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ON DIFFUSION PROCESSES AND THEIR SEMIGROUPS IN
HILBERT SPACES WITH AN APPLICATION TO INTERACTING
STOCHASTIC SYSTEMS

BY G. LEHA and G. RITTER

Universitat Erlangen—Niirnberg and Universitat Passau

We study solutions to stochastic differential equations in Hilbert space. In particular
we give sufficient conditions for nonexplosion and for the associated semigroup to
be of Feller type. We also give applications to systems of stochastic differential
equations.

1. Introduction. Diffusion processes play an important role, among others, in the following
situations:

There is a well-known connection between elliptic and parabolic differential operators of
second order and diffusion processes. It is possible to construct for certain of these operators L
a diffusion process £ whose characteristic operator is an extension of £ (cf. e.g., Dynkin [9], for
a survey). The potential theory of £ may then be studied with the aid of the associated process
&: A function h on the state space is (sub)harmonic if h(§) is a (sub)martingale, the solution to
the Dirichlet problem is obtained through the first hitting distributions, and so on.

In statistical mechanics Gibbs measures p may often be characterized as reversible measures
with respect to a certain semigroup arising from a diffusion process (cf., e.g., Doss—Royer [8],
and Holley—Stroock [15]).

Certain motions, such as physical Brownian motion are governed by the classical laws of
particle mechanics together with a statistical perturbation. This leads to a stochastic integral
equation and to a diffusion process which is under certain simplifying assumptions in the case
of physical Brownian motion the Ornstein—Uhlenbeck process.

As in the last case all the processes mentioned above may be constructed as solutions to
stochastic integral equations. This idea goes back essentially to K. Itd [16, 17], who treated
the finite dimensional case. However, in view of the second and third examples above, infinite
dimensional state spaces have drawn more attention in recent years. The case of compact state
spaces as occurring in the study of the infinite dimensional Wright—Fisher genetic model or
the infinite dimensional plane rotor model have been treated in Ethier—Kurtz [11] and Holley—
Stroock [15].

We deal here with a finite or infinite dimensional vector space as state space, a situation
that was already considered by Daletskii [4, 5, 6], Lang [20], Doss-Royer [8], Shiga—Shimizu
[30], and Fritz [12]. The case of an infinite dimensional vector space has gained additional
interest due to the so—called lattice approximation in quantum field theory (cf. Nelson [28],
Guerra—Rosen—Simon [13]).
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As out results are most naturally formulated if the state space is a Hilbert space, we start
with a stochastic integral equation (see 3.2) with diffusion operator 2 and drift vector b in a
separable Hilbert space H. This setup permits us to use systematically the theory of stochastic
integration in Hilbert space as developed in Métivier [24, 25| and Métivier—Pellaumail [26].

In Section 2 we review the basic facts about Brownian motion and stochastic integration in
Hilbert space needed in the sequel. In Section 3 we formulate and sketch a proof of a theorem
of existence and uniqueness that fits in our framework. Contrary to other methods that yield
weak solutions (cf. Doss—Royer [8], and Stroock—Varadhan [32]), we use a method familiar in
the finite dimensional case (cf. McKean [22]), obtaining strong solutions.

Our main parts are Sections 4 and 5. In Section 4 we give a sufficient condition for nonex-
plosion (Theorem 4.5) and in Section 5 we give conditions for the associated transition kernels
to be of Feller type (Theorem 5.19). These conditions are mainly growth conditions on the
coefficients of the stochastic equation. Theorem 4.5 says essentially that there is no explosion if
the diffusion grows at most linearly and if the outward drift is not too strong. Roughly speaking,
Theorem 5.19 says that the transition kernels are of Feller type if the diffusion is bounded and
the inward drift is not too strong. It seems that the later result has not been formulated before
even in the finite dimensional case.

In Section 6 we compute the infinitesimal generator for sufficiently smooth functions and
mention a connection with a martingale problem. In Section 7 we deal with applications to
systems of stochastic integral equations that are, e.g., used to describe physical systems with a
finite or infinite number of degrees of freedom. In previous work, infinite systems were treated
by approximation from the finite dimensional case (cf. Doss-Royer [8], Fritz [12], Shiga—Shimizu
[30]). By contrast, we work in Hilbert space including the infinite dimensional case without ap-
proximation. For our results we do not need any “symmetry”, “finite range”, or “stationarity”
conditions in the drift (interaction) part of the stochastic equation. Also we do not need bound-
edness conditions on the derivative of the drift term as, e.g., the condition (H4) in Doss-Royer
(loc. cit.). On the other hand our method requires that the “one site part” in the drift term is
not too large. We will deal with large one site drifts in Leha-Ritter [21].

The direct treatment of the infinite dimensional case was suggested to us by Dr. T. Barth.
We also thank Prof. H. Bauer und Prof. A. Wakolbinger for stimulating conversations on the
subject matter of this paper.

2. Preliminaries on stochastic integrals in Hilbert spaces. We shall give here a
brief account of Brownian motion and stochastic integrals in a real, separable Hilbert space H
with inner product (-,-) and norm || - ||. The main references are Métivier—Pellaumail [26] and
Métivier [24, 25]. Our basic space is a probability space (£2, F, P) endowed with a growing family
(Ft)t>0 of sub-o-algebras of F. The symbol E|[] will stand for the expectation with respect to
the probability P. We suppose that all processes (1:)o<t<r (where T' is a stopping time) on
(Q,F, P) that occur in the sequel are adapted to the family (5;). This means that the random
variables &, ¢1;;<7) are Ft-measurable.

(2.1) Brownian motion on H. Let Q be a positive definite, self-adjoint nuclear operator
on H. A continuous, H-valued process (5¢)i>0 on (2, F, P) is called a Brownian motion with
covariance operator 9, if

(i) for every s < t, By — s is independent of Fy;

(ii) for every s < ¢t and y € H, the distribution of the real random variable (8; — (s, y) is
Gaussian centered with variance (¢t — s)(Qy, y).



As all linear combinations Y A\ (8: — Bs, yk) = (Bt — Bs, 2 Akyk) are Gaussian, finitely many
variables (; — s, yx) are jointly Gaussian.

The following example shows that Brownian motions exist. We shall need it in Section 7.
Let I be an at most countable index set. Let 3 be the product on R of independent, one-
dimensional normal Brownian motions. Then § is a Brownian motion on each Hilbert space
H := Z(y) = {y = (yx) € R/ Y, c/mys < oo}, where (7x)kes is a summable sequence of
strictly positive real numbers. Its covariance operator £ is given via multiplication with the
diagonal matrix D’Y = ('kakl)k,lel'

Note that this example describes the most general Brownian motion. If £ is a self-adjoint,
positive definite, nuclear operator on a general real, separable Hilbert space H with eigenvalues
vt and normalized eigenvectors ci, then H may be identified in a natural way with the space
(v):

y=(yk) € 2(7) ~ Y yrv/Tkck € H,

The image of the process on £2() constructed above is a Brownian motion on H with covariance
operator ©.

(2.2) The isometric stochastic integral. Let B be the Borel o—algebra on the strictly positive
real line |0, co[. Let P be the o—algebra on 2x]0, co] of predictable sets, i.e., the sub—o—algebra of
B x F generated by the predictable rectangles, i.e., the sets of the form |s, ¢[x F, where 0 < s < ¢
and F € F;. Let p be a continuous H-valued L?(P)-martingale. Let a, be the Doléans measure
of the real submartingale ||u||?. This is the measure a,, on P such that

(1) au(]s,t[xF) = E[Lrllpe — psll”] = BILp(lluel? — llps]?)]-

There is one predictable process 9, with values in the set of positive, self-adjoint, nuclear
operators on H such that the following equality obtains for all ¢,z € H and all predictable
rectangles |s, t[x F":

2) | (@2, = Bl = ) 1 2)
s t[xF

It is straightforward to show that for Brownian motion § with covariance operator Q we have
(3) ag = (tr Q)A® P|P,

where A is Lebesgue measure on ]0,00[ and tr £ is the trace of the nuclear operator Q. A
similarly simple argument shows that

(4) (Qp)e = Q/tr Q.

Let G be another real separable Hilbert space. The set of integrands for the stochastic integral
with respect to the martingale p is denoted by A%(H,G,P,u) (cf. Métivier-Pellaumail [26],
14.5). This is the completion of the vector space of P-step functions X with values in L(H, G)
(the space of bounded linear operators H — G) with respect to the norm

(5) X132 :/ tr X509, 0 X! day,.
10,00[x Q2

Note that X* denotes the adjoint operator of X. A%(H, G, P, 1) has a representation in the space
of (not necessarily continuous) operators from H to G. However, we will need only L(H,G)-
valued integrands. We will repeatedly use the following sufficient condition for a process X to



be an integrand (Métivier-Pellaumail [26], 14.5): A?(H,G,P, 1) contains all predictable (e.g.,
left continuous) L(H, G)-valued processes X such that

(6) / tr X509, 0 X} day, < o00.
10,00[x 2

For a predictable step function Y = 25:1 Yilis, txF; (Yj € L(H, G)), the stochastic integral of
Y is the G—valued random variable on (2, F, P) defined by

g A RATEI

This definition establishes an isometry from the normed space of all P-step functions with
values in L(H,G) into LZ(P). The stochastic integral is the unique extension of this isometry

to A*(H,G,P,p). For Y € A*(H,G,P,u), [ Ysdpus is defined as [ 1 4Ydu; the process

fg Ydus)i>o is an L2 (P)-martingale. For an H-valued process ¢ such that ¢ := (¢,-) €
A*(H,R, P, ) we will write [(ps,dus) instead of [ g, dus.

We finish this paragraph by reproducing two formulae that will be important in the sequel
(cf. Métivier-Pellaumail [26], 14.7.1 and 14.7.2). Let X € A?(H, G, P, 3) and let

t
m:/XM%
0

Then the Doléans measure a, of ||u||% is

(8) a, =trXoQoX*A® PP
and
9) Qu=Xo00oX*/trXoQoX"

(2.3) Ité’s formula. In order to formulate a version of It6’s formula suiting our purposes
we need the tensor—quadratic variation of a continuous, H-valued L2(P)-martingale pu. Let X
be the L(H, H)-valued process (u,-)u. Then the tensor—quadratic variation <pu>> of p is the
predictable process of bounded variation such that X— <> is a martingale. Since the process
X consists of operators whose range is one-dimensional, <> has values in the space of nuclear
operators. When p is of the form

t
MZ/XM%
0

where

X € A*(H,G,?,),
we have by 2.2(3), 2.2(4), and Métivier-Pellaumail [26] 14.7.5

t
(1) <<u>>=/ X, 00 o Xids.
0

In particular <G>;= tQ.

Now let ¢ be the semi-martingale ¢ = u + ¢, where ¢ is a continuous, H-valued process
of bounded variation on bounded intervals. Let the function f : H — R be twice continuously
differentiable and suppose that the mapping f” : H — B(H, H) is uniformly continuous, where



B(H, H) denotes the continuous bilinear forms on H. In this situation, the following version of
It6’s formula obtains (cf., e.g., Métivier [23], Section 7):

(2) F(&) = F(€o) + /O F(E)dps + /O Fl€dpn + 1 /O (EL) decyisg

for all ¢ > 0.

The second term on the right side is not an isometric stochastic integral if f’ grows too fast.
As f" is bounded on bounded sets, so is f’. Therefore, denoting by 7' the first exit time of &
from the ball {y € H/||y|| < n},

T = int{t > 0/]& = n},

AT ()
( / f’(gs)dus>
0

is an L2(P)-martingale, i.e., the expression (fg f/(&s)dus)e>o is a local L?(P)-martingale. Thus

we see that
>0

equality (2) is to be understood in the sense that ¢ is replaced by ¢ A T'(),

In the last term on the right side of formula (2) the continuous bilinear forms f”(y) act on
the nuclear operators R via the duality

3) (f"(), R) — trf"(y)(R-, ).

3. Existence and uniqueness of solutions. For the reader’s convenience and for the
sake of completeness we state and prove in this section a theorem of existence and uniqueness
which fits in the framework of the following sections.

(3.1) Historical remarks. To our knowledge, Chantladze [3] and Daletskii [4] were the first to
construct diffusion processes in infinite dimensions, using [t6’s device of stochastic integration.
Daletskii (loc. cit.) considers a certain Hilbert space H and two functions b : H x R — H and
2A: HxR'T — L(H,H). Under the hypothesis that these two functions satisfy a uniform Lipschitz
condition he asserts existence of a unique solution to the stochastic differential equation

t t
Cor =+ /0 A(Ey e 5)dfs + /O (s, 5)ds.

In a subsequent paper, Daletskii [5], he also considers unbounded operators 2. A more recent
reference in the continuous case is Yor [34]. The question was pursued by Doss and Royer [§8],
who had in mind an unbounded spin model in infinite dimensions of statistical mechanics. They
consider a system of equations of the form

t
ot = an+ Bp + / be(Gos)ds (k€ Z9),
0

where the functions by : RZ" — R arise from a family of pair potentials that satisfy certain
conditions that we will not reproduce here. Their method is an approximation from the finite
dimensional case. The function by is supposed to be partially differentiable, so that, at least on
finite dimensional subspaces, by, satisfies a local Lipschitz condition.

We will now state a theorem on existence and uniqueness of solutions to stochastic differen-
tial equations in Hilbert spaces that is sufficient for our purposes. The proof below follows the
lines of the well-known theorem in the finite dimensional case. We will therefore give only a



sketch of the proof.

(3.2) Notation and definition. Throughout, the letter K will stand for a real constant that
may vary from one line to another. As in Section 2, let H be a separable Hilbert space with
inner product (,-) and norm || - ||. Let 5 be a Brownian motion with covariance operator £
on H. We will first be interested in solutions &, starting at x € H to the stochastic differential
equation in H

t t
(1) éx,t = +/O Ql(fx,s)dﬁs +/O b(&x,s)ds

on a stochastic interval [0,7]. To make this more precise, we consider two norm-continuous
mappings 2 : H — L(H,H) and b : H — H. We will say that a continuous process (£ +)o<t<T,
on (2,7, P) adapted to () is a (strong) maximal solution to the stochastic integral equation
3.2(1) starting at z € H, and with explosion time T, if

(i) limsup,_ . [|€z,¢]| = oo on the set {T}, < oo};

(ii) there exists a sequence (T}, )men of stopping times, growing to T, such that

() (fx 5)1[0 Tn] € AQ(H H, P, 8)
(ﬂ) 593 INT,, = T+ fo/\Tm 22[ 59: s dﬁs + f(f/\Tm b gx s)
for all £ > 0, for all m € N, and for almost all paths.

The integral |, PN Tm b(&z,5)ds is a Bochner (or also a weak) integral.

(3.3) THEOREM. Let A : H — L(H,H) and b : H — H be functions that satisfy Lipschitz
conditions on bounded sets, i.e., for each n € N there exists a constant L,, such that
[4(z) = AY)|| <Lnllz =y
[6(z) = bl <Lulz -yl
for all x,y such that |z|| < n, ||y|| < n. Let (Q,F,P,3) be any Brownian motion starting at

zero with covariance operator Q. Then, for each x € H, there exists exactly one strong mazimal
solution (§4.4)o<t<T, to the stochastic integral equation 3.2(1).

PrROOF. As usual, we divide our proof in two steps. We first suppose that the constants
L,, (= L) are independent of n (uniform Lipschitz condition) and show that in this case £, has
infinite lifetime, i.e., T, = co. Let x € H be fixed. We define by induction on n € Z™ a sequence
&ny = & of (continuous) stochastic processes on © x R with the property

t
(1) E[/ ||§?||2d5}§oo for all ¢ > 0.
0
Let
& =z,
t
ntl = A(EMdps + [ b(EM)d t > 0).
x+/ (em)da /Oms (t>0)

We have to show that £"! exists and that (1) holds for n + 1 if £" exists and if (1) holds for n.
We first show that the mapping

(s,w) — A& (W) Ljo,g



is an element of A?(H,H,P,3) (see 2.2). Since A(£7) is continuous, our claim will follow from
2.2(6), i.e., we have to show

@) B[ [ wae cnoweis] <o

However, since 2(x) = O(||x||) by our uniform Lipschitz condition, the quantity on the left side
of (2) is majorized by

t t
tr QF [/ HQ[(gQ)Hst} < KtrQF [/ (1+H§Q\|2)ds} < oo.
0 0

It follows (cf. 2.2) that the martingale ( fot A(E7)dBs )¢ is square integrable; we obtain

e[ [ [ aeasira] = [ E[) [ @iz a
L |= [l |
< (&1 [ aeise)

= e 5[l [ aenase].

It remains to show finiteness of the expectation

t u
E [ [ b<£2>d8|r2du]-
0 0
This follows from

U 2 o t
([ ioenas) < ["ipeias < w0 [ jeias
by our uniform Lipschitz assumption.

We now show that the sequence (£}'),>0 converges almost surely and locally uniformly to
a process (). We first use the isometric property of the stochastic integral and our Lipschitz
condition to estimate

[ @) - aeas)?
Iy |

e [/ tr({AEL) — AT} o Qo (AT (&) — A" (€ ™)})ds

0
t
<wap | [ ae) - 2]
0
t
<war? [ E(lg - Plds.
0
For the term E||| fg b(£7)—b(£771)ds||?] one obtains a similar estimate (cf. the finite dimensional

case). Putting DI := E[||&'! — €1]|%] and using the inequality |z + || < 2||z||? + 2||y||> we
obtain the estimate

Dy <2 [n / @) — A€ dB|? + | / (b(E™) — b(en1))ds|?

t
< 2L2(tr£2—|—t)/ Dlds.
0



On the other hand we have again by isometry

pp <20 ) [ @] + 21 [ owasl?]

t t
=2F [/0 tr A(x) oQle*(:z)ds] +2 [H/o b(m)ds]ﬂ
< 2tr Q|2A(2)||%t + 2[|b(z)||*t* =: Ko(t).

Using monotonicity of Ko(t) and K (t) := 2L?(tr Q+t) we now see by induction that the quantity
Dy satisfies the inequality
Dit < Ko(t)(K(t)t)" /n!.

The proof of existence (in the uniform Lipschitz case) now continues as in McKean [22], page
53. A similar reasoning shows that the solution is unique (cf. McKean [22], page 54).

We now turn to the proof of the general case. We extend the restriction of 2 and b to the
ball {|ly|| < n} C H to functions A,, and b,, that satisfy Lipschitz constants uniformly on H,
e.g.,

A(y) if ly| <n
an(y) =
A(ny/||yll) elsewhere.

According to our first step, we obtain stochastic processes (ft(n))ogt@o for the modified data 2,
and b,. Let
T = inf{t > 0/ > n}

be the first exit time of ft") from the ball {||y|| < n} C H. By uniqueness,
e = e for all £ < TV,

By continuity of £, the sequence T of stopping times is eventually strictly ascending and
eventually strictly positive. Let
T, :=supT™.
n

If T;(w) < oo, then

lim sup [|&;(w)[| = limsup [[§pem) ) (w)]| = oc.
0<t<T,, n

(3.4) Remark. The proof shows that in the uniform Lipschitz case we may use the constant time
m for the stopping time 7}, in 3.2(ii).

4. Nonexplosion. The main question of this section is: What conditions on the data 2
and b ensure infinity of the lifetime 7,7

(4.1) Historical remarks. It is well-known that the solution to 3.2(1) has almost surely infinite
life time Ty, if the functions 2 and b satisfy uniform Lipschitz conditions (see, e.g., 1t6 [18], and
McKean [22], in the finite dimensional case, and Daletskii [4] in the infinite dimensional case.)
Several authors have weakened this condition. In the finite dimensional case, Stroock—Varadhan
(cf. [32], 10.2.2) prove infinity of the life time T}, if ||2A(y)|| = O(||y|]) and if (y,b(y)) < K(1 +
lly||?). Their theorem is couched in terms of the martingale problem. A fairly general condition
is due to Has’minskii [14]. In some instances, however, his condition is not easy to verify. In
the infinite dimensional case, if 2 is identity, Doss and Royer [8] give some kind of an upper
boundedness condition on b. Métiver—Pellaumail [26], 7.2, use the condition ||b|(y)|| = O(|ly]]),
although in a somewhat different context.



We will use a boundedness condition on 20 and the same upper boundedness condition on
(y,b(y)) as in Stroock—Varadhan (loc. cit.). We first prove two lemmas. The first lemma is a
A%-version of (Métiver—Pellaumail [26], 4.2).

(4.2) LEMMA. Let (Xy)i>0 be a left-continuous process in A*(H,G,P,3) and let (Y¢)i>o
be a left-continuous process in L(G,K), where G and K are Hilbert spaces. Suppose that the
expectation

(1) E [/ tr(YsoXs00Qo0X!o Y:)ds}
0
is finite. Define py := fg XsdfBs. Then the two stochastic integrals

t t
/ Y dus and / Y, o X,dgs
0 0

exist and are P—equivalent.

PROOF. We apply 2.2(6) to the process Y. Because of 2.2(8) and 2.2(9), 2.2(6) is nothing else
than finiteness of the expectation (1), so that the first integral exists. This finiteness together
with 2.2(6), 2.2(3), and 2.2(4) shows that also the second integral exists. At the same time we
see that the mapping

AY G, K, P,p) — AYHK,P,0)
7 — ZoX

is an isometry. The two stochastic integrals are P—equivalent when Z is a P—step function. The
rest of the lemma now follows from the isometric property of the stochastic integral.

(4.3) Remarks. (1) Suppose that 7, is a left—continuous process in H. Then Y := (1, -) is a
left—continuous process in H' = L(H,R). If G = H, the expectation 4.2(1) is in this case

(1) E {/OOO(XS oo ins,ns)ds} .

If this quantity is finite, then the stochastic integrals

[t [ o5

exist and are P—equivalent.
(2) The expectation 4.2(1) is finite, if Y is uniformly bounded.

Our next lemma is an application of It6’s formula.

(4.4) LEMMA. Let t > 0, let (Xs)s>0 be a process in L(H,H) s.th. X1y € A?(H,H, P, 3)
and let (ps)s>0 be a process that is locally integrable with respect to Lebesgue measure and s.th.
E[f(;5 llpsllds] < oco. Define ns == = + f(f X, dBy + f(f wudu and suppose that the expectation
E[fg(XS o 9 o X*ns,ns)ds| is finite. Then we have

t

t t
Il = ] + 2 /0 (Xns, dBs) + 2 /O (0 03 ) s + /0 (X, 0 9 0 X?)ds,



where the second term on the right is an isometric integral.

PROOF. We apply It6’s formula 2.3(2) to the function y — ||y||> on H and to the process

SNt SNt
fs =Nsat =T+ / Xudﬁu + / Spudu
0 0

By hypothesis on X the process g := OSM X,df, is an L2(P)-martingale and (f(f/\t Yudu)s>0

is of bounded variation. Therefore we have for s <t

s

6l = o] + 2 /0 (Curdpia) +2 /O (s ) + /O d <pis

By Remark 4.3.1 and by hypothesis, we have for these values of s

[ € = [ x50,

This equality together with 2.3(1) implies the lemma.

Our theorem reads as follows.

(4.5) THEOREM. Let notation be as explained in paragraph 3.2 and let b be bounded on
bounded sets. Suppose that

(I) tr(A(y) 0o Qo A*(y)) < KA +lyll*) (eg, [A)]I = O(llylD))

(I1) (y,b(y)) < K(1+ [lyl|*)

for ally € H. Let (§4¢)o<t<T, be a mazimal solution of equation 3.2(1), starting at x. Then, for
any x € H, the explosion time T, is infinite (a.s.).

PROOF. We denote by T™ the first exit time of &, from the ball around the origin of radius
n € N in H. Let (T},) be a sequence of stopping times as in 3.2.

Xs = Q((gx,s)l[o,’f(")} and Ps = b(gx,s)l[(),T(")}-

We show that we may apply Lemma 4.4 in the present situation. Since, by Condition I,

t tAT (™)
(1) E [/ trXsoQo X:ds] <KE / (1 + [|€x5]1)ds | < oo,
0 0
we have
(2) Xl[o,t} € A'2 (H) IHL :])7 ﬂ)

for all t > 0. By the boundedness condition on b, the process ¢, satisfies E|[ fot llpsllds] < oo for
all t > 0. The process 1 := &, ;ap is bounded. Therefore

t t
E[/ (XsoQoX:ns,ns)ds} <E[/ ms]|%trXs 0 Qo X}ds| < oo,
0 0

for all t > 0 because of (2). From (1) we infer that 1[O,t/\TmAT(")}QL(€I,S) converges to 1[07t/\T(n>}Ql(§x,s)
in A2(H,H, P, 3) as m — oo. It follows that

AT AT tAT ()
/ Ql(ga:,s)dﬁs - / Q[(gas)dﬁs
0 0

10



in L% (P) as m — oco. A standard argument now shows that, without loss of generality, we may
suppose T, = T for all n € N. In particular, we have

t t
m=x+/3gwyy/¢¢&
0 0

Lemma 4.4 yields

t t
7 = 2 A S s»ds 2 Sab S d
Iell? = ] +2/0< (ns)ns, dBs) + /<n (ns))ds

0

t
+ / tr A(ns) o Q o A*(ns)ds.
0

Hence we have

Bllal?) = 1ol + 28 | [ as] + 2] [ 6. om0 X710

tAT ()
/O (7, b())ds

Using Hypotheses I and IT we obtain

= [l[* +2E + B

tAT (™)
/0 e (2A(n.) oaom*ms))ds] |

El|n|? < ||z||> + 3KE

tAT (M)
/0 (1 + [ns])ds

t
< ol + 3KE [ [a+ |rn3||2>ds}
0
t
et +3Kt+3K/ Ellns|Pds.
0

As in Doss—Royer [8], we now use Gronwall’s lemma (cf. Dieudonné [7]) in order to obtain the
following estimate:

3) Elllég inren I7] = Elllnel”] < (2]1* + 1) = 1) + |l2]|* =: g(z, ).

Note that g is independent of n. Since the set {7 < ¢} is contained in the set &z enrm [l = n}
we have, using Tchebyshev’s inequality,

(4) P[T™ <] < Pll€, jpron || = 1) < n ?E[1€, ipron 7] < n2g(2, 1)

Therefore P[T, <t] =0 for all t > 0, i.e., T, = oo a.s.

(4.6) Remarks. (1) Letting n — oo we deduce from 4.5(3) that ||, || has finite variance:

E[”é:v,sHQ] < 1$ng[|’§x,mT(n)H2] < g(z,1).

(2) In the situation of Theorem 4.5, localization in the definition of a solution to equation
3.2(1) is not necessary, i.e., we have

Ql(fx,s)l[o,t} € A2 (H) IHL :])7 ﬂ)

and
t

t
5:1:,3 = -T‘i'/o Ql(ga:,s)dﬁs +/O b(&x,s)ds

11



for all £ > 0. Indeed, by Condition I and Remark 1,

E [/Ottrﬁ(ggw)oQle*(gw,s)ds] < K/OtE[1+ 1605 7]ds

t
§Kt+K/ g(x,s)ds
0
< Kt(1+ g(z,1)).

Therefore, the function A(&z,s)104a7,) o0 RT x  converges in A?(H,H, P, 3) to the function
AU(€zs)1j0, as m — oco. By isometry, the process f(f/\Tm A(&,,5)dBs converges to the process

fg A(&z,5)dfs in IL]%I(P) as m — oo for all £ > 0. From here it is plain that we can go to the limit
in 3.2.ii.3.

(3) In the proof of Theorem 4.5 we have shown the equality

tAT () AT ()
ng,tAT(") ||2 = Hx”Q + 2/0 (m*(gﬂf,s)gl,Su dﬁs) + QA (5%57 b(fx,s))ds

tAT (")
+ / tr m(ﬁw,s) oQoA (gw,s)ds'
0

We will need this equality in Section 5. Under an additional hypothesis on 2 (Condition IIT)
we may go to the limit as n — oo (cf. 5.10).

(4.7) Counterexample. The following deterministic example shows that Condition II is sharp.
We put H=R, 2 =0, b(y) = sgny|y|® for « > 1. The solution to 3.2(1) is

Eo = @[l — (= D)fz|*~ 1 V7D

for 0 <t < Ty :=1/[(a — 1)|z|*71], 2 # 0.

5. Semigroups and Feller semigroups.

(5.1) Notation. We are interested here in three spaces of continuous functions on H where
&2+ induces semigroups of operators (under certain conditions on 2 and b). The first one is
the space Cy(H) of bounded functions on H that are uniformly continuous on bounded sets, the
second one is the subspace C\y,(H) C Cp(H) of bounded, uniformly continuous functions on H
and the third one is the subspace Cy(H) C C\(H) of uniformly continuous functions on H that
are small outside of bounded sets. These spaces are Banach spaces with the norm of uniform
convergence.

(5.2) Historical remarks. Dynkin [10], 5.25, showed that to each partial differential operator

- 9? . 0
L = + N
kzll ari(7) Ox0x) Zkl bk () oxy,

on R™ with bounded, Hélder continuous coefficients there exists a continuous Markov process &
whose generator is an extension of £ and whose transition kernels k¢ (x, A) = E[14(£,4)] (A a
Borel subset of R™) induce a semigroup (P;) of operators on Cyp(R™). By Lebesgue’s convergence
theorem this semigroup is weakly continuous and hence strongly continuous (Yosida [35]) (for
a direct proof see also Meyer [27], p. 25); i.e., the transition kernels k; form a Feller semigroup
on R™.

12



The question under what conditions on the generator of a diffusion process on a finite dimen-
sional manifold its transition kernels form a Feller semigroup, was pursued by Azencott [1]. His
method and conditions are inspired by Has'minskii’s [14] work on nonexplosion. As in the latter
case, Azencott’s conditions have the disadvantage of not being easy to verify in some instances.
We will instead use an estimate that goes back to Paley and Wiener (cf. Kahane [19], page 6).
We first prove a result on stability of the solutions to Equation 3.2(1).

(5.3) PROPOSITION. Suppose that the functions 20 and b satisfy Lipschitz conditions on
bounded sets (cf. Theorem 3.3) and the conditions

(I) tr(2A(y) 0o Qo A*(y)) < K(1+lyll*)

(I1) (y,b(y)) < K(1+ [lyll*)

for all y € H (cf. Theorem 4.5). Let (£;)i>0 be the maximal solution (with infinite lifetime
according to Theorem 4.5) to equation 3.2(1). Then for all bounded sets B C H and for all real
numbers ¢t > 0, € > 0, and n > 0 there exists a real number § > 0 such that

P[ng,t - gx’,tH > 77] <e

for all z, 2’ € B such that ||z — /|| <.

PRrROOF. By 4.5(4) we have for all z € Hand n € N
PIT™ < 1] < n~%g(x,t).
Let n € N be chosen in such a way that
PIT{M <] <e/4
for all z € B. Let L be a Lipschitz constant for 2 and b on the ball {||y|| <n} C H. Put
62 == (en?/6) exp(—=3 + L*(tr Q + 1)).
Now let z, 2’ € B such that ||z — 2'|| < §. Define
T: min{Tx("),Tx(zl)} and A :={T > t}.

Note that, as T is a predictable stopping time, A is predictable. Hence 14X € A?(H, H, P, )
for every process X € A%(H, H, P, 3). We obtain the equality

t t
1A / X,dB, — / 14X dB,.
0 0

Applying this remark to the process X := (A(&z,s) — A(€ar,s))1j0,7) We may estimate as follows:

t t
[||/ X B, |2 } :E[H/ 1AXSdﬁS||2} :E[/ tr 14X, 0 Qo0 14X ds

(1) _E[/ Latr X, oQoX*dS] <tr£2/ E[|| X% Alds

0

— D /O ElI2(Es.s) — A(Ew )% Alds < L2 2 / Bl — & s|1% Alds

13



On the other hand we have
AT t
BI [ 6(6nn) ~ v isl?ia] < o | [ 6(6r) - vieo P
t
(2) < tLZ/ E[ng,s - 535’,5”2; Alds.
0

Using (1) and (2) we now obtain

E[Hfz,t - fz',tHQ;A]
= E[||xint — & antl?; Al

t tAT
ﬁWﬂW+wh/&Mﬁ4+wh/(WM—WmWW%
0 0
t
smm—fﬁ+uﬂua+w/zmmﬁ—@gﬁm¢.
0

Gronwall’s lemma yields
Bl[[€s,t — Eur all*; A] < 3llz — 2'|” exp(3tL? (tr Q + 1)).
By Tschebyshev’s inequality, we have

P[{”&B’t o ggﬁ'th 2 77} N A] < 7772E[H€$,t - gw’,tHQ; A]
<307 %|le — 2/|” exp(3tL(tr Q + 1)) < /2.

As P[A%] < P[ngn) <t + P[Tx@ < t] <¢/2, the proof is finished.

An even simpler argument (which also uses Gronwall’s lemma) shows the following proposi-
ton. We omit its proof.

(5.4) PROPOSITION. Suppose that the functions 2 and b satisfy uniform Lipschitz conditions.
Let (&2¢)t>0 be the solution to equation 3.2(1). Then, for all real numbers t > 0, ¢ > 0, and
n > 0 there exists a real number § > 0 such that

P[H&B,t - éx/,tll > 77] <e¢
for all ;2" € H such that ||z — 2’| < 0.

(5.5) PROPOSITION. Hypotheses are as in Proposition 5.3. Then Py f(x) := E[f(£,4)] defines
a semigroup of continuous, linear operators on Cy(H).

ProOOF. The semigroup property follows from the Markov property of the process (£;+),
which itself is a consequence of uniqueness in Theorem 3.3 (cf. McKean [22], page 56). We have
to show that P, f € Cp(H) if f € Cp(H). Let B C H be bounded, ¢ > 0, ¢ > 0. Choose n € N so
large that

(1) PIT{M <t]<e
for all z € B (4.5(4)). Let n > 0 be so small that

1f(y) - fW)l <e

14



for all y,y" such that ||y|| < n, ||| < n, |ly —¥'|| <n. Choose § > 0 according to Proposition
5.3 so that

Pll|ey — il 2m] <e
for all z, 2’ € B such that ||z — /|| <. For z,2' € B, ||z — 2'|| < § we may then use (1)

\Ptf(a:) — P f(a")]
Bl f(&xt) = f(&r )]
Uf(f 8) = FE )T <)+ Bl f(€as) — fEr )i T x/ <1
El|f(€xt) = (& 0)l5 12t — Earell = 7]
Elf

(Eet) = FEa D) T TS > 1, |1€0s — €] < )
< 6\|f||us +e.

(5.6) Explanation. Proposition (5.5) together with the monotone class theorem implies that
the mapping

H x B(H) — R
(J:’F) - E[lF(gx,t)]

is a kernel k; if the hypotheses of Proposition 5.3 are satisfied. (Here B(H) is the o—algebra of
Borel subsets of H with respect to the norm topology). If moreover (£,) has infinite lifetime for
all z, then (k¢):>0 is a semigroup of Markovian transition kernels. Proposition 5.5 says that (k)
induces a semigroup on Cy(H). We now give conditions which ensure that these kernels induce
strongly continuous semigroups on the spaces C\,(H) and Cy(H).

(5.7) PROPOSITION. Suppose that the functions 2 and b are bounded and satisfy uniform
Lipschitz conditions. Then Pif(x) = E|[f({44)] defines a strongly continuous semigroup of
continuous, linear operators on Clp(H).

PrROOF. The fact that P, operates on Cy,(H) follows from Proposition 5.4. Let us prove
strong continuity of (P;);>0 as t | 0. For the expectation of ||, — z||?> we have by isometry

Ellas — ol
<28 [ aeds?] + 281 [ oieast?]

([ toteeoas) ]

t
< 2‘51"53/ E[||2(¢x.5)|1?)ds + 2F
0

< 2K %ttr Q + 2K%t2,

where the constant K is independent of x.

Let € > 0 and choose ¢ > 0 so that |f(z) — f(y)| < € when ||z — y|| < 0. Using Tchebyshev’s
inequality we may estimate

|Pef(x) — f(2)]

B[ f(at) = f(@); € — 2l < 6] + Ellf(€at) — f(@)]; 1€, — 2| = 0]
e+ 2| flluPll|Ez,e — || = 4]

£ + 4Kt fllud 2 (tr Q 4 t).

INIA A
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(5.8) Counterexample. The semigroup (P) is in general not strongly continuous if the coeffi-
cients 2 and b are not bounded. It is sufficient to consider Counterexample 4.7 with 0 < a < 1.
Here

Exp =sgnz[(l —a)t+ ||t /e,

It is plain that P, f(x) = f(&z,+) does not converge uniformly to f as ¢ | 0 if, e.g., f is the sine
function.

We now deal with the question: Under what conditions on 2 and b does £, ; induce a “Feller
semigroup”, i.e., a strongly continuous semigroup of operators on Co(H)?

(5.9) Hypotheses. For the rest of this section we suppose that the diffusion operators 2(y)
and the drift vectors b(y) satisfy the conditions of Theorem 4.5. Furthermore we suppose that,
for each x € H, we are given a solution ({;+)r>0 to equation 3.2(1) (according to Theorem 4.5,
this solution has infinite lifetime).

In the sequel we wish to control the size of ||€,¢]|? and [|€,¢[|*. To this end we will from now
on use two more growth conditions on the diffusion operators 2((y) and the drift vectors b(y):

(I11) (A(y) 0 Qo A (y)y, y) < K(1+ [ly[?)

(IV) |(y, b)) < K1+ [lyl?)
for all y € H.

Note that Condition III is trivially satisfied when the function y — (y) o Q2 is norm—
bounded. Heuristically, if P; is to map Cj into Cj, then the drift towards the origin must not
be too strong. This is part of Condition IV.

(5.10) Notations and ezxplanations. First consider the martingale part on the right side of
4.6.3, namely

tAT ()
/O (A (E0e)Ernr ).

t
E |:/ (Q[(éa:,s) oo A (£$,s)§x,s>§x,s)ds]
0

t t
< KE U (1+ ||§$75H2)ds} < Kt K/ g(z, 8)ds < 0o
0 0

by Condition III and Remark 4.6.1, a similar reasoning as in Remark 4.6.2 shows that the above
martingale converges in L?(P) to the L?(P)-martingale

t
Mot ::/0 (m*(gx,s)gx,&dﬁs)-
For abbreviation we put

wa:,s = 2(§$,57 b(ﬁas)) + tr Ql(§$,s) o oA (5:1:,5)'

Going to the limit as n — oo in 4.6.3 we have

t
(1) 1Eatll? = 122 + 2100 + / W, ads
0
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for all ¢ > 0. It&’s formula in the one dimensional case, applied to the process ||€,¢||* and the
function a — a2, yields by equality (1)

tAT (™)
ng,t/\T(") H4 = ”IH4 + 4/0 ||€x,5||2dux,s

tAT (™) )
(2) +2/ 2,5 || " Ve, sds + 4tz ) pr () »
0

where (u,) stands for the quadratic variation of the real martingale f.

According to 2.3(1),

t
(3) (o)t = /0 (A(Eas) 0D 0 W (Eg.a)EnasEnra)ds

for all t > 0. Taking expectations in (2) we obtain

tAT ()
(4) EIE, iz |Y] = llz]* + 2 /0 1Eool2s.0dls

+ 4E[<Ma:>tAT(")]

for all n € N.

(5.11) Consequences. From Hypotheses 5.9 IIT and IV we infer two growth properties of (y,)
and 1, that are essential in what follows. Formula 5.10(3) and Condition III together imply

t
) (e < K [0 s,
whereas Conditions I and IV imply

(2) Ya,s| < K (14 [1€a,s]°)-

We break up the proof of the main theorem (5.19) of this section in several steps which we
formulate as lemmas.

(5.12) LEMMA. There ezists a constant K such that
3) |Elllal* = ll2l?]] < Kt(1 + [l|?)

for allt <1 and all x € H.
Proor. Using 5.10(1), 5.11(2), and Remark 4.6.1 we estimate

t t
Bl — 2P)| < E [ / |wx,s\ds} < KE [ [ax H&c,su?)ds}
t
< Kt +/ g(x,s)ds < Kt +tg(x,t) < Kt + Kt|z|?
0
for t > 1.

(5.13) LEMMA. For all x € H and t > 0 we have

Elll€ael") < (lz]I* +5/4)(e"" = 1) + [l[|*.
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PROOF. Going to the limit in 5.10(4) as n — oo and using 5.11 we estimate
t t
Blleadll!] < llzll* + 2K / Bllens2(1+ €l ®))ds + AKE + 4K / Bl |2)ds
0 0
t t
= lell* + 4Kt + 6K / Eléns|2)ds + 2 / Blléns41ds
0 0

t
< ||lz||* + 10Kt + 8K/ E[||€2.s][*]ds.
0

The lemma now follows from Gronwall’s lemma.

(5.14) LEMMA. There exists a constant K such that
(@) [E[[|€zell* = Nz *]] < Kt(1+ [|l]|*)
(B8) El(I€e I = N1=1*)%) < Kt(1 + [J]|*)

for allt <1 and all x € H.

PROOF. Lemma 5.13 shows that equality holds in 5.10(4) in the limit as n — oo (use 5.11(2)
and Lebesgue’s theorem). Using 5.11 and 5.13 we then estimate

t
Bllesel ~ [ol11] < 28 | [ s 1oualds] +4B((us)d
t t
< 2K [ BP0+ alPlds + 4K [ B+ 6 Plds
0 0
t t
<A4Kt+ 6K/ g(z,s)ds + 2K/ h(z, s)ds
0 0
where ¢ is as in 4.5(3) and h is the right side of 5.13. For s < 1 we have

g(z,s) < K1+ ||*)

and
h(z,s) < K(1+ ||z|*)

The estimate o« now follows.

In order to derive estimate [ we again use Itd’s formula and 5.10(1):

t
0

t
(€nll® = ll2l?)? = 4 / (€all? = 122 dptas +2 / (€sl® = 22 tha.sdds + 4p12)s.
0

Localizing and taking expectations we obtain

(n)
Bl anron P~ 1611 =2 [ (l? = ol + Ao
Going to the limit and using 5.11, we have
El(eadl — 2]
< 28 [ [ (leual? + VoIl ds + 2[00

t t
< 2K\|€U|!2t+4Kt+(6K+2Kllx\l2)/ EHI&,SHQ]dSJr?K/ E[||&s,s"]ds.
0 0
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We now use 5.12 and « to obtain for ¢t <1

E[(lae I = 12]1*)%]
< 2K ||z||*t + 4Kt + K (6K + 2K ||z||*)(1 + ||z||?)t + 2K2(1 + ||z||*)t.

(5.15) LEMMA. For allt <1 and all x € H we have

Ef||al') = (Bllléral®)? < K1+ [l )¢ + K (1 + [|2]).

PROOF. According to 5.10(1) we have

t 2 t
(Ellgecl?)? = (Jel? + B ] [ aaas] ) = boll + 28 [ [ ol s
Together with 5.10(4) we obtain
Bl )~ (Ell&alP)?
< 28 | [ (eal? ~ Lol s + 451001
=: 2A + 4E[(pz )1].

We now estimate the number A using 5.14.3, 5.11(2), and 5.13:

t
_ 2 2
A= /0 El(€all? — 1 2]2)0.s)ds

IN

t
/0 B(([l€all? — ]2 2 E[2 ]/ 2ds
t
< / (RS | YY2 BN + [€.0] T} V2ds
0
t
< K(+ oll) [ 525 = K+ ol 6
0

for t < 1. Using 5.11(1) and Lemma 5.12 we obtain
El{us)e) < K1+ ||z])

for t > 1. The lemma now follows.

(5.16) PROPOSITION. There exist constants K, to > 0 such that
Plllésal® < 2] < K (2 +1/||=]))

for allt <ty and all z,||z| > 3.

PROOF. A well-known inequality in analysis (cf. Kahane [19], page 6) says that for a random
variable X > 0 with finite variance we have

(E[X] - a)®

P[X >a] > BX7]

for all real numbers a such that 0 < a < F[X]. From Lemma 5.12 we derive

Ell€eal®] = llzll* — Kt(1+ [|2[*) > [l=]]
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for all t < t; and ||z|| > 3. For these t and x we may apply the above mentioned inequality to
the random variable X = ||, ¢||? and the real number a = ||z obtaining

P(l|€ael® < Il
_ Elllgaall!) = Ell€2el”))? + 2l 2l B[ 6w 1] — ll]?
- B[l ¢l1] '
For sufficiently small ¢ and for ||z|| > 1 the denominator exceeds ||z|*/2 (Lemma 5.14.).

Applying Lemma 5.15 and 4.6.1 we see that, for ¢ > 1, the numerator is majorized by the
number

K(1+ [l )2 + K(1 + [l2]*) + 2K |[[|(1 + [|=]*).
Collecting these estimates we obtain the proposition.

Our following lemma states a general condition for a contraction semigroup (P )0 on Cp(H)
to map Cy(H) into itself.

(5.17) LEMMA. Let (P;)i>0 be a contraction real number vy > 0 such that
|Pif(z)] < Kt“+¢
for all x such that ||x|| > ry and all t < tg. Then (P;) induces a contraction semigroup on
Co(H).
PRrROOF. Let f be in the unit ball of Co(H), and let € > 0 be given. For ||z|| > r; and for

t < top we have
|Py f(x)] < K1%/2% +¢/2.

We write
Pyaf=g+h

with g € Co(H), ||g|| < 1, and h € Cp(H), ||h]| < Kt*/2% 4+ /2. Applying our hypotheses to the
function g, we see that
|Pyjag(@)] < K1%/2% 4 ¢/2

for ||z|| > ry4 and t < ty. Using the semigroup property, we now estimate
\Pef ()| = [Py (P f)(@)] < |Prjeg(@)] + |Prjoh(z)] < Kt*/2°7 ! ¢

for ||| > max{rs,ry} and t <ty. Hence our hypotheses are satisfied with the smaller constant
K/2°7! instead of K. Finite iteration of this procedure shows that P;f is small outside of
bounded sets for ¢ < tg. Another application of the semigroup property finishes the proof.

(5.18) PROPOSITION. Suppose that 2 and b satisfy the hypotheses of Theorem 4.5 and Con-
ditions 111 and IV of 5.9. Let for all x € H (£, +)t>0 be a mazimal solution to equation 3.2(1)
starting at x and let f € Co(H). Then

E[f(§e)] = f(2)
as t | 0, uniformly for x € H.

Proor. Without loss of generality we suppose || f|l, < 1. Let € > 0. Let 7 > 2 be so large
that |f(y)| < e for all y, |ly]| > r. By Proposition 5.16 there are constants & > 0 and to > 0
such that for all € H, ||z|| > r; :=r? and ¢ < ¢, we have

IE[f (Ce)ll < ElfEet)l; 1€aell = r] + Bl f (§at)|; [16aell < 7]
(1) < e+ P&l < 7] < e+ P&l < llzll]
< e+ K2 +1/|a).
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It follows that for large x, ||| > m say, and for small ¢ we have

|E[f(€x)] — f(2)| < 3e.
For ||z|| < m we proceed as follows. According to 4.5(4) there exists n € N such that
PIT{M <1 <e

for all such z. (Recall that 7 ™ is the first exit time of &, from the ball of radius n.) Let A be
the subset
A:={T" >1} CQ.

Note that tr (&, s) 0 D o A*(&,,s) and b(, 5) are bounded on A for 0 < s < 1 since ||, ]| < n
there. As in the proof of Proposition 5.3 we have

Lao,2(&e,s) € A*(H,H, P, 3)
and . .
1 22[ xsd s — 1 Q[ xsd S
A/O (€.2)dB /OA@,M

for all ¢t < 1.
We now estimate the quantity E[||&, s — z|%; A].

Ell6s. — 2% A
st ol st
<25 ) /0 U(Eps)dBs % A| +2E || /0 b(€0.)ds]%; A

r t t
26| | um(sx,s)dﬁsnﬂwE [u / b(Ew,S)dSHQ;A]

rrt t

<2FE / tr A(E,s) 0 Q 0 A (Ep 5)ds; A:| +2tE |:/ Hb(gac,s)HQdSS A:|
L/ 0 0

< 2Kt +2K°1.

To conclude the proof in the case ||z|| < m choose § > 0 so that |f(y) — f(z)| < e for ||y —z|| < 6.
Then

[ELf (a0)] = f ()]
< Blf (&) = f@); léoe — 2ll <O+ E[| ... [; AT+ E[| ... i {l[éx — 2]l > 6} N 4]
< &+ 2| fllue + 2 fIIPHNEz: — 2l = 6} N A]
< e+ 2| fllue + 20 167 Blllz,e — «lI* A]
< e+ 3| llue

for ¢ sufficiently small. The proof is finished.

(5.19) THEOREM. Let the functions A and b and the process (§z¢)i>0 (x € H) be as in
Theorem 4.5. Suppose that A and b satisfy Conditions 111 and IV of 5.9. Furthermore suppose
that the process & is Markovian and that the semigroup ki(x, F') = E[1p(&,+)] defined by (&x.t)
operates on Cy(H). Then (k) is a “Feller semigroup”, i.e., (kt) induces a strongly continuous
semigroup of operators on Co(H).

PRrROOF. Strong continuity is proved in Proposition 5.18. We use 5.17 to show that P,
operates on Cp(H). In 5.18(1) we have shown that there exist constants K > 0 and ¢¢ > 0 such
that

|Pof(@)] < e+ K (2 +1/|z))
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for all f € Co(H), all t < tg, and ||z|| > r¢, i.e., (P) satisfies the hypotheses of Lemma 5.17.

(5.20) Counterezample. An example similar to Counterexample 5.8 shows that Condition
IV is sharp. To illustrate this let us again consider the case H = R, 2 = 0, and choose
b(y) = —sgn y|y|* with a > 0. Here, the solution to equation 3.2(1) is

sgn .%H.ﬂlfa - (1 - Oé)t]l/(l*a)1[07‘96‘17&/(1704)[(15) (O <a<< 1)
o = q ze" (a=1)
o[l 4 (o — 1)|z|* 1/ O-e) (> 1).

For a > 1, at time t = 1, the position is in the ball of radius [1/(a — 1)]'/(1=®)  no matter where
the starting point is. Therefore the associated semigroup of operators does not operate on C(R).

(5.21) Remark. A process (£,) that satisfies the conditions of Theorem 5.19 has the strong
Markov property with respect to the family (Fiy)¢>¢ of sub-o—algebras of F. Here

Fip =%

s>t

This is a consequence of the Feller property of (k;) (cf. Blumenthal-Getoor [2], Theorem 8.11).
However, the strong Markov property may also be proved in more general situations (cf. McK-
ean [22], page 56).

6. Generators. A usual way to reconstruct the original data 20 and b from a solution &
of equation 3.2(1) is to compute the generator of its transition semigroup. We show that for
sufficiently smooth functions the generator coincides with the operator L below.

(6.1) Historical Remarks. A first treatment of the above problem in the case of finite dimen-
sional manifolds appears in It6 [16, 17], cf. also McKean [22]. The infinite dimensional case was
treated by Daletskii [5] for twice continuously differentiable data 2 and b. The connection with
the martingale problem goes back to Stroock and Varadhan [31]; cf. also Stroock—Varadhan [32]
and Varadhan [33], pages 92, 103, and 230 ff).

(6.2) Ezxplanation. Let the function f : H — R be twice differentiable at a point y € H, so
that f”(y) is a continuous bilinear form H x H — R. For a nuclear operator R on H, the bilinear

form f”(y)(R-,-) on H x H is nuclear. Again, let 2 and b be continuous mappings from H to
L(H, H) and H — H, respectively. We define f”(y)R := tr f”(R-,-) and

1

L1(y) = 5" (W)AY) e QoA (y) + f'(y)b(y).

We first show that a process ({;,) that satisfies our stochastic integral equation 3.2(1) solves a
certain martingale problem. Let for this section f be a twice continuously differentiable function
H — R. B(H,H) stands for the set of continuous bilinear forms on H — H.

(6.3) PROPOSITION. Suppose that the functions 20 and b satisfy the hypotheses of Theorem
4.5 and let (&5¢)t>0 be a maximal solution to equation 3.2(1) starting at x € H. Further suppose
that " : H — B(H,H) is uniformly continuous.

(a) Then the process f(&xt)— f(2) —fg L f(&z.s)ds is equivalent to the local L?(P)-martingale
Jy 1/ (6a,5) © A€z 1s)dBs.
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(b) If moreover f' is bounded then the two processes in (a) are P-equivalent IL2(P)-martingales.

PROOF. By Remark 4.6.2, the process ju; := fo (£2.5)dBs is an L (P)-martingale. We may
therefore apply It6’s formula 2.3(2) to the process &, and the function f, obtaining the formal
equality

t 1 t .
F6er) = @)= [ F6nb(Ends = 5 [ 560 0%(Er0) 0 Q0 (€2}
t
(1) = /0 f/(gx,s)d,u&
where the right side is a local L?(P)-martingale. To finish the proof of Part ( ) we use Lemma 4.2
to show that this local martingale is P—equivalent to the local martingale fo (&z,5) 0A(&g,s)ds.

Again, let T(™ be the first exit time from the centered n—ball in H and let ps be the vector of
H such that (ps,-) = f'(£z,5). We have

E

tAT ()
A (ps7 Ql(fx,s) oo ﬁ*(ﬁx,s)ps)ds]

t
< sup I W)I2E [ [ uateon om*@,s)ds] .

lyll<n

The sup on the right side is finite as f” is uniformly continuous and the expectation is finite by
Remark 4.6.2.
The same estimate shows that fo (€x.5)0A(Es 5)dPs is an L?(P)-martingale if f’ is bounded.

n)
As in Remark 4.6.2, the process ft/\T f'(€x.s) o A(&z.s)dPBs converges in L?(P) to this martin-
gale as n — oo. This proves Part (b) of this proposition.

(6.4) COROLLARY. Let hypotheses be as in Proposition 6.3b and suppose that f is bounded.
We then have for all t > 0

t
Elf e = 1)+ E | [ £5(E05].
PRrROOF. The expectation of the martingale fo (&a,s) 0 U(Ez,5)dfs is zero.

Our next proposition deals with one of the properties of the weak generator of (£;.).

(6.5) PROPOSITION. Suppose that the functions 2 and b satisfy the hypotheses of Theorem 4.5
and Conditions 11 and IV (cf. 5.9), and that ||b(y)|| < K(1 + |jy||?) for all y € H. Let (&x4)t>0
be a mazximal solution to equation 3.2(1). Suppose that f : H — R is a twice continuously
differentiable function such that f, f’, and f" are bounded and f" is uniformly continuous.

Then (E[f(&xt)] — f(x))/t converges to Lf(x) ast | 0 for all z € H.

PrOOF. According to Corollary 6.4 we have to show

B[t [ eres] - Lrw)

In order to apply Lebesgue’s convergence theorem, we need bounds for

t
(1) ’% /0 trf”(gzv,s)(gl(ga:,s) oQoA (gw,s)'v -)d8|
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and

t
@ 3 [ 7nn s

By condition I, quantity (1) is majorized by

my L K * my L K
Hf Hug/o trQl(fw)oQle (gzv,s)ds SK”JC ||u¥/0(1+||§$,s”2)d8

1 t
< K17 (145 [ lealPas)

whereas, by hypothesis on b, Quantity (2) is dominated by

WL (L [
1717 [ lotesolas < K171 (147 [ eadPas).

It is therefore sufficient to find an upper bound for &, s[|? (0 < s < 1, z fixed). By 5.10(1) it is
sufficient to find upper bounds for |, | and | [ ¥z udu| (0 <'s < 1). As to jiz s, we have

| < max lpiz.] € L*(P)

according to Doob’s inequality. On the other hand, by 5.11(2),

s 1 1
| / o udlu] < / | < K <1+ / ||5x,u\|2du)
0 0 0

which is integrable by 4.6.1. The proof is finished.

We now reformulate Proposition 6.3 under slightly modified hypotheses: We replace bound-
edness of f’ by boundedness of Lf.

(6.6) LEMMA. Suppose that the functions 2 and b satisfy the hypotheses of Theorem 4.5 and
let (&2.4)¢>0 be a mazimal solution to equation 3.2(1), starting at x € H. Further suppose that f
and Lf are uniformly bounded and that f" : H — B(H,H) is uniformly continuous. Then the
process

() — Fa) /0 Lf(En)ds

1s a P—-martingale.

PROOF. By 6.3(1), the process

tAT ()
F(Enonzion — F(@) — / L (Ens)ds

is an L2(P)-martingale. Boundedness of f and £ f allows us to go to the limit as n — oo.

Our following proposition deals with the strong generator of (£, ;).

(6.7) PROPOSITION. Suppose that the functions 20 and b satisfy the hypotheses of Theorem
4.5 and Conditions 111 and IV. Let for x € H (£, +)i>0 be a mazimal solution to equation 3.2(1)
starting at x. Further let f € Co(H) be twice continuously differentiable such that Lf € Co(H)
and f" : H — B(H,H) is uniformly continuous. Then

Elf (&)l — f(=)
t

— Lf(z)
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as t | 0 uniformly in x € H.
ProOF. By Lemma 6.6 we have to show that

B[t [ - £rwnas| — o0

uniformly for x € H. By Fubini’s theorem and Proposition 5.18 we have

B[t [ ere - Lrwas |

t

IA

1 t
+ [ 1Bes € - St @las

< sup [|[ELf(&s)] —Lfllu—0 ast]O.
0<s<t

A

As a resumé we collect our main theorems in one result. It is self—contained in as much as it
only uses conditions on the diffusion operators 2(y) and the drift vectors b(y) rather than on
the diffusion process &, and the semigroup (P).

(6.8) THEOREM. Let A and b satisfy Lipschitz conditions on bounded sets and Conditions 1,
II, and IV (cf. 5.3 and 5.9). Then:

(a) For each x € H there exists exactly one mazimal solution &, to equation 3.2(1).

(b) The lifetime of &, is infinite.

(¢) The family ({z)zem of processes is Markovian and strongly Markovian with respect to
().

(d) The semigroup (ki) of transition kernels defined by the family (§;)zem operates on Cy(H)
and induces a strongly continuous semigroup (P;) of operators on Cy(H).

(e) Let & be the (strong) infinitesimal generator of the semigroup (Pi)¢>o. All twice continu-
ously differentiable functions f € Co(H) such that Lf € Co(H) and such that " : H — B(H, H)

18 uniformly continuous are contained in its domain and we have for these functions
6Bf=LFf.

Proor. Combine Theorem 3.3, Theorem 4.5, Proposition 5.6, Theorem 5.19, and Proposition
6.7. The Markov property of &, follows from uniqueness in Theorem 3.3. For the strong Markov
property cf. Remark 5.21.

7. Systems of stochastic differential equations.

(7.1) Ezplanation. In the preceding sections we dealt with diffusions on Hilbert spaces.
We now describe how this theory can be applied in situations where systems of stochastic
differential equations indexed by an at most countable set I are given. We shall indicate how
one can construct a Hilbert space H adapted to the system in one instance in 7.4-7.6. Natural
candidates for H are spaces £2(), where v = (Vi )rer is a summable sequence of strictly positive
real numbers, as the product of independent one-dimensional normal Brownian motions on R
induces a Brownian motion with covariance matrix D = (vx0g)k er on each £2(7) (cf. Section
2).

We start with the following system of stochastic integral equations

(1) btk = +Z/t (€2.5)dB +/tb(§ )d kel
z,t,k = Tk o Gk \Qx,s s o k\Sz,s)AS,

jel
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and we suppose first that we are given a sequence v as described above such that ag; and b are
real functions on £2(7).

In order to apply our theory we suppose that
(@) (zx) € £2(7),
(8) b(y) == (br(W)ker € P(v) (Y€ (7))

and that the matrix A(y) : (axi(y))rier induces via multiplication (z;) — (3;c;arn(y)z)r a
continuous linear operator A(y) on ¢2(7). According to Schur’s test (cf. Schur [29]) this is the
case, e.g., if

() for all y € £%(7y) there exists a constant M, such that

Sl <M, (k)

> \akz(y)m <M,y (€I).
k

In this case, the norm of the induced operator 2(y) defined by
k=Y an(y)z
!

is less than or equal to M,,.

Note that 2*(y) is multiplication by the matrix D' A’(y)D,. In fact, since (z,y) = 2" D,y,
we have
(D;'A'Dyx,y) = 2" DyAD ' Dy = 2" Dy Ay = (2,Ay) = (A2, y).
The trace of a nuclear operator B on ¢2(v) induced by multiplication with a matrix B = (by)
is tr(B) = Y 7 bxx- Hence

tr2A(y) o Qo A (y Z%Zakl

kel lel

(7.2) The notion of a solution to 7.1(1). We now suppose that the functions 2 : £2(y) —
L(£2(7),€%(v)) and b : £2() — £*(v) are norm—continuous and that we have a solution (£, +)o<t<T,

to equation 3.2(1) (cf. 3.2). From &, iap, = = + ftAT” A(&y,5)dBs + ftAT" b(&,,5)ds we obtain,
putting ey := (Sgi)ier (k € 1),

tATy, tAT,
(1) gx,t/\Tn,k = + i <ek>/ m(&w,s)dﬁs> +/ bk(gac,s)ds
0 0

Tk

Writing p; := f ENTn A(&,,5)dfs and applying Remark 4.3.1 we have
tATy t tATy,

@ (e[ M) = o = [endi) = [ @0 € ends)
0 0 0

(Note that, by 3.2.ii.c, 4.3.1(1) is finite for X = 21(&s,5)1(0,7,,) and 15 = ex). Now
tAT, tAT,
| et ean) = [ 07 A 60D, ds)
0 0

AT, tATy
(3) = (D_lAt(ga:,s)e ,dps) = ( Me ’d55>
k/o 5 k k/ zz: !

0 "
_ } : NI ari(&e,s) >
=Yk /0 < v €l, dﬁs

l
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where the sum in the last term converges in L?(P), if we can show that

Z (Meh > Ljo.7,]

] M

converges in A%(H, H, P, 3). But by 2.2(5) we have
akl(§a,s)
Z | < ey, > 1[0,Tn]‘|3\2(H,H,ﬂw)
7 M

() _ XZ:E [/OMT" <ak;l(€x,s)6l7 akl(ix,s)DwO ds}

n n
= ZE [/ a%l(gx,S)ds]
] 0
1 tATy
< —F {/ tr A€y s) 0 Qo Ql*(fas)ds} < 0.
Yk 0

Again applying Remark 4.3.1 we see that

tAT, tATy,
(5) /0 (ari(&z,s)er, dBs) = ’Yz/o ap(Ex,s)dBs -

Collecting (1) — (5) we obtain

tAT,

tAT)y,
Ex tATn k = Tk + E / aki(€,5)dPs +/ bi(&z,s)ds
0 0

l

where the sum converges in LL?(P). This makes it precise what we mean by a solution to the
system 7.1(1) of equations.

(7.3) Reformulation of conditions. Condition I reads in this context

@) Spveay(y) < KA+ 3wy

This is the case, e.g., if
D apy) < K(1+y7)
!

for all k¥ € I. Conditions IT and IV read in this context
AU) > veywbe(y) < K(1+ 3 i)

IV kb ()] < K (14 X mw),

respectively. Reformulation of Condition III is not very instructive and we omit it. Of course
this condition is satisfied if the constants M, in 7.1.y may be chosen independent of y.

The operator L (cf. 6.2) takes the form

2
L0 = 5 X At By ) bl 2

where (A (y))m = Ay) A ().
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(7.4) Ezxplanation. We now indicate in one particular case how one can find a sequence
v if a system 7.1(1) of stochastic integral equations is given. We restrict matters to the case
a1 (y) = Ok, i-e., A(y) is the identity operator. Moreover we suppose that all coefficients by (y)
are linear in y (for configurations y € RU) with finite supports, say), that the index set I is an
at most countable group (e.g., I = Z%), and that the sequence (by)re; is stationary with respect
to I. In this situation, b is given on R() by convolution with a sequence h € R:

b(y) = h*y.

Finally we suppose that h € ¢1(I).

(7.5) LEMMA. For each sequence h € £*(I) there exists a sequence v € £1(I), v, > 0 for all
k, such that h induces by convolution a continuous, linear operator on £(v).

Proor. Without loss of generality [|hs ) < 1. Let py be strictly positive real numbers
> qi = |h—g/|, such that > pr < 1. Put

Then y*xp = v —p < . (This trick was already used in Doss—Royer [8], page 109). Since
> i 1Pkl = [[hller(r) < oo and since

D et = (g + ) < x) < s
P

we see by Schur’s test that convolution with the sequence h is a continuous (linear) operation
on £%(y).

(7.6) Remark. Suppose that there exists a real constant ¢ and a sequence h € £1(I) of positive
numbers hj such that

[br(y)] < ¢+ (h |yl

for all k € I and all y € RU). Then we may choose v as in Lemma 7.5 for h. The correspondence
y — (by(y))x defines a mapping from the dense subset RU) of £2(v) into £2() which may be
extended to £?(v) if it is uniformly continuous with respect to the norm in £2(v).

(7.7) Remark. In statistical mechanics the coefficients by are usually given via a family
® = (Vv )V finite subset of 1 Of interaction potentials @y : RY — R. To this family ® one associates
the energy function at site k

Ho(y) =Y ovlyy) (ke
Vok

where yy is the restriction of the “configuration” y to the subset V' C I. The drift coefficient by,
is then obtained by differentiation

br(y) = —(9/0yk) Hr(y)-

Typical examples of interaction potentials are the following pair potentials ¢ 1y R? - R

Ok (u,v) = =Ji juv (k#1)
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where Jj,; is small if k and [ are “far away” from each other, together with a family of “one site
energy functions” ¢ : R — R. Here

and

Hi(y) = ox(yr) = Y Jrayiyn
1£k

br(y) = —k(ue) + Y Jeur-
12k

Particular examples occur with continuous spin models which serve as lattice approximations of
Euclidean quantum field theory (cf., e.g., Nelson [28], page 117). Here I = Z?. In Nelson [28],

and

or(uw) = (d+m?/2)u? + P(u)

1 for Z;l:l\kj—lﬂ =1
Jrg =
0 else,

where P(u) = a,u™ + ay_2u™ 2 + -+ + agu® — ag is an even, real polynomial with a,, > 0. Here
our theory is applicable only in the case n < 2, as otherwise there exists no sequence v as above
such that by, is defined on all of £2(v).

References

1]

R. Azencott. Behaviour of diffusion semi-groups at infinity. Bull. Soc. Math. France, 102:193-240,
1974.

R.M. Blumenthal and R.K. Getoor. Markov Processes and Potential Theory. Academic, New York,
1968.

T.L. Chantladze. A stochastic differential equation in Hilbert space. Soobsé. Akad. Nauk, Gruzin.
SSR, 33:529-534, 1964.

Yu.L. Daletskii. Differential equations with functional derivatives and stochastic equations for gen-
eralized random processes. Soviet Math., 7:220-223, 1966.

Yu.L. Daletskii. Elliptic operators in functional derivatives and diffusion equations connected with
them. Soviet Math., 7:1399-1402, 1966.

Yu.L. Daletskii. Infinite dimensional elliptic operators and parabolic equations connected with them.
Russian Math. Surveys, 22(4):1-53, 1967.

J. Dieudonné. Foundations of Modern Analysis. Academic Press, New York, 1969.

H. Doss and G. Royer. Processus de diffusion associé aux mesures de Gibbs sur RZ". Z. Wahrsch.
verw. Gebiete, 46:106-124, 1979.

E.B. Dynkin. Markov processes and related problems of analysis. Russian Math. Surveys, 15(2):1-21,
1960.

E.B. Dynkin. Markov Processes, volume 1. Springer, Berlin, 1965.

S.N. Ethier and T.G. Kurtz. The infinitely-many-neutral-alleles diffusion model. Adv. Appl. Probab.,
13:429-452, 1981.

J. Fritz. Infinite lattice systems of interacting diffusion processes. Existence and regularity properties.
Z. Wahrsch. verw. Gebiete, 59:291-309, 1982.

F. Guerra, L. Rosen, and B. Simon. The P(®), Euclidean quantum field theory as classical statistical
mechanics. Ann. of Math., 101:191-259, 1975.

29



[14]
[15]
[16]
[17]

[18]

[30]

[32]
[33]

[34]

[35]

R.Z. Has’'minskii. Ergodic properties of recurrent diffusion processes. Theory Probab. Appl., 5:179—
196, 1960.

R. Holley and D. Stroock. Diffusions on an infinite dimensional torus. J. Funct. Anal., 42:29-63,
1981.

K. It6. On stochastic differential equations on a differentiable manifold 1. Nagoya Math. J., 1:35-47,
1950.

K. It6. On stochastic differential equations on a differentiable manifold 2. Mem. Coll. Sci. Kyéto
Univ., 28:82-85, 1953.

K. Tt6. Lectures on stochastic processes. Tata Inst. Fund. Res. Studies in Math, Bombay, 1961.
(Notes by K.M. Rao).

J.P. Kahane. Some Random Series of Functions. Heath, Lexington, Mass., 1968.

R. Lang. Unendlich-dimensionale Wienerprozesse mit Wechselwirkung. Z. Wahrsch. verw. Gebiete,
38:55-72, 1977.

G. Leha and G. Ritter. On solutions to stochastic differential equations with discontinuous drift in
Hilbert space. Math. Ann., 270:109-123, 1985.

H.P. McKean. Stochastic Integrals. Academic, New York, 1969.

M. Métivier. Intégrale stochastique par rapport a des processus a valeurs dans un espace de Banach
réflexif. Theory Probab. Appl., 19:758-787, 1975.

M. Métivier. Reelle und vektorwertige Quasimartingale und die Theorie der stochastischen Integra-
tion, volume 607 of Lecture Notes in Math. Springer, Berlin, 1977.

M. Métivier. Semimartingales. De Gruyter, Berlin, 1982.

M. Métivier and J. Pellaumail. Stochastic Integration. Academic, New York, 1980.

P.A. Meyer. Processus de Markov, volume 26 of Lecture Notes in Math. Springer, Berlin, 1967.

E. Nelson. Probability theory and Euclidean field theory. Lecture Notes in Physics, 25:94-124, 1973.

J. Schur. Bemerkungen zur Theorie der beschrinkten Bilinearformen mit unendlich vielen
Verédnderlichen. J. Reine Angew. Math., 140:1-28, 1911.

T. Shiga and A. Shimizu. Infinite dimensional stochastic differential equations and their applications.
J. Math. Kyéto Univ., 20(3):395-416, 1980.

D.W. Stroock and S.R.S. Varadhan. Diffusion processes with continuous coefficients, I and II. Comm.
Pure Appl. Math., XXI1:345-400,479-530, 1969.

D.W. Stroock and S.R.S. Varadhan. Multidimensional diffusion processes. Springer, Berlin, 1979.

S.R.S. Varadhan. Lectures on diffusion processes and partial differential equations. Tata Inst. Fund.
Res. Studies in Math., Bombay, 1980.

M. Yor. Existence et unicité de diffusions a valeurs dans un espace de Hilbert. Ann. Inst. Henri
Poincaré, X(1):55-88, 1974.

K. Yosida. Functional Analysis. Springer, Berlin, 1965.

MATHEMATISCHES INSTITUT DER
UNIVERSITAT

BISMARCKSTR. 1 1/2

8520 ERLANGEN

WEST GERMANY

FAKULTAT FUR MATHEMATIK UND
INFORMATIK DER UNIVERSITAT PASSAU
8390 PASSAU

WEST GERMANY

30



