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1. Introduction

(1.1) Background. Riesz products are very useful for the construction of singular measures on compact,
Abelian groups. Under some circumstances, two Riesz products are either equivalent or singular in the
measure-theoretic sense. Exact knowledge of these circumstances has been of major interest ever since
the 1930s, when Riesz’s famous example [8] was recognized as a fertile source of examples of singular
continuous measures. Zygmund [11] showed that any Riesz product over a Hadamard dissociate subset of
N is either a square integrable function or singular with respect to Lebesgue measure. Hewitt—Zuckerman
[4] generalized these products to all compact, Abelian groups, introducing the notion of a dissociate subset.
They extended Zygmund’s result in certain cases. The next major step was taken by Brown—-Moran [3]
and Peyriere [6], [7], who showed that two Riesz products

o = H (1 + anxn + anX,,) and up = H(l + buXn + 00 X,)
n>0 n>0

are mutually singular if

(@) 3,50 lan — by |? = oo.

The author [9] has improved another result of Brown—Moran [3] by showing that u, and u;, are equivalent
if

(B) ano lan, — bn|2/(1 —lan + by|) < 0.

He also extended these results to more general infinite products of functions. It follows from [3], proposi-
tion 2, that («) and (8) are essentially the best possible conditions using the coefficients a,, and b,, alone.
However, it is still not known whether two Riesz products on the circle over a general dissociate set are
either equivalent or mutually singular.

We consider here dichotomy theorems for Riesz products and generalized Riesz products possessing
a factorization property first considered by Peyriére [6]. As an application we give an affirmative answer
to the question mentioned above in certain cases including the case of two Riesz products on the circle
over a dissociate set of the form {r* | k > 0} (r > 3). We also give necessary and sufficient conditions
for the occurrence of either case.

The results presented here are based on the author’s extension [10] of Kakutani’s dichotomy theorem
[5]. This extension uses a 0-1 law as a major tool to establish dichotomy and to obtain necessary and
sufficient criteria for absolute continuity and mutual orthogonality. Consequently, the main part of the
present communication consists in establishing 0-1 laws for infinite products of functions (Section 3).
The 0-1 laws used here are similar to the ergodic assumption appearing in [2] and [1], but do not require
the countability condition occurring in their definition of ergodicity.

(1.2) Notation and terminology. G will be a compact, Abelian group, B the o—algebra of its Borel
sets, and A normalized Haar measure on G. X denotes the (discrete) character group of G. M (G) will
be the set of all probability measures on (G, B), endowed with its weak* topology. € (G) stands for the



space of all continuous functions > 0 on G with A\-integral 1. 21 (G) denotes the subspace of all functions
in € (G) with absolutely summable Fourier series. For f € A (G), we will write

F= 1Y E D010 -

XEX

37 (G) means the set of all elements f € 2] (G) such that f > 0. Denoting by LT (G) the set of all
functions in € (G) such that f > 0, we obtain the inclusions

PI(G) ST (G) SA(G) S €] (G).

Let (T,)n>0 be a sequence of symmetric subsets of X containing the character 1. A sequence (Xpn)n>0
such that x,, € T,, for all n and x,, = 1 for almost all n will be called a (T,,)—word (or simply word, if no
confusion seems possible). For m > 0, ,, will stand for the set of all words of length m, i.e. all words of
the form (xo0, X1, -5 Xm—1,1,1,...). Given x € X, Q,,(x) will stand for the set of all words in £, such

that
m—1
1T o =x
k=0

(the words in €, that represent x), and Q(x) will mean the set of all words that represent y. The
sequence (T,,) will be called 1-dissociate, if the only word representing 1 is the trivial word (1,1,...) and
it will be called 2—dissociate, if each character in X has at most one representation as a word. A sequence
(Xn)n>0 C X\ {1} will be called 1-dissociate (dissociate), if the sequence ({1, Xn, Xn})n>0 is 1-dissociate
(2—dissociate).

Now let (T,,) be 1-dissociate and let (f,) be a sequence in €} (G) such that

supp fn := {x € X | fu(x) #0} C Ty,

for all n. We will write )
fm,n = H fk~
k=m

1-dissociativity of (T,,) implies that f fmndA =1 for all m, n such that m < n; any weak* cluster point
of the sequence (fo,nA) will be called a generalized Riesz product generated by the sequence (fy,). If (fy,) is
a sequence in J7 (G), then the weak* limit exists (see [9]). Let u be a generalized Riesz product generated
by (f») and let m > 0. Then any cluster point p of the net (fi, ., A)-, where (n;). is any subset of N
such that

H = lim fO,n.,.Av
will be called a tail measure for p and m. We have p = fo mp.

If f,, has the form f, = 14 anXn + GnXn for all n, where (x,) is a 1-dissociate sequence and the
an’s are complex numbers of modulus < %, then p is called a Riesz product. Since, in this case, we have
fn € 37 (G), the sequence (f,,) generates exactly one Riesz product p = lim,, fo.,A and tail measures are
uniquely defined.

Given a probability space (2, F, P) a sub—o—algebra T of F, and a function f € L1(P), the symbol
Ep(f | 7) denotes the conditional expectation of f with respect to T and P. P will be called trivial on
a sub—o—algebra T C F, if P(T)=0or 1 forall T € 7.

2. A previous result

In [10], theorem 7.7, we extended Kakutani’s dichotomy theorem [5] on product measures to a non—
independent case. The following theorem is a specialization of this result and is the basis for our main
dichotomy theorems (4.2 and 4.4) for Riesz products. Let (T") be a decreasing sequence of sub—o—algebras

of B generated by continuous functions on G and let T := (), ,,T".

(2.1) THEOREM. Let (f,) and (g,) be two sequences in €] (G) adapted to (T") and let py and u, be
generalized Riesz products generated by (fn) and (gn), respectively. Suppose that



() pg is trivial on T,

(B) Ex(fn |T") =1=Ex\(gn | T*) for all n > 0,

(v) 0{go,n =0} =0 for all n > 0 and all generalized Riesz products generated by (gx)k>n, and that
)

(0) there exist two subnets (my) and (n;) of N such that im; go n. A = pg and

lim fO,magma,nT A= K-
o,T

(a) The following statements are equivalent.

i is absolutely continuous with respect to pig;
By Ky
1 and are not mutually singular;
(ii) py and pg y sing
(i) there is a € > 0 such that, for all n > 0, we have f(f07n/go7n)%dug >e€;

(iv) 1imy, p oo [ (Frnn/Gmn)? dpg = 1.

(b) If the equivalent statements (i)—(iv) hold, then the sequence (fon/go,n) converges in Li(ug) to the
Radon—Nikodym density dpy/dpg.

3. Zero—one laws

In order to apply Theorem (2.1) to Riesz products and generalized Riesz products we need a 0-1 law for
these measures. We first give a simple but general 0-1 law that extends Kolmogorov’s 0-1 law in the
product case.

(3.1) LEMMA. Let (Q,F, P) be a probability space, let T be a sub-c—algebra of F, and let C be a total
subset of Lo(P). The following two statements are equivalent.

(a) P is trivial on T;
(b) [YEp@ | T)dP < | [¢dP|? for all ¢ € C.
Proof. We only have to show that (b) implies (a). By the Cauchy—Schwarz inequality, we have

| [ 1Betw |94 < [ Er(v | 7)BR(5 | T)aP
— [ vEp( | ap, 1)
It follows from (b) that equality holds in (1). Thus Ep(¢ | T) is constant P-a.e. for all ¢ € €. Since C

is total in Lo(P), we see that Ep(f | T) is constant P-a.e. for all f € Ly(P), i.e., P is trivial on 7.

We will next apply Lemma (3.1) to Riesz products and generalized Riesz products. To do this, we
need a definition that goes back to Peyriere [6] in the case of dissociate sets.

(3.2) Definition. Let (T, )n>0 be a sequence of symmetric subsets of X such that 1 € T,, for all n > 0.
We will say that the sequence (T,,) is factorizing, if

(1) T NV (Upmsn Tm) = {1} foralln > 0.

(b) We will say that a sequence (xn)n>o0 in X is factorizing, if the sequence of subsets ({1, Xn, Xn })n>0
is factorizing. (The symbol (Y) indicates the subgroup generated by a subset Y C X.)

(3.3) Ezxamples. (a) Let (Gy)n>0 be a sequence of compact Abelian groups and let

G=][Gn

n>0



be the product group. Let X,, be the dual group of G,,. Then T,, := X,, can be considered as a subgroup
of the dual group X = @nZO Xy, of G. The sequence (T,,) is factorizing.

(b) The archetype of a factorizing sequence (r,,) in Z is given by

n
T'n = H lkv
k=1

where the [’s are integers > 2.
We now introduce some notations.

(3.4) Notation and terminology. In what follows, (T,) will denote a factorizing sequence of symmetric
subsets of X such that 1 € T,, for all n. We will write T" for the subgroup (U,,~, Tm) of X and H, for
the annihilator A(G,T") of T" in G (n > 0). (H,,) is an increasing sequence of compact subgroups of G.
An will denote Haar measure on H,,. In the obvious way, \,, will also be considered as a Borel measure
on G. T stands for the sub—o—algebra of B consisting of all H,—invariant Borel sets in G, T C T
stands for the sub—c—algebra of B generated by T", and T and T denote the o-algebras [, > 7" and
>0 T, respectively. -

(3.5) LEMMA. (a) Let (xn) be a word such that HZ"‘;Ol Xk € T™ for an m > 0. Then xx = 1 for
k< m. -
(b) (T,,) is 1-dissociate.

Proof. (a) Suppose that there exists an index k < m such that xr # 1. Let [ be the least among these
indices. Then we have

ka € T™ and X1 € H)ZkTm - THL
k> k>l

This contradicts the factorization property. Part (b) is an immediate consequence of (a).

(3.6) Explanation. Let (g,) be a sequence in €] (G) such that supp g, C T, for all n > 0. Let p be a
generalized Riesz product generated by (g,,) (see (1.2) and (3.5(b))). The following lemma says that tail
measures for p are uniquely defined and gives a representation of tail measures.

(3.7) LEMMA. Let m be an integer > 0.

(a) There is only one tail measure py, for p and m.

(b) pm = p* A

Proof. Note that go m(x) =0, if x is not represented by a word in §2,,,. We thus obtain by (3.5(a)).

1 x=1,

0 x#1, o

ie.
gO,m * Am =1. (2)

Since the functions g; such that [ > m are H,,~invariant, (2) implies for n > m and x € G

9o,n * An () =/go,m(fv = Y)gm.n(T —y)Am(dy),

:gm,n ({E) (g(),m * )\m)(x)a
:gm,n(x)-

If o = lim+ go,n, A, then (3) shows that
lim gy n, A = lim go,pn, * Ay, = 0% Ay
This proves the lemma.

We now obtain a representation of the conditional expectation occurring in (3.1(b)).

(3.8) LEMMA. For any bounded, Borel-measurable function h on G and any m > 0 we have



(i) Ey(h|T") = (hgom) * Am.

Proof. We use Lemma (3.8) to compute for E € T

/1Ehd //lE (@ + y)h(z + y)go,m(x + y)p(dr) Am (dy)
- / 5 (@)] / Wz +9)g0.m @ + 9) A (dy)]ja(de)
:/1E[(hg0,m) * A |d .

Since (hgo,m) * Am 18 7mfmeasurab1e, the lemma follows.
We finally obtain a 0-1 law for generalized Riesz products in the case of factorization.

(3.9) PROPOSITION. Let (g,,) be a sequence in € (G) such that supp g, C T, for all n and let
=1 A
= I o
be a generalized Riesz product generated by (gn). The following two statements are equivalent.
(a) 1 is trivial on T ;

(b) limgeplimsep > Gon, (X)Jo,n,(X) =0 for all ¢ € X.

xEYTNo
XF#Y

Proof. We will show that (b) is equivalent to (3.1(b)) for (Q,F, P) = (G, B,u), T=T , and € = X.

By (3.8), we have
[ 6B TV =t [ 5,5 | T
=1iTrn}1/w[1Zgo,m * A ]dp

=lim 1im/w[1$go7m % Am]90,n. A

Using the identity -
[¥g0,m * Am] " (X) = L1m (X)Go,m (¥X),

we obtain

/w[d_}go,m mlgon X =" Gom(1hx) /wxgo n A

XE Tm

=3 Goun(®X)Fon, (BX)-

XET™
It follows from (1) and (3) that

oceD rteD
XEYTne

/d)EM(d_J | foo)du = lim lim Z 9o,n. (X)G0,n, (X)

=A)A) + lim lim > Gon, ()Fo.n, (X)-

ceDTeD
XEYTNo
xXF#

Since (3.1(b)) in the present case is equivalent to
[ 6B 17) =AW

by the Cauchy—Schwarz inequality, (4) shows that (3.1(b)) is equivalent to (b).



(3.10) Remark. If (T,,) is 2-dissociate (see (1.2)) as well as factorizing (3.9(b)) can be rewritten in a
simpler form. In this case, we have for m < n and any x € X

/g\O,m(X)Q\O,n (x) = |§0,m (X)|2

(consider the two cases Q,,(x) = 0 and Q,,(x) # 0), and Statement (3.9(b)) is thus equivalent to the
statement

(@) lim Y [Go.m(x)|> =0 for all ¥ € X.

M xeypTm™
XF#Y

We mention two corollaries of Proposition (3.9). For the first corollary note that a sequence (g,,) C
37 (G) (see (1.2)) such that suppg, € T, (n > 0) generates exactly one generalized Riesz product
w=1lmgo A (see [9]).

(3.11) COROLLARY. Let (gn,) be a sequence in I (G) such that supp g, C T, for all n and let p be
the generalized Riesz product generated by (g,). Suppose that

(@) Npso T™ = {1} and that

(B) [ vanishes at infinity.

Then p s trivial on T,

Proof. Let 1/ be the generalized Riesz product generated by the sequence (g.,) (see (1.2)). We put

m—1
9.0 = ] 9
k=0
By Lemma (3.8) we have for all m > 0 and all ¢ € X (see also (3.9(2)))

> fGom()| < Fo,m (%)

XEYT™ XEPT™
=[(4%g6,m) * Am](0)
=Eu(|T")
<1. (1)

Since go,m € 11(X) and since the sequence (go.»)n converges boundedly to g, we have for any m > 0

im Y Gom(0Gon(0= Y Gom(ACD: (2)
| xeyTm XEPTM
X#YP X#Y

Condition (3.9(b)) now follows from (2), (1), («), and (5).

The proof of the following corollary uses a refinement of an argument appearing in Brown [1], p. 235.
|E| stands for the cardinal number of a (finite) set E.

(3.12) COROLLARY. Let (gn) be a sequence in € (G) such that supp g, C T, for all n and let u be a
generalized Riesz product generated by (gy). Suppose that

(@) Mmzo T =A{1},
m—1
(B) sup [{(x) € Qm [ # ;}:[o Xk € YT} < oo
for all ¢y € X, and that

(7) there is a constant v < 1 such that ||gn/—\1||oo <~ for almost all n.



Then p is trivial on T

Proof. Given a character v, we define

m—1
A = {(Xk) € lv# [ xa Eme}

k=0

and
I = min [{k|xx#1} (m>1).

(kE'm,

We will show that
lim 1, = occ. (1)

m—0o0

Let m and n be two integers such that 1 < m < n and let (xo,...,Xn-1,1,1,...) € A,,. We then have

m—1
I e =T I xx € 07T = 0T (2)
k=0

k>0  k>m

If ngol Xk were equal to ¥, we would have

o I xw € 0T”

k>m

and Lemma (3.5(a)) would imply

HXk:]-a

k>m

contrary to

HXk?A¢-

k>0

Thus we have
m—1

I xx # ¢

k=0
and (2) implies that (xo,..., Xm-1,1,1,...) € A,,.

Given an integer m > 1, Assumptions («) and () together imply that there exists an integer n > m
such that A,, N A, = 0. The reasoning above now shows that l,, > l,,, i.e. (1) holds.

Let ¢ be the supremum in (5). Using (5) and (y), we may estimate as follows.

Z gOm gOn )|§ Z |/g\0,m(X)|

XEPTM XEYT™M
xXF# XF#Y

-S| T TIaw

XUt | (k)€ (x) K=0

Z Hgk Xk)

(Xls )EATVL =

>

(xx)EAM
<cyy'™. (3)

Condition (3.9(b)) now follows from (3) and (1).




4. Dichotomy of Riesz products

Theorem (2.1) together with Proposition (3.9) and its corollaries give rise to several similar dichotomy
theorems for Riesz products and generalized Riesz products. We will here state two sample results. We
first give a sufficient condition for Assmption (2.1(0)).

(4.1) LEMMA. Let (T,,) be a 1-dissociate sequence of symmetric subsets of X and let (f,) and (gn)
be two sequences in TJT(G) such that suppfn C T, and suppGn C T, for all n. Let py and pg be the
generalized Riesz products generated by (fn) and (gn), respectively. Then limpy, » fomGmnA = py.

Proof. Let x € X. By [9], (3.3), the family
(T 7069) (o

k>0

aro) =S JI G

(xx)€Q(x) k20

is absolutely summable and

The lemma now follows from the equality

Gomama) 00 = 3 T Fetwe) T 3.
k=m

(xk)EQn(x) k=0
We next give a first dichotomy theorem for generalized Riesz products. Notation is as in (3.4).

(4.2) THEOREM. Let (T,) be a factorizing sequence of symmetric subsets of X containing the character
1 and let (f,) and (gn) be two sequences in J{ (G) such that supp fn, C T, and supp g, C T, for all n.
Let iy and pg be the generalized Riesz products generated by (frn) and (gn), respectively. Suppose that

(@) ﬂmZO " ={1},
(B) g vanishes at infinity, and that

(v) the functions g, are nowhere zero.
(a) The following statements are equivalent.

1) s is absolutely continuous with respect to fig;
f g

1) py and pg are not mutually singular;

( ) f 9 Y g

(iii) there is an € > 0 such that, for all n > 0, we have f(foyn/goyn)%dug >e;

(b) If the equivalent statements (i)-(iv) hold, then the sequence (fo.n/go,n) converges in L1(ug) to the
Radon—Nikodym density dpy/dpg.

Proof. Since T C T, (2.1(a)) follows from Corollary (3.11), a, and 3. By Lemma (3.8) and by
(3.7(2)), we have Ex(fy | 7”“) = fn * A1 = 1 and similarly

BEx(gn | T = 1.

Thus (2.1(5)) is satisfied. Since (2.1(9)) is satisfied by Lemma (4.1), the theorem follows from Theorem
(2.1).

(4.3) Explanation. Theorem (4.2) has only little interest in the case of Riesz products over a dissociate
set. In this case, Assumptions (4.2(5)) and (4.2(y)) imply inf, ; gn(xz) > 0, and the Brown-Moran—
Peyriere dichotomy theorem (see (1.1)) applies without assuming factorization. Using Corollary (3.12)
we, however, obtain a theorem that gives new information even in the classical case of Riesz products
over (4%)5>0.

(4.4) THEOREM. Let (T,) be a factorizing sequence of symmetric subsets of X containing the character
1 and let (f,) and (gn) be two sequences in J{ (G) such that supp fn C T, and supp g, C T, for all n.
Let p1y and pg be the generalized Riesz products generated by (fn) and (gn), respectively. Suppose that



(@) ﬂmZO " = {1},
(8) b |{ (k) € Q|0 # TS 0k € 0T | < o0 for all v € X,

(v) there is a constant v < 1 such that ||gﬁ/—\1||Oo <~ for almost all n, and that

(0) the functions g, are nowhere zero.

Then Statements (4.2(a)) and (4.2(b)) hold.

Proof. As in the proof of (4.2), (2.1(5)) follows from (3.8) and (3.7(2)). The theorem now follows
from (2.1), (3.12), and Lemma (4.1).

(4.5) Illustrations. (a) Let (r,) be as in (3.3(b)) and let

Lq = H (1 + ay, exp(2miryt) + a, exp(—2miryt)),
n>0

Hp = H (14 by, exp(2mir,t) + by, exp(—2mir,t)) 0<t<1)
n>0

be two Riesz products over (r,,), where (a,,) and (b,) are sequences of complex numbers of modulus < 3.
Then Theorem (4.4) says that u, is equivalent to up or these two measures are mutually singular and
give necessary and sufficient conditions for the occurrence of both cases. To show (4.4(/)) note that

—

m— m—1
e <Y (Thg1 = Tk) < T,
ke

k=0 0

so that the supremum is at most 2. This result is also a sharpening of Peyriere’s result [7] on Riesz
products over the 1-dissociate sequence (2%)x>o.

(b) Let A be Lebesgue measure on [0, 1] and let 1 := sgnsin 27z (0 < 2 < 1) be the first Rademacher
function. It is plain that pf := A and pg := (1 + 71)A are Riesz products on [0, 1] (identified with the
Cantor group {0, 1} in the usual way). Since 1 is neither absolutely continuous nor singular with respect
to ftg, this example shows that Assumptions (4.2(7)) and (4.4(6)) may not be omitted. In some cases,
however, these assumptions may be relaxed. Suppose that the sequence (T,,) is 2-dissociate (see(1.2)) as
well as factorizing and replace (4.4(~y)) by the stronger condition

(@) there exist two constants p > 1 and K < 2 such that [[g, |5 < K almost all n. Satz (5.3) in [9]
then asserts that p, and all its tail measures are continuous. Hence Condition (2.1(7)) is satisfied if the
sets {gn = 0} are countable, i.e. Theorem (4.4) remains true in this case. In particular, we have

(4.6) PROPOSITION. Any two Riesz products on'T over a dissociate set of the form {r™ | n. > 0} (r > 3)
are either equivalent or mutually singular and the criteria for absolute continuity given in (4.2) are valid.
In this case the ratios (fon/gon) converge in L1 () to the Radon—Nikodym derivative (dpq/duy).
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