. (4.6.19) shows that there is no direct connection between the
vector (S5 f)" and what one usually wants to compute, namely the discretization
of f, the Fourier transform of the function f that was originally sampled.

It should come as no surprise that this leads to artifacts again.

Example 4.6.13. Let us consider the DFT of a sampled univariate sinc-function
whose Fourier transform is?? a characteristic function. We sample this function, in
octave notation via

>> N = 512; ¢ = sinc( 100*pi*(0:N-1)/N );

at locations that are no integers. The result of a DFT combined with the operation
fftshift?® is depicted in Fig. 4.6.1 and shows that this bandpass filter has a severe
overshooting at the high frequencies.

To approximate the function f itself, we incorporate a so-called quasi inter-
polant which is defined, for a function ¢ € Loo(RY) as

Ongci=¢*c (h_l-) = Z cla)g (h_1 . —0/) = Z f (ha) ¢ (h_1 . —a) ; (4.6.20)

aezd aeZd

if ¢ is even a cardinal function, that is, ¢|z« = J, then Q4 (ha) = Sy f(a) = f(ha),
a € Z¢, and the data is even interpolated without and “quasi”. But in general, one
at least hopes to obtain a reasonable approximation.

If we assume?* that Q) 4c approximates the function f, meaning that || f- Qh’q)c”l
is small, then the Fourier transform of Q) 4c¢ is also a good approximation of the
Fourier transform f of f and we can compute the latter from the samples as

(Qnoc)" (€)= (Tpa (B ) (&) = h(p* )" (h€) = h$(hé) ¢(hE), ¢ e RY.

220r at least should be.
23This is an octave function that shifts the zero frequency into the middle of the vector.
2 Otherwise we definitely made a mistake with the quasi interpolant.
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0 100 200 300 400 500

Figure 4.6.2: Filtering of the function from Fig. 4.6.1 with cardinal splines of order 0,1, 2, 3.
The outliers become smaller with increasing order, however for the price of
a bump at the boundary.

If we replace ¢ by h71¢, in this identity, and then discretize ¢ on the discrete torus
T, := %Zg, we obtain

~ (2 2 ~ (2
P25 2 (0noe) 2] = 0 6 [ =2 (), ezl (4.6.21)
nh ’ nh n
This simple formula eventually connects the discrete Fourier transform ¢ = (S, f )
of the samples with an approximate discretization of the Fourier transform f of f
and also explains the practical relationship:

1. The sampling rate & determines which frequencies of f are really encoded
in the DFT ¢. The smaller £ is, the smaller this frequency range becomes.
This, of course, should come as no surprise.

2. The frequency resolution as the number of entries of the spectrum that
are computer depends on the number n of the samples. The larger n is, the
more precisely the spectrum is represented and the smaller is the distance
between these frequencies. If n is small, on the other hand, more entries will
be combined into one. Of course, the computational effort increases with n
as well.

3. One cannot decouple these two parameters so easily. Normally the discrete
data results from sampling over a substantial range or period of size nh, so
that a high sampling rate will usually be related to a high frequency resolution
as well.

4. If tensor product cardinal spline functions

d
px) =] |x=*-*x
H%/_/

m

of order m are chosen for the quasi interpolant, the correction filter ¢ is
simply a power of products of the sinc function; since we sample only the
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first “hill” of this function which decreases faster with increasing order of the
spline, a larger value of m results in a stronger damping of unwanted high
frequency contributions, see Fig. 4.6.2.

5. If we simply drop or ignore ¢ in (4.6.20), then we replace ¢ by x| 1j¢, which
means that ¢ = sinc and instead of f one discretizes the interpolatory recon-
struction from the sampling theorem, Theorem 4.2.5. Although this sounds
like a great idea, at least for band limited functions, the approximation qual-
ity is more on the poor side due to the slow decay of the sinc function.

4.7 Back to Fourier Reconstruction

As mentioned several times, the Radon transform is only known for finitely many
discrete values in practical applications. In the most classical case this is done
by sampling uniformly distributed directions v;, j = 0,...,p —1 and offsets s,
k =-q,...,q, more precisely, according to the following definition.

Definition 4.7.1 (Parallel scanning). In parallel scanning with resolution p > 0,
the Radon transform Rf is measured for the parameters

v; e s j=0,...,p-1, (4.7.1)
k

e = 250 k=-gq,....q (4.7.2)
q

that is, we know the p(2q + 1) values

ik =y (vj.sk) =Rf (vj, k) j=0,....,p-1, k=-q,....,q.

Remark 4.7.2. For d = 2, the v; can be explicitly written as

_ [cosy; _nj . 3
VJ_(simpj)’ ;= y j=0,...,p—-1. (4.7.3)
Moreover, the Radon transform and the X-ray transform coincide in this case. The
geometry is depicted in Fig. 4.7.1.

Remark 4.7.3. The resolution of the offsets in (4.7.2) reflects the fundamental
assumption that the object to be measured in of finite size and contained in in the
ball B, = B,(0) of radius p around the origin, in other words,

Jf(x) =0, llx[l2 > p. (4.7.4)

In accordance with the Shannon sampling theorem, Theorem 4.2.5, on the other
hand, we would also like the function f to be bandlimited. This, however, contra-
dicts the finite support requested in (4.7.4), as a consequence of the Heisenberg
uncertainty principle. Therefore, there will be no exact reconstructions?® any more,

only approximation; but this is just numerical reality.

2*Which in general would be impossible for finite data anyway.
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4 Signal Processing and the Filtered Backprojection

Figure 4.7.1: Parallel scan geometry: bundles of parallel lines intersect the object at differ-
ent angles.

For each j € Z, and the associated v;, we therefore can compute a discrete
approximation 20

q q
(R(v}.))" (&) = % D R (v k) :% D e R (v 5. (47.5)

k=—q k=—q

The way of approximating an integral by a finite number of point evaluations
is not only the idea behind the Riemann sum in the definition of the Riemann
integrarl, it is also a fundamental concept in Numerical Analysis, cf. (Gautschi,
1997; Isaacson and Keller, 1966).

Definition 4.7.4. A quadrature formula for an integral /(f) := / f(x)w(x)dx is
a sum of the form

M
Q(f) = > wif(xp).
=0
The quadrature formula based on equidistant sampling that we used in (4.7.5) is
known as the rectangular rule.

Sampling (4.7.5) at & = —5—-={, we get for?’ ¢ € Zggq+1 that

p(2q+1)
2
(RO @) > (ROpN (0= (RO5) (-57 )
= LN kIR (v 5 = (0, (476)
pk€ZQq+1

where
cj= (%Rf(vj,sk) 1k e qu+1) )

%The difference between two points sy is g, hence the approximation for the integral is an expres-

sion of the form
1M
[reac=g 210

where Mh is the length of the region of integration.
2"Here we use Zgq+1 with the representer set {—¢,...,q}.
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4.7 Back to Fourier Reconstruction

*—O0 0 o o 0

*—0 0 o o o °

Figure 4.7.2: Two different domains for the Fourier transform. It can be determined from
the Radon transform on the polar grid (Zeft) but has to be transferred to the
cartesian grid (right).

Therefore, (4.7.6) can be computed by an FFT and everything that has been said
about the computational and numerical aspects of the FFT above can be applied
here.

By (4.6.1) we thus approximate

¢i(ky = f(vier),  Je€ZpkeZogn,

and therefore we know f on the polar grid. Here is the problem with the Fourier
approach: we can determine the Fourier transform on the polar grid, but in order
to apply an (inverse) FFT, the values have to be available on the rectangular grid,
see Fig. 4.7.2.

The transformation of the Fourier transform is performed by interpolation: let
0 =lay,b1] X--- X [ag, by] be a d-dimensional cube such that

viék € Q, J €Zp, k € Zogua,
and find a function ¢ : Q — C such that
o(vjér) = ¢;(k), JE€Zp k € Zogn, (4.7.7)

from which one can determine f on a grid of the form Z¢ by

\%
flza = (go(ha+a/o) T € Zg) ,

again by means of an FFT. Of course, the quality of the reconstruction depends
significantly on the interpolation process; details can be seen in (Natterer, 1986).

Remark 4.7.5 (Interpolation and Fourier method).

1. The simplest method mentioned in (Natterer, 1986) is a nearest neighbor inter-
polation: for any grid point &, := @ + ha use the value ¢;(k) such that

(60 = viéi| = minféo — vyl

2. Since the points are more dense in the interior of the circle, the deviation
between the next point in the polar and the cartesian grid becomes larger
away from the origin. This is yet another reason to apply low pass filters.
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4 Signal Processing and the Filtered Backprojection

4.8 Reconstruction by Filtered Backprojection

Reconstruction by means of the filtered backprojection involves filtering, i.e., a
convolution, as well as the dual Radon transform which can also be expressed in
terms of a Fourier transform as shown in (4.3.6). To write the right hand side of the
reconstruction formula (4.3.1) in this way, we let y = y(v, s) be the measurement
function with Fourier transform y,(0), o € R. Next, we pick a radial filter with
g(0) = |o]“ (o) and thus

(g * )N (&) = €15 ¢/, (€l2) ¥ (1€]2)

which leads to
(R*(g % y)" (€) = Depiel, (I€]2) ¥ (1€]2) . (4.8.1)

Hence, the Fourier method to filtered backprojection compares (4.8.1) with

((R*g) * )" (&) = (R*9)" (&) (&) = 1€l (I€]2) f(&).

Now ¢ cancels in this representation and it seems that the backprojection filter
plays no role. That the factors cancels is actually due to a somewhat cyclical
reasoning since it is this cancellation that makes the filtered backprojection work
in Theorem 3.2.8; and practically it plays a role again due to the incompatibility
of grids that we encountered in the last section.

Now we assume that f € C;)(L) is compactly supported and consider a more
direct discretization for the reconstruction from the Radon transform by means of

Gxf=R(gx*y) (4.8.2)

where G by construction is “almost ‘6” and therefore we have to provide a dis-
cretization for the convolution integral

<g*y><v,s>=/Rdg<s—t>y(v,s> ds:/Qg@—r)y(v,s) ds,  (483)

since we assumed that y(v,-) vanishes outside Q, where we can assume that Q =
B,(0) for some p > 0. For bandlimited functions, the integral can even be com-
puted exactly from (infinitely many) samples, which is yet another sampling theo-
rem in the tradition of Shannon, see (Natterer and Wiibbeling, 2001, Theorem 4.1).

Lemma 4.8.1. If f € L1(RY) is T-bandlimited and 0 < h < 7 then

dx = h* ha). 4.8.4
[ rwds=n 3 fiha) (484

aezd

Proof: The proof relies on the Poisson Summation Formula, Theorem 2.2.5; we

set g = h? f(h-), so that (2.2.5) and (2.1.7) yields

WY fhe) = Y g@)= Y gamy = Y (k7)) 2an)
aezd aezd aezd aezd
- Zf(mT”) = 7(0) +Zf(2“7") (4.8.5)
a€Z a#0
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4.8 Reconstruction by Filtered Backprojection

Since for a # 0,
2am

2 > 12Ty =2 lals > T
2 ‘\/—/

>1
the sum on the right hand side of (4.8.5) vanishes and

WY Fha) = Fo = [ reoax

aezd

remains. O

As already mentioned, a function cannot be compactly supported and bandlim-
ited at the same time, so that Lemma (4.8.1) is nice to have but cannot be satisfied.
Having to give up one of them, we relax the Fourier condition.

Definition 4.8.2. A function f € L;(RY) is called essentially bandlimited with
bandwidth T or essentially T-bandlimited for short, if there exists some?® & > 0 such
that

/E | T| (&) de < e. (4.8.6)

One can show that for essentially bandlimited functions the Shannon Sampling

Theorem holds up to an error of Ce if h < 7 where the constant C can be given

explicitly and independently of f. Something similar holds for (4.8.4) since f is a
uniformly continuous function.

To sketch the main idea in the bivariate case, let assume that the s-sampling is
fine enough for the Quadrature in Lemma 4.8.1 to be (almost) exact, then we can
approximate the convolution integral by

N k k
e ~2 Y efs-25) 5[0 25). 487)

k=—q

For the numerical treatment of the backprojection
* 1 T 2
R+ () =o [ (g+y)(vv7x) dv,  xeR? (4838)
27( §2
we have to make sure that for any x € R? the function
h(v) =(g=xy) (v,vTx), veS?aT

is essentially bandlimited, that is, that its Fourier coefficients?’

0= [ o) (). o= (G 0)
T

sin 0

2This is part of the definition which therefore defines T and an associated ¢ that should of course
be small.
PSince S! ~ T, we can interpret this in terms of 27-periodic functions.

89



4 Signal Processing and the Filtered Backprojection

Figure 4.8.1: The nature of a ridge function (lef?) and the idea of the reconstruction as an
overlay of rotated ridge functions (right).

are neglegible for large |k| which allows us to apply Lemma 4.8.1 to (4.8.8) giving
the final simple discretization

p-1
[ =G NwW="23" > 8 (v,Tx - p—k) Vik (4.8.9)

J=0 k==q 1

of the reconstruction.

Remark 4.8.3. The formula (4.8.9) has a nice geometric interpretation. For each
J, the function

q
np

k
g (V]T-X - '0—) Yk (4.8.10)
pq = q

is a so-called ridge function, i.e., a function of the form
fx)=g0vx), f:RTSR,  g:R—R (4.8.11)

Such functions are constant along v+, see Fig. 4.8.1, which is easily seen by writing
x =Av+y,y € vt and then noting that

f@) =g (Vv +y)) = g ().

These ridge functions depend on the data y;x, k = —¢,...,q, i.e., on the measure-
ments of the jth parallel beam, and thus can already be computed after this mea-
surement is finished without waiting for the other measurements. As also shown in
Fig. 4.8.1, these ridge functions are rotated over the reconstruction domain® and
summed up. Making use of such geometric observations not only gives insight into
reconstruction, but also allows for fast implementations of the algorithm.

To finally check for the validity of the discretization, let us fix x € R? and look

30Here it makes good sense to choose it circular.
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4.8 Reconstruction by Filtered Backprojection

at h. Since we restricted the support of g to [-w, w], see (4.4.2), we have
hv) = (g 9) (v 7x) = (g + 0 (vv7x) = @D (v,v)
1 BRI - 1 /v . ,
Tz /8(0) (v, 0) €7 do = _/ go) F(v,o) € do
2r R 2n -w S———

=(Rf)"(v.0)
1 w -~ . 1 w . .
= _/ g(o) f (o) ¢ do = —/ g(0) / £(1) ooVt gy pioVTx g
2r —w 9 o R2

1 ©
= —/ f(t)/ g(o) eV D o dy
27t Jiuls<p ~w

and therefore

h(k) = 1

5 () / 2(0) / Ve D=ik0 49 dor dt, keZ. (4812
7 - T

[tlo<p

~Ji(ollx=tlly)

Now the asymptotics of the Bessel functions can be used to verify that indeed the
function is essentially bandlimited.

Remark 4.8.4.

1. There exist quantitative estimates for all parts of these reconstruction meth-
ods; they are sometimes tedious but important and valuable since they not
only show which quality of reconstruction can be guaranteed but often also
highligh which parameters are critical. We will not consider them here as
they would be a lecture of its own, but only refer to (Natterer, 1986; Natterer
and Wiibbeling, 2001).

2. In the same way, backprojection methods usually have to be crafted for any
scan geometry separately. Again, see (Kak and Slaney, 2001) or (Natterer
and Wiibbeling, 2001). We will consider a more universal technique, called
Algebraic Reconstruction Technique or ART, in the next chapter.

3. For example, in fan beam scans where the projections are not computed along
parallel rays but along rays emerging fan-like from the source, one makes use
of the fact that in 2D the Radon transform and the X-ray transform are in
fact the same. But the computations are quite a bit more complicated.
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Algebraic Reconstruction 5
Techniques

Art is never finished, only abandoned.

(Leonardo da Vinci)

In the last chapter, we consider a totally different type of reconstruction algo-
rithm, called Algebraic Reconstruction Technique (ART). It consists of writing the
reconstruction problem as a linear system

T
Ax=b = ajx:bj

where each component of x corresponds to a pixel or voxel of the solution and
each equation ajT.x = b; to one projection datum. The approach is highly flexible,
but

1. it is difficult to make statements about the existence of solutions, in particular
since Ax = b can be overdetermined! or underdertermined?,

2. the vector x can and will be very large.

Especially the second point will limit us to special and rather simple iterative meth-
ods since keeping the whole matrix A or even the vector x in memory can be quite
nontrivial.

5.1 The Setup

To discretize the tomography problem, we put a pixel or voxel grid over the area
of measurement and assume that the data is piecewise constant on this grid, see
Fig. 5.1.1. Any ray that we shoot through the domain, say ray number j, intersects
some grid elements k1(j), ..., ku(;)(j), where both the number and the index of the
element depend on j. Now we use the assumption that the value there is constant,
then the contribution of the intersection of the ray with this element is the length
of the intersection, say ay, (), and the whole discrete line integral is

(

S
~.
~

ke (j) Xke())
1

N
Il

which should be b;. If we write this as ajT.x =bj, j=1,...,M, where M denotes
the number of projections, then we found a linear system Ax = b to be solved.

IThere will usually be no solution.
2We have to decide between a lot of solutions.
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9 Algebraic Reconstruction Techniques

ﬂ:_‘; s C ,l' -

Réntgenquelle

Rantgendetektar

Figure 5.1.1: Main idea of the ART discretization. We put a grid into the domain of interest
and then reconstruct values on this grid (lef¢). Then rays are traced through
the grid an the length of the intersection of the ray with a grid element defines
the contribution of this element to the discretized line integral (right).

Definition 5.1.1. The matrix A of the above discretization is called the system
matrix and depends only on the scan geometry.

This approach has two obvious advantages:

1. it works with arbitrary scan geometries since any projection is simply one
linear equation and the origin and the direction of the beam can be encoded
in the system matrix,

2. the resolution of the measurements and the resolution of the reconstruction
can be decoupled.

As nice as this advantages are, they do not come for free. First, of all, the relation-
ship between resolutions affect the solvability of the problem:

1. if the resolution of the reconstruction is too high, it can happen that some
voxels are not visited by any ray and the system is definitely underdetermined
as the value of these voxels does not affect the right hand side.

2. If the resolution is too small, the system may become overdetermined and
unsolvable; just consider the extremal case of a single grid element and a
non-constant function.

The main problem, however, is the size of the system. Modern flat panel detectors
used in industrial tomography have a resolution of 1000 x 1000 pixel, so a single
image already gives 10® equations and 200 — 1000 of these images are not a rarity,
which means that we may easily have 101! — 10! equations. If we now try to
reconstruct 10002 voxels®, then also have 10'2 variables.

Remark 5.1.2. It first occurs that the such linear system of the size 1012 x 10'? is
out of scope for almost any type of computer. However, the matrices are sparse,
that is, the number of entries in each row of the matrix is small relative to the size
of the matrix. If, for example, the grid is an N X N X N one, then we have N3
variables, but any ray we shoot only has O(N) entries that can be determined on
the fly while tracing the line.

3This is no longer considered to be really large, the good objects have something like 6k x10k x10k.
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5.2 Naive Kaczmarz

The observation of Remark 5.1.2 suggests that we should use an iterative solver
for the linear system that uses rows of the matrix A. Such an algorithm is the
classical Kaczmarz algorithm from (Kaczmarz, 1937), which we will consider next.

5.2 Naive Kaczmarz

Definition 5.2.1. We write a matrix A € RM*V a5

ay
A:(ajT.:jzl,...,M): |, a;eRY, (5.2.1)
ay
and therefore the linear system Ax = b as
atx =bj, j=1,...,M. (5.2.2)
Note that (5.2.2) means that
O:aJT-x—bj S x € H(aj,bj),

so that a condition of the linear system is satisfied iff x lies on the respective hyper-
plane. If it does not, it sounds like a reasonable idea to improve this condition by
projecting x on this hyperplane.

Definition 5.2.2. The update step of the Kaczmarz algorithm consist of

1
X > x+——sa; (bj — aJT-x) . (5.2.3)
ajly

Since the update step (5.2.3) is undefined at best if a; = 0, we clearly exclude
this situation. The meaning of (5.2.3) is clear if we note that

T
aj

1 )
X+ ——=daj (bj—a]T.x) :aJT.x+]—2(bj—aJT-x):bj.
ajly

This means that the update step “corrects” x in such a way that the jth equation
is satisfied. Moreover, x is modified by multiple of a;, the normal vector to the
hyperplane H(aj, b;) which gives the geometric interpretation of (5.2.3) as the
projection of x onto H(a;,bj).

Definition 5.2.3. The Kaczmarz algorithm computes the sequence

—al D)
) = (=) 4 50 biw = ajum*

o -1
o @i =270

D) Qaj(n)> n €N, (5.2.4)
|aj(n)|2

starting with some initial value x© and some choice n — j(n) of rows. For the
particular choice j(kN +¢) =¢, k € N, { € Zy, we speak of the cyclic Kaczmarz
algorithm, see Fig. 5.2.1.
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o=
/ Qb
o ~. “
/;7’;4 :: \\\ (0)
& / x &) qEE X

Y

Figure 5.2.1: One cycle in the cyclic Kaczmarz algorithm for three equations in 2d.

Definition 5.2.4. By

M
ATRM .= {Z aja;:aj € R} c RN (5.2.5)

Jj=1

we denote the span of the rows of A.

And this simple algorithm really works. This is indeed surprising since, in con-
trast to other iterative methods like the Jacobi method or Gauss-Seidel iteration the
Kaczmarz method needs no requirements on the underlying matrix like being di-
agonally dominant or symmetric and positive definite*,

Theorem 5.2.5. If the system Ax = b has a solution, then the cyclic Kaczmarz algorithm
converges to a solution x* and if the starting vector x©) € ATRM | then the solution is of
minimal norm.

Proof: Let x be a solution of Ax —b, then, using the abbreviation j = j(n), we have

*And usually the system matrices of tomography have neither of these properties.
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5.2 Naive Kaczmarz

forn € N,

2

1
(D 4 —aj (bj — aJT.x("_l)) - X

aj2

T
9 (x(”_l) —x) aj

2
(™ — x‘ =
9

2
(bj _ aJT_x(n—l))Q

‘x("_l) - x‘Q +2 5 (bj - aJT-x(”_l)) + : |a;|3
a1, |aj|2
2 2
9 (bj - aT.x(”_l)) (bj - aT.x(”_l))
N I / d
= |x x, 5 5
a1, a1

2

Ap. — ol (n—l))‘
2 1 ‘a]( J afx ZZ‘X(n—l)_x‘

2 e - x<"-1>|§
2 oyl 2,1

= |- _

X

2 |a|3

Therefore,

2
oo -
2

2 e - x<n—1)|§ 5.26)

x(=D) x‘ 5
2 lajml5
yields that the sequence |x — x| is monotonically decreasing, strictly if aJT.x(”_l) #

bj, and therefore ist must converge for any x(¥) since it is bounded from below by
0. This implies that

() — x<"—1>|?
lim 2 =0 = lim ‘x(”) —x(”_l)‘z , (5.2.7)

n—oo |a](}’l) |é n— oo

and since |x("|y is bounded, there exists a subsequence k(n) such that xkm) 5 xx
for some x* € RV,
Since

4

)xk(n)+€ v o< Z |xk(n)+]+1 _ k] )xk(n) | So,
9~ 4 2 2
j=0 —————
—0

—0

it also follows that x¥"*¢ — x* for any ¢ € N. Now we make use of the cyclic

version of the algorithm and consider the sequence k(n) modulo N; since there
are only finitely many possibilities, the sequence k(n) must contain infinitely many
values of the form k(n) = N k’(n) + m for at least one m € Zy. For all of them, we
have that

T Nk (n)+m T
by = a,,x () — a,x,

hence (Ax*),, = b,,. Passing to the sequence k(n)+¢, we get (Ax*),,;¢ = bm+¢c where
the summation in the index takes place in Zy. Hence Ax™ = b.

Now let x” be the limit of another convergent subsequence and consider the
sequence

‘x(") —x*

_ ‘x(m Y
2

) (5.2.8)
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which converges to a unique limit due to (5.2.6) since both sequences converge
individually. But for the subsequence converging to x* the limit of (5.2.8) is —|x* —
X'l while for the one converging to x’ it is [x" — x*|o = |x* — x’|9, which gives
0 = |x* —x’|2, and the limit is independent of the subsequence and satsfies Ax* = b.
Since the sequence is bounded and all convergent subsequences have the same
limit, it finally follows that

lim x = x*, Ax* = b. (5.2.9)

n—0oo

It remains to prove the minimality of the norm. To that end we note that x(¥
ATRM implies that x" € ATR™ n € N, since the update step (5.2.3) only adds
multiples of rows of A. Hence, x* = ATy* for some y* € R¥ and for any solution x
of Ax = b we have that

Ax=b=Ax"=AATY" =  0=A (x - ATy*)
so that y* is the least squares solution of ATy = x or the projection of x on ATR®
and hence of smaller or the same norm. O

Remark 5.2.6. Since trivially 0 € ATRM for any matrix A € RM*N | the Kaczmarz
algorithm always converges to a minimal norm solution if x(¥) = 0.

Remark 5.2.7. From the proof we can extract two important ingredients that make
the Kaczmarz algorithm work.

1. The equation j(n) has to be chosen in such a way that the update step really
modifies x"¥ which requires that

T -1

If we could find no such j(n), then Ax"*V = p and the problem has been
completely solved already.

2. The squared improvement towards a solution x is

(5.2.10)

2

|aj|§ lajla lajlo

which is the gain of the scaled system whose rows are unit vectors. In order
to find best directions, these numbers have to be checked. It is an advantage
in terms of performance to precompute or at least cache these norms or to
compute the normalized versions.

3. It is impossible that j(n + 1) = j(n), so the projection changes is every step.

4. To ensure that the solution satisfied at the equations, one has to guarantee
that all j = 1,..., M appear infinitely many times in the sequence j(n).
Even if the sequence k(n) may only have one accumulation point, the shifted
sequences k(n) + ¢, { € Zy, will take care of the other equations.
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5.2 Naive Kaczmarz

Figure 5.2.2: An overdetermined system of three equations in 2 variables that does not
have a solution. Then it can happen that the sequence of projections cycles
between the lines and thus never converges.

5. The existence of a solution is fundamental for the convergence of the al-
gorithm. This is not only a technical issue of the proof. Fig. 5.2.2 shows
a simple example where the algorithm will not converge in the case of an
overdetermined system without a solution.

Example 5.2.8. The easiest way to mess up the algorithm would be to take j(n) = j
for some fixed j. We then have that x” = x() which obviously converges, but can
only guarantee that (Ax); = b;.

Remark 5.2.9 (Computational effort of the Kaczmarz algorithm). Let us have a
brief look at the number of computations occuring in the Kaczmarz algorithm:

1. Any evaluation of the stepwidth

- qTx(n=1)
_ bj—ajx
0j = 5
lajly
takes 2N operations for the inner product aJT.x(”'l) and maybe the same for

computing® |a j|2. Together with one subtraction and the division the com-
plete effort is 4N + 3 or 2N + 3 depending on whether |a j|§ is precomputed.

2. Precomputaion of |a;|? can be avoided by scaling the system which could
actually be done “on the fly” when accessing a row for the first time.

3. The update step x = x""V + 6, a; also consist of 2N operations.

4. In summary, a full cycle of the Kaczmarz algorithm costs 4MN or 6MN
operations®.

5So precomputing or caching could accelerate the algorithm by a factor of 2.
Keep in mind, however, that we do not consider the effort of generating the row a; or handling
the storage.
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The fact that a full cycle of the Kaczmarz algorithm can be really costly is well-
known and it appears to be necessary since otherwise we cannot guarantee that we
really get convergence in all components. Therefore, there are different selection
strategies for j(n), the simplest being a random choice; in fact, this strategy even
works surprisingly well, but cannot ensure convergence. Another strategy is more
successful but not for free.

Definition 5.2.10. The pivot j* € {1,...,M}

2
(bj - aJT.x(”_l))

Y+ = max y; = max (5211)
S SO Ve 5 N |aj|§

indexes the equation such that the (quadratic) gain

2 2

=D _ x

() — x)

2 2

is maximized. The pivoted Kaczmarz algorithm uses j(n) = j*.

The pivoted Kaczmarz algorithm searches M values y;, so one step costs 2MN
or 4M N operations which is just % or % of the effort for the full cycle. However, the
search operations can be performed in parallel which could speed up the process
significantly.

Theorem 5.2.11. If the system Ax = b has a solution, then the pivoted Kaczmarz algo-
rithm converges to a solution x*.

Proof: Instead of Ax = b we consider the scaled system
1 1
a3 |a1l3
A'x = Ax = b=:b,
1 1
laml; lan

and note that because of (5.2.10), pivoting chooses the same sequence j(n) for
A’x = b’. By pivoting, the sequence |x") — x|% decays in a strictly monotonic way,
hence

0= it |6 = "] = fim, e [(a'a 0 - 5] = fim |45 - bl

.....

hence at least a subsequence of x'" converges to a solution. That all subsequences
converge to the same limit follows by the same argument based on (5.2.8) as in the
proof of Theorem 5.2.5. And clearly Ax = b if and only if A'x = b’. m|

Since parallelization capabilities are usually limited in practice, one could also
incorporate batch pivoting by decomposing {1,...,M} = J1U---UJ, and cycle over
the n pivots

+ = maxy;, k=1,...,n.
Yii e Yj
Exercise 5.2.1 Prove that batch pivoting converges. o
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9.3 SOR Methods for the Kaczmarz Algorithm

5.3 SOR Methods for the Kaczmarz Algorithm

The Kaczmarz algorithm can be related to relaxation methods which extends to
an algorithm with a defined behavior even if the system Ax = b has no solution. In
presenting this method, we follow the exposition from (Natterer, 1986). Here we
decompose the system matrix A into blocks of the form

A1 m
A=(Aj:j=1...m)=| |, A;jeR™N N Mi=M.  (531)
A J=1
In the preceding section we considered the special case M; = 1 and m = M.

Moreover, we assume that A jRN = RM; which means that M ;7 < N and that the
matrices A; all are of full rank. This can also be expressed as the linear map
A : RN — RM, being surjective or onto. The linear system to be solved now takes
the form

ijzbj, jzl,...,m. (532)

Let P; : RY — RV denote the orthogonal projections onto the affine subspace
AjX = bj, ie.,
AjPjx =bj, ij:x+A]T-y, y e RMi, (5.3.3)

The second condition is due to orthogonality’: x — P;x € (ker A)* = span A”. This
implies that

-1
by=Ap(x+Aly) =aps aal y o y=(4;4T) (b - Ay
——
ERMj><Mj

our assumption that A; has full rank yields that A_,-AJT. is a symmetric and strictly
positive matrix which has an inverse. This leads to the modified update step

T r\7!
x o Pix=x+ Al (A]‘Aj) (b, — Ajx), (5.3.4)

which generalizes (5.2.3).
Exercise 5.3.1 Show that (5.3.4) and (5.2.3) coincide for M; = 1. &

Remark 5.3.1. The formula (5.3.4) is not a way to really compute the update as
the computation of matrix inverses is inefficient and numerically unstable. The
same holds true for the explicit computation of A jAJT. which leads to a quadrati-
cally conditioned system of equations. What one is really doing is first compute
the residual r = b; — Ajx, then solve the system AjAJT.y = r based on a QR factor-
ization of A; only and finally compute A]T.y. Note that, like the norms |a | in the
previous section, the factorizations of the A; can be precomputed to speed up the
computations.

’And the classical result R” = ker A @ span AT whenever A € R"™*" has full rank.
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Now, we use a slightly different approach and also restrict ourselves to the cyclic
version of the algorithm by combining m successive steps into a single one.

Definition 5.3.2. For a given relaxation parameter w € (0,2), we define the
relaxation of the projection as

Pj,w = (1 - (,())I + (,()PJ'. (535)

If w <1 one speaks of underrelaxation, for w > 1 of overrelaxation. Moreover,
we define
Py=Pny: - Ple. (5.3.6)

Relaxation is in some way compensating (for w < 1) or overdoing (for w > 1)
the improvement provided by the projection. For w =1 it reduces to the standard
algorithm. Moreover, the definition (5.3.6) simply combines all m relaxed projec-
tions into a single projection step, so we consider a cyclic version of the Kaczmarz
algorithm. The convergence indeed looks familiar to us.

Theorem 5.3.3. If the problem Ax = b has a solution and x'©) € ATR, then, for any
0 < w < 2, the sequence
) = px( (5.3.7)

of the cyclic relaxed Kaczmarz algorithm converges to a solution x* of minimal norm, i.e.,
Ax* = b and Ax = b implies x|y > |x*|o.

Assume that x* € R" is a solution of Ax = b, hence of A;x* = bj, then the
iteration (5.3.4) takes the form

-1
Pix=x+ AJT- (AJ~A]T) Ai(x* —x)=2x+Q;(x" —x), (5.3.8)
where®
T r\™! ;
;= AT (AsAT) 4y j=1...m,
now defines a /inear projection with
0> =050, = AL (A;AD)TA;AT(A;AT) 1A = Q.

We will continued to work with the linear projections Q; and define, in the same
way as in (5.3.5) and (5.3.6) the matrices Q;,, and Q,,.

Definition 5.3.4. The operator norm of a matrix A € RP*? is defined as

Axle
LAl = [Ally = max 22 _ hax 1Ax, (5.3.9)
x#0 |X|2 |x]o=1

8Do not make the mistake to compute
-1
T T AT A-Ta-14 _
AT (4;47) 4y = aTATTAT4; = 1,

which is only admissible if A; is square and nonsingular, as this never happens in the situations
we consider.
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9.3 SOR Methods for the Kaczmarz Algorithm

Since?

1ol = 110%]l < llell%,
it follows that!?
||Qj|| S 1? J :19~'~7m’ (5.3.10)

Since

2
1Q)wxl3 =370, Q0% =" (1~ W) +wQ)) " x
= (1- w)2|x|% +2w(1 - w) xTij +w? xTQﬁx
S~—— N——

=TQjx  =|g;xf3
= |x|§ - (Qw - a)z) + (2a)(1 —w)+ a)z) |ij|§ = |x|§ +w(2 - w) (|ij|§ - |x|§) ,

ie.,

10013 = I+13 = (2 = ) (1Qx15 - 1) (5.3.11)

Since [|Q;]| < 1, for |x|; < 1, hence |Q;x| < 1, (5.3.11) yields |Q; x| — |x[2 < 0,
and therefore
1wl <1, O<w<2, (5.3.12)

which also explains the restrictions on w. The contractivity of the linear projections
can now be used for the convergence proof of Theorem 5.3.3.

This, however, needs some preliminary observations. The first says that for
sequences where Q,, is not contractive, the limit of the iteration is the identity.

Lemma 5.3.5. If0 < w < 2 and x™ is a sequence such that

™y <1,  lim ‘wa“” ,=1 (5.3.13)
then
lim (I — Q,)x™ =0. (5.3.14)
n—ooo

Proof: We use induction on the number m of factors of Q.. For!!l m =1, we have
by (5.3.11) that

2 2
(1= 0,) x| = |t = (1= )1 - 001 x|
2 2 2 2 2
= Llar—on® = 2 ([ _‘ @) = 2 (|;» _‘ (n)
= I = =
“ )( Qux™, w(x ) [ 2) 2—w(x p  [Gre 2)

Ne)

2
9 ‘wa(”)

w 9
Q—w( 2)’

hence, if |wa(”)|§ < |x(”)|§ < 1 coverges to 1 this implies (5.3.14).

9The operator norm is submultiplicative, i.e., ||AB|| < ||A||||B||; try to verify this by yourself.
10Projections are weakly contractive.
HThis is the SOR algorithm for a single matrix without any cylcles.
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For the induction step m —1 — m, we write

Ouw= Qm,me—l,w Tt Ql,w = QmwQ:,)

and note that

I-0u=1-0,+(0,-0u)=-0,)-(I-Qnw) Q- (5.3.15)
Since
05| =[x ™| < l10mall |04x | <]V . (5.3.16)
2 2 N , 2 2

<1

the assumptions (5.3.13) ensure that |Q:Ux(”‘1)|2 — 1and thus (1-Q’)x"™ — 0 by
the induction hypothesis. Moreover, setting y = Q7 x| (5.3.16) yields that

<

1 |

5 < )Qm,wy(n) x(n_l))Q s

2 2

and therefore, by the case m = 1, (I — Q) ¥ — 0. Substituing this into (5.3.15)
advances the induction hypothesis and proves the claim. |

Definition 5.3.6. The kernel ker A of a matrix A is defined as the subspace
kerA:={x e R": Ax =0}. (5.3.17)

Lemma 5.3.7. For 0 < w < 2, the sequence QX, k € Ny, converges to the orthogonal
projection matrix T onto ker(I — Q,,).

Proof: Being a projection means that (/ - T)(/ — Q,) = (I — Q,) and mapping
to the kernel means (/ — Q,)T = 0. The first of these identities is equivalent to
T(I - Q) =0, hence the two identities are in turn equivalent to

TQ, =T = 0,T. (5.3.18)

Hence
T=TQl=0,TO " =--=0QkT, kel

and since for any x € R" the sequence

|Q(’f)x|2 = 1Qull |Q¢If)_1x|2 = |Q(’f)‘1x|2

<1

is decreasing and bounded from below by 0, it must converge to some limit
S P k
9= Jim, |0el,

If g = 0 then
Tx = klim T x=0= klim 0F x
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9.3 SOR Methods for the Kaczmarz Algorithm

as claimed. If ¢ > 0, on the other hand, we consider the bounded sequence

k
X
gk = ka , k €N,
|wa2
with |gx|o =1 and
Qk+1x

|06, g
Hence, by the preceding Lemma 5.3.5,
0= lim (1 = Qu)gi = lim (I - Qu)Qux = lim QI = Qu)x.

Hence fo)y — 0 for any y of the form (/ — Q,)x while for x € ker(/ — Q,), i.e.,
QX = x, we trivially have that qu =1. O

Lemma 5.3.8. For0 < w < 2,

ker (I — Q) = ﬂ (1-0,). (5.3.19)
j=1
Proof: If Q;,x = x, j = 1,...,m, then clearly Q,x = x, and the inclusion 2 is

settled. Suppose now that Q,x = x, then

m
el = 1Quxl2 = | [ 1)l [IQ1wxl2 < 1Q10x12 < Ix2,

J=2

hence |Q1,wx|%—|x|% = 0 from which (5.3.11) allows us to conclude that |Q1x|%—|x|% =
0, i.e., x € ker(/ — Q1) or x = Q1x = Q1 ,,x. But then, as above,

|x|2 = |Qa)x|2 = |Qm,w te QQ,le,wx|2 = |Qm,a) Tt Q2,a)x|2 ,

and thus x € ker(/ — Q). Iterating the argument, we thus get x € ker(/ — Q)),
j =1,...,m, which is the inclusion C. |

Now, we can complete the convergence proof for the Kaczmarz algorithm.
Proof of Theorem 5.3.3: Let x* be an arbitrary solution of Ax = b, then

Pix —x"=Qj(x —x"), Pjwx—x"=Qju(x—x), Pox —x"=Q,(x —x%).

Hence,
P(]f)x =x"+ Qﬁ(x -x"), (5.3.20)

and, by Lemma 5.3.7,
x™ = PZ,x(O) =x"+ Q) (x(o) - x*) —>x"+T (x(o) - x*) = -T)x*+Tx©,
where T projects onto

m
ker A = ﬂkerAj,
j=1

and if x©© = ATy for some y, then Tx(®) = 0 and the algorithm converges to the
minimal norm projection (/ — T)x™. o
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Remark 5.3.9. The convergence rate of the Kaczmarz algorithm is geometric, or,
as one would say in Numerical Analysis, /inear. From (5.3.20) we know that

=)

From Lemma 5.3.5 we know that the only possible eigenvalue A of Q,, with [1| =1
is A = 1 and that all other eigenvalues A satisfy |[1| < 1. Let u be the respective
normalized eigenvector, Q,u = u, |u|y =1, and write

‘x(”) —x*

2

0) L

xO —x =qu+v, VEu,

then |Q,v]e < A’'|v|y, where A’ < 1 is the second largest eigenvalue of Q,, and
therefore

() —

)= |QZ) (au + v)|2 = |au + Qz)v|2 >a |ulg - |QZ)V o>
——
=1

hence
a < ‘x(”) —-x"

J+ (Ol =0,

i,e.,, a =0 and

‘x(”) —x*

< @)z
which is linear convergence.
Remark 5.3.10. Although the convergence takes place independently of w, over-

relaxation usually accelerated the convergence, often by chosing w ~ 1.5.

5.4 More on SOR

Now, we will consider aspects of the SOR Kaczmarz that are of a more theoretical

nature. To that end, we assume that the algorithm was started with a proper
initialization x(© = ATy which leads to ATy™ := x(" € ATRM. With the block
representation

ui

ui n
y=|:1 up € RMx, hence x:ATy:(A{ o AD :ZAguk
k=1

Um Um

we can rewrite the recurrence (5.3.4) for the first m steps in two ways as
. J
A= xOy Z A u

k=1

= Pl = (1 -V 4o (x(j_l) + AT(A; A7) (b - ij(f—1>))
j-1 i

= x4 Z Arug +w AJT-(AjA]T.)_1 (b - x(o)) -—w AJT.(AJAJT-)_lAj Z Aguy,
k=1 k=1

~—————
—x(-1)
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ie.,

j-1
Alu; = w AT(A;AT) (b — A0 - A; Y Al
k=1

Multplying both sides from the left with A; we thus get

j-1
AjATu; = w AJAT(A;AT) T b - Ax — 4 Z A{uk) :
k=1

N~——— —
=1
hence
j-1
uj = w(A;AD™ (b — A0 - A Y A{uk) (5.4.1)
k=1
or
0
T
Ardy AAT 0
. y=w (b - Ax<0>) P y. (5.4.2)
Ay, W T
m AnAT . ALAT 0

=D
=:L

Remark 5.4.1. (5.4.1) and (5.4.2) are the relaxation of the (iterative) Jacobi method
for the solution of the symmetric linear system

AAT o ALA]
By=d, B=aA"T=| @ . |, d=b-4Ax".
AnAT o ALAL

The Jacobi method consist of decomposing B = L + D + LT where L is a lower
triangular matrix and D a nonsingular block diagonal one and then iterating

y® = p-1 (b _ Ly<"—1>),

cf. (Golub and van Loan, 1996; Sauer, 2013). In fact, (5.4.2) is the block version of
the algorithm where the iteration is again multiplied by the relaxation parameter
w € (0,2), where w =1 is once more the standard case.

Solving in (5.4.2) for u, we find that
y=w(D+wlL)™ (b - Ax(o))

which is well defined since D+L is a block upper triangular matrix with nonsingular
diagonal blocks. This allows us to rewrite the cyclic Kaczmarz algorithm as

™ = pxD = 7D ATy(") = x4 wAT(D + wL)™? (b - Ax("_l))

- (1 —wAT(D + wL)—lA) D 4 AT(D + wL) b (5.4.3)
= B,x"V +p,. (5.4.4)
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The goal is now to relate the iteration (5.4.4) to the successive overrelaxation or
SOR method for a symmetric system of the form

b=AATy=(L+D+L")y. (5.4.5)
The modified Gauss-Seidel iteration then reads as?

yW = (1 -w)y™V +wD™? (b —Ly™ - LTy("_l)) , (5.4.6)
hence

(D+wL)y™ = wb+Dy"™ —w(D+L")y"D
[
=AAT-L

w (b - AATy(”_l)) + (D + wL)y(”_l),

and therefore

y = (I —w(D + a)L)_lAAT) YD 4 (D +wLl) b = Coy™ ™V ¢, (5.4.7)

which already looks very much like (5.4.3). In fact, ATc,, = B,AT and AT¢,, = b,,.
Hence, if we set x"1) = ATy("~1) in (5.4.4), then

xW = B, ATy 4 p = AT (Cwy(”_l) + cw) = ATy,

hence the iteration (5.4.7) is the restriction of (5.4.4) on ATRM.

Remark 5.4.2. It is important to note that in all this derivation we never inverted A
or AAT, we only used D~! which is allowed since this is the block diagonal matrix
with diagonal elements A jAJT and those were assumed to be nonsingular.

There are strong relations between the two iterations.
Lemma 5.4.3 (Properties of the iteration).
1. The iteration (5.4.3)leaves ATRM invariant.
2. The eigenspace of B,, with respect to the eigenvalue 1 is ker A.
3. All eigenvalues A with A # 1 of B,, and C,, coincide.
Proof: 1) follows since
BwATy +b, = AT (Coy+cy) € ATRM

for 2) we note that
x=Bux =x —wAT (D + wL) T Ax

(n) (n)

12This can be perfomed efficiently in such a way that any x;") depends only on x;™",...,x, 73, i.e.,

in a reasonably iterative way.
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if and only if
AT(D+wL)Ax =0 (5.4.8)

which holds for Ax = 0. Conversely, (5.4.8) implies that
(D +wL) tAx =z, zekerAT, ie, ATz=0,

hence,

Z(D+wl)z=7"Ax=(AT) T x=0=2"(D+wL) z=7" (D + a)LT) Z,
~——— N————

=0 :(zT(D+u)L)z)T
and therefore

0=z" (2D +wL + a)LT) z=7' ((2 -w)D + wAAT) Z;

since the matrix inside is symmetric and strictly positive definite, this implies z = 0
and also Ax = (D +wL)z = 0. Hence, (5.4.8) holds if and only if Ax = 0 which can
be rephrased as

ker AT N (D +wL) T ARY = {0}. (5.4.9)

For 3), we assume that 4 # 1 is an eigenvalue of B,, i.e., there exists x # 0 such
that

Ax = Byx = (I - wAT(D + a)L)_lA) x, ie, (1-A)x=wAT(D+wL)Ax,

which implies that x € ATRY 1 ker A. We write x = ATy, and x = 0 together with
(5.4.9) yields that y € (D + wL)"* ARY, hence

x=AT (D +wL) Az
for some z # 0. Consequently,
0 = Byx—Ax=(By,-Al)AT (D +wlL) Az = (BwAT - /lAT) (D +wL)! Az
= AT (C,-AD) (D +wL)™! Az
Since C, (D + wL) P ARN C (D + wL) 1 ARV, again (5.4.9) yields that
(C, —AI) (D +wL) ™t Az, (5.4.10)

and A is an eigenvalue of C,, with eigenvector (D + wL)™* Az. Conversely, let A be
an eigenvalue of C,, with eigenvector y, then

(By —AI) ATy = B,ATy —2ATy = ATCy — 24Ty = AT (Cy — 2y) =0
shows that A is also an eigenvalue of B,,. m]

The lesson from the lemma is the fact that the Kaczmarz iteration (5.4.4) pro-
duces a sequence of elements of ATRM and this subspace contains no eigenvectors
for the eigenvalue 1, those are in the orthogonal complement ker A - this follows
form the key observation (5.4.9). If we now start the Kaczmarz iteration with
x© = ATy then we produce a sequence of elements of this subspace and now
properties of the restriction of the matrix B,, to this subspace become relevant.
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Definition 5.4.4. The spectral radius!® p(A) of a square matrix A € R™" is
defined as
p(A) =max{|1]| :det(A—-AI) =0, 1 € C}, (5.4.11)

that is, as the largest modulus of eigenvalues.

The proof of the following lemma is a slight variation of the fact that the Gauss-

Seidel method converges for symmetric positive definite matrices, cf. (Golub and
van Loan, 1996; Sauer, 2013).

Lemma 5.4.5. The restriction B., of B,, on ATRM satisfies p(B.,) < 1.

Proof: By Lemma 5.4.3, 3), we can also consider the eigenvalues # 1 of C,, i.e.,

(1-2)y w(D +wL)TAATy = (D + wL)™ (a)D +wL + a)LT) y

(D +wlL)™ (D +wL+(w-1)D+ a)LT) y
= y+(D+wlL)™ ((w -1)D + a)LT) v,

or
A(D +wlL)y = ((1 -w)D — a)LT) y. (5.4.12)

We normalize y such that!* |y|%) := y Dy = 1 and multiply (5.4.12) from the left
by y yielding
A1+wy"Ly) = (1-w)-wy"Ly,
—— ~———

=.a =a

that is, (1 + wa) =1 — w — wa. Since
0<yIAATy =y (D+L+LN)y=1+a+a=1+2¢, a=a+ip,
the real part @ of a satisfies o > —%. Hence,

(1 -w) - wa) ((1-w)-wa)
(1+ wa)(1+ wa)
(1-w)? - 2w(1 - w)a +w?(a®+ B?) (A1 -w) - wa)? + w?p?
1+ 2wa + w?a? + B2 (1 +wa)?+w?B?

|4]? =

, (5.4.13)

and since

(1-w)-wa)-1+wa)?=w(w-2)-20(2-wa=-w2-w)(2a+1),
N —— N——
>0 >0

the numerator in (5.4.13) is smaller than the denominator and we have that [1]| < 1
whenever « > —%, which occurs iff y € ATRM by means of Lemma 5.4.3. m]

13Even if the spectral radius is defined by complex eigenvalues, it can be computed in real terms
as p(A) = lim ||A"||"/" with an arbitrary matrix norm.

14The eigenvalue as well as the eigenvector can be complex, even if all our matrices were real so
far.
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Remark 5.4.6. (5.4.13) is the core argument in favor of SOR. The goal is to reduce
the value || for all eigenvalues of modulus < 1 by an appropriate w. Obviously,
the relationship is far from trivial, but is is easy to see that the value of |A(w)|?
of (5.4.13) is 1 if w = 0,2 while for w = 1 it is % <1, as long as @ > —3.
Therefore, the function must assume its minimum for some w, but to determine
this value, we must know the eigenstructure of C,, which is impossible to determine
in practice. Nevertheless, there are results and many heuristics, usually w ~ 1.5

seems to be a good choice.

Lemma 5.4.7 (Banach Fixpoint Theorem, adapted). If p(B)) < 1 and x© €
ATRM | then the iteration (5.4.4) converges to a unique fixpoint x* with

(I — By,)x" = b,,. (5.4.14)
Proof: By Lemma 5.4.3, we know that x© e ATRM implies that?® x e ATRM,
hence x = B:Ux(”_l) + b, for any n € N. For convergence, we note that, with

p = p(BL,) = ||B, ||, that

) _ ()

e ) -
2 2

o =),

ﬁh_ﬁw,
2

< Bl

ﬁw_ﬂWDL:phw_XWMLS.USp"

hence

e - xO),

1-p

() _ () ) _ ()

k-1
-5 ,
2

J=0

ﬂD_ﬂ®LSp

k-1
2 . p
J=0

which shows that x(™ is a Cauchy sequence that converges to a limit x* € ATRM
which satsfies x* = B,x* + b,,. Since for any two fixpoints x*,x" € ATRM,

Ix* —xT]y = |wa* +by — Byx — bw| =

B, (x* —xT)‘2 < plx* = xT|q,

it follows that |x* — xT|o = 0 and thus uniqueness. O

Theorem 5.4.8. Forany 0 < w < 2 and any x'V € ATRM, especially for x\0) = 0, the
SOR Kaczmarz iteration (5.4.4) converges to a unique limit x* such that

AT(D + wL) 1 (Ax* = b) =0 (5.4.15)

that solves If the system Ax = b has a solution, then x* is the solution of minimal norm, if
the problem has no solution, then x* = x* + O(w) where

xf = argmin |Ax — b|2D,l = (Ax — b)' D71 (Ax - b)

x€ATRM

15This is a condition in the Banach fix point theorem which is easily overlooked: The iteration has
to map a certain set or space to itse/f and be a contraction there.
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Proof: Convergence and (5.4.15) follow directly from Lemma 5.4.7. If b = Ax’ for
some x’, and x* = ATy*, then (5.4.9) implies that Ax’ = AATy* and this is the least
square solution from ATR™. For the last statement, we set w = 0 in (5.4.15) and
consider the scaling

ATD 1 (Ax — b) = (D V/24)T ((D—l/QA)x - D‘1/2b) .

The rest is standard least-squares theory. m]

Remark 5.4.9. The convergence issue is more tricky that in appears. In particular,
the recurrence (5.4.7) for the y only converges if ¢, € (D + wL)"1AR" which
is equivalent to AATy = b having a solution. Otherwise, it could happen that
co=cC+w,w#0, ATw = 0, and this w would be added to y(”) in any iteration,
giving y = z™ + nw, where z\" is a convergent series while the y) obviously
diverge. This nuisance however, is not affecting

xM = ATy = AT (Z(”) + nw) = ATz,

This is what eventually makes the x") converge unconditionally provided the initial
value is chosen properly.

5.5 Inverse Problems and Regularization
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2m periodic, 17

adjoint, 32
Algebraic Reconstruction Technique,
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aliasing, 63
amplitude, 10
analytic, 38
angle, 53
arc length, 50
area integral, 29
ART, 91
average, 7

backprojection, 31, 55, 89
ball, 7

Banach algebra, 12
Banach Fixpoint Theorem, 111
Banach space, 8

Banach spaces, 47

band pass, 57
bandlimited, 58, 66, 85, 88
bandwidth, 59, 89

BESSEL, 68

Bessel function, 68, 70, 71
bit, 59

cardinal function, 83

Cauchy sequence, 8
Cauchy-Schwarz inequality, 8
compact support, 7

complete, 8

Computed Tomography, 27
continuous, 7

convolution, 11, 33, 56, 64, 88
curve, 50, 51

cyclic Kaczmarz algorithm, 95

DFT, 75, 78, 79, 82
difference quotient, 13

Index 6
dilation, 10

Dirac distribution, 56
discrete Bessel transform, 74
discrete Fourier transform, 75
distribution, 20, 22

divergent beam transform, 34
dominated, 6

dual group, 9

dual groups, 18

dual norm, 8

dual Radon transform, 31, 55, 64, 88
dual X-ray transform, 36

essential supremum, 8
essentially bandlimited, 89
even function, 44, 64, 66

Féjer kernel, 13

Fast Fourier Transform, 75

FFT, 75, 80, 87

filter, 33, 55-57, 63

Filtered backprojection, 33

filtered backprojection, 33, 37, 55, 63,
88

fixpoint, 111

FOURIER, 10

Fourier coefficient, 18

Fourier matrix, 76, 78

Fourier series, 4, 18, 23, 62, 74

Fourier Slice Theorem, 31, 44, 47, 75

Fourier Slice theorem, 35

Fourier transform, 4, 9, 12, 16, 23, 44,
56, 62, 69, 83

fractional derivatives, 24

frequency resolution, 84

frequency response, 57

Fubini’s theorem, 11

functional, 20

gain, 100
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GAuss, 68

Gauss-Seidel iteration, 96, 108
generalized functions, 21

graded lexicographical ordering, 76

Holder inequality, 8

halfspace, 51

heat equation, 23

Helgasson consistency conditions, 44
high pass, 57

homogeneous, 38

hyperplace, 29

impulse response, 56, 63

infinitely differentiable, 7

inner product, 9

integrable, 6

integral transform, 3

integration by parts, 13

interpolation, 87

inverse Fourier transform, 12, 15, 23,
25, 32, 58

inverse problem, 3

Inverse Radon transform, 31

inverse Radon transform, 75

Inverse X-ray transform, 36

isometry, 16

Jacobi method, 96, 107

Kaczmarz algorithm, 95
kernel, 4, 104
Kronecker product, 77

Laplace operator, 23
Laplace transform, 4
least squares, 98
Lebesgue integral, 6
Lebesgue point, 7
lexicographical ordering, 76
line integral, 5

linear, 4, 55

linear operator, 47, 55
low pass, 57

lowpass, 67

LTI filter, 55

measurable sets, 6
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measurement, 63

NAPOLEON BONAPARTE, 10
Nyquist frequency, 60

onto, 101

operator norm, 102
orthogonal matrix, 29
orthogonal projection, 36
orthogonal series, 74
orthonormal system, 71
overrelaxation, 102
oversampling, 60

parallel scanning, 85
parametrization, 50

PARSEVAL DES CHENES, 16
Parseval formula, 17

partial differential operator, 57
periodic convolution, 76
periodization, 17

phase, 10

phase shifts, 12

pivot, 100

pivoted Kaczmarz, 100
Plancherel identity, 17

point evaluation, 7, 20

Poisson summation formula, 18
polar coordinates, 24
polynomial, 38

power series, 38

Projection Slice Theorem, 30

quadrature formula, 28, 86
quasi interpolant, 59, 83

radial function, 66, 69, 70

Radon transform, 5, 29, 34, 37, 38, 43,
44, 46, 63, 64, 85

Ram-Lak filter, 67

rapidly decaying functions, 21

reconstruction function, 63

rectangular rule, 86

regular distribution, 20

relaxation, 102

relaxation parameter, 102

reparametrization, 51

residual, 101



ridge function, 90

Riemann integral, 5

Riemann sum, 28, 86
Riemann-Lebesgue lemma, 15
Riesz potential, 32, 33, 64

sampling distance, 59
sampling frequency, 60
sampling operator, 59
sampling rate, 84
scaled system, 100
scan geometry, 86
Schwartz class, 21
SHANNON, 59

Shannon Sampling Theorem, 59

signal, 55

Signal Processing, 55
sinc, 67, 68

sinc function, 57
sinogram, 29

sinus cardinalis, 57
Sobolev norm, 46
Sobolev space, 24, 46
SOR, 108

span, 96

sparse, 94

spectral radius, 110
spherical integral, 70
stable, 47

successive overrelaxation, 108
support, 58

surjective, 101

system matrix, 94, 101

tangent bundle, 34
tempered distribution, 22
tempered distributions, 58
test function, 19

time invariante, 55

torus, 4, 17, 75

transfer function, 56, 57, 66
transform, 3

translation, 10, 33
translation operator, 56
trigonometric polynomial, 76
Tuy’s condition, 51

underrelaxation, 102

Index

uniformly continuous, 7
unit ball, 28, 41

unit sphere, 28

unitary, 79

update step, 95

vanishing moments, 41
vectorization, 81

wavelet transform, 5

X-ray, 27
X-ray transform, 34, 43, 44, 46, 65
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