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6 Classi�ation and parameter sensitivity 166.1 Classi�ation in the presene of variants . . . . . . . . . . . . . . . . . . . . . . . 166.2 Classi�ation results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 176.3 Parameter sensitivity . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 187 Disussion 19Appendix 201 IntrodutionClassi�ation of the hromosomes in a ell of a eukaryoti organism under a light mirosope isa lear-ut task that lends itself to automation on omputers. Automation has indeed begun inthe early 1960's. It ombines methods from engineering (image proessing, pattern reognition),statistis (data and disriminant analysis), mathematis (disrete and ontinuous optimization,funtional analysis, geometry, numeris, approximation theory), and omputer siene (algo-rithms, omputational geometry, data bases, visualization tools); moreover, all this is in front ofa ytogenetial bakground.The most aurate automati methods available today on the basis of orretly segmentedells follow a number of onseutive steps. These are(i) extration of primitive numeri features from the hromosome suh as area and mean greyvalue;(ii) identi�ation of the oblong shape of the hromosome. This means �nding a longitudinalaxis by methods of 2D image proessing. This axis is a ontinuous urve onneting thetwo tips of the hromosome thereby dividing it into its two hromatids, the essentiallyongruent, longitudinal halves;(iii) representation of band pattern and shape by so-alled pro�les, i.e., univariate funtionsalong the axis;(iv) extration of pro�le-dependent numeri features by applying methods from signal proessing(Fourier or other oe�ients) to the univariate pro�les;(v) normalization of features;(vi) design and identi�ation of a suitable statistial model of the feature sets by methods ofstatistial data analysis;(vii) onstrained lassi�ation of the feature sets into the biologial lasses.Approahing the error rate of automati hromosome lassi�ation to that of the human expertis a hallenge for pattern reognition and image proessing. The error rate had been ontinuallylowered over the past two deades and the goal is oming into reah now. This progress is mainlydue to appliation of three priniples:(α) exploitation of prior knowledge,(β) preise data modeling inluding proper outlier handling and robust parameter estimation,(γ) The Priniple of Least Commitment.Let us brie�y disuss (α) � (γ). The method of lassi�ation most often used and yieldingthe most aurate results today is the Bayesian. Habbema [1, 2℄ and Slot [3℄ proposed takinginto aount the orret number of hromosomes in eah lass by onstraining the optimizationproblem ontained in Bayes' method in the way presribed by Nature. This idea redues the2



error rate by a fator of almost 2. Tso and Graham [4℄ disovered an intimate onnetion betweenonstrained lassi�ation of statistially independent objets and the linear assignment problemknown from operations researh; this led to e�ient algorithms for solving the problem proposedby Habbema and Slot. Tso et al. [5℄ subsequently re�ned this method to an e�ient way ofontext-dependent karyotyping.Up to a few years ago the lassial normal statistial model was used in order to desribefeature sets. Today, more re�ned data models [6, 7℄, outlier handling [8℄, and robust methodsof parameter estimation [9, 8℄ are being applied, resulting in another redution of the error rateby a fator of 2.5. This latter improvement is due to aommodating outliers ontained in thefeature sets.Marr's [10℄ �Priniple of Least Commitment� postulates that no early deision be taken duringa proess of identi�ation or reognition unless this deision is safe. We realize it here by thereently developed method of variants [11℄. In (statistial) objet identi�ation one onsiders anumber of observations and some statistial model, e.g. in the form of a likelihood funtion. Theobservations (variants) may either ome from di�erent physial objets or they may be di�erentmeasurements of the same. In the latter ase the observations foreign to the model may be� deterministi or random � perturbations of the orret observation of the objet, sometimesjust spurious ones. Assume that exatly one variant belongs to the model. Two problems arise:seletion of this regular variant and lassi�ation of an objet into one of several lasses in thepresene of variants of the objet.It is intuitively appealing to use the maximum of the produts �likelihood times prior proba-bility� of all variants as seletion rule.3 Note that this �Simple Seletor� depends essentially onthe statistial model of the regular variant alone and may not be optimal. However, a reentanalysis [11℄ of the Bayesian estimator given the joint distribution of all variants reveals varioussu�ient onditions so that it equals the Simple Seletor. One of them is involutive relationshipbetween two variants and another one independene of all variants and idential distribution ofthe irregular ones.The method of variants an be ombined with lassi�ation and has many appliations. Ritterand Pesh [12℄ used it for handling polarities in hromosome lassi�ation. The orret polarityof a hromosome is de�ned by the position of its entromere. This is, however, not alwayseasily deteted under a light mirosope. In order not to rely exlusively on the entromere forestimating polarity one may onsider two variants, one feature set for eah polarity. Informationat a higher level is then olleted for both of them. The variants thus generated satisfy the �rstoptimality ondition stated above. Various lassi�ers, alled �Simple Classi�ers� and �SimpleClassi�er�Seletors�, whih e�iently and often optimally exploit all this information are dueto Gallegos and Ritter, f. Set. 6.1; they defer the deision about the orret variant untilthe lassi�ation proess, automatially hoosing the most prospetive variant as the basis forlassi�ation. The �polarity-free� hromosome lassi�er [12℄ is a speial ase; it redues the errorrate by another 25%.Outliers in the feature data result mainly from errors ommitted during image proessing,steps (ii) and (iii). Whereas their aommodation, f. (β), is ertainly helpful, their avoidanewould be far better. We, therefore, take another look at image proessing here. In partiular, weemploy the method of variants again in order to �nd the tips of the hromosome and we proposea new method for onstruting a longitudinal axis. In our present appliation, the variants omefrom ambiguities in reognizing the shape of a hromosome. Note that there is only one orretshape interpretation whereas there may be many wrong ones!A ommon approah in the literature [13℄ for onstruting a longitudinal axis uses the so-alledmedial axis [14℄, at least in the ase of bent hromosomes. This approah auses two problems:First, it yields a set of pixels rather than a parametrized urve and, seond, this set is usually3Despite the super�ial similarity, variant seletion must not be mistaken for hypothesis testing or lassi�ation.In some sense, variant seletion is even onverse. In the former ase, several observations ompete for one statistialmodel and in the latter several statistial models ompete for one observation.3



            ��������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������

(a)
            ��������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������

            ��������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������

(b)
            ��������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������

            ��������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������

()
            ��������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������

            ��������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������

(d)
            ��������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������(e)Figure 1: Various hromosome shapes. (a) Straight hromosome; (b) meta- and aroentri hro-mosomes in late metaphase; () mildly bent hromosomes; (d) severely bent (twistedand U-shaped) hromosomes; (e) small, almost irular hromosome.branhed lose to the two ends of the hromosome making it look like two Y's onneted at theirfeet. More di�use point sets may result from randomness of the shapes of hromosomes. Thebranhing has to be removed and the medial axis has to be parametrized subsequently. Boththese operations arry unertainty into the method; they are neessary even with the best-shapedhromosomes. We feel that this is a disadvantage of the method of medial axes although themethod proposed in [13℄ is often suessful. A wrong longitudinal axis, however, leads to severelyerroneous features and often to a mislassi�ation.We avoid this disadvantage by proposing an approah based on dominant points, Set. 3. Adominant point in image proessing ommonly means a singularity or a point of onspiuousurvature along a urve or the ontour of an objet. The dominant points of a hromosome, i.e.,the points of highest ontour urvature, indiate the positions of its two tips. To our knowledge,the �rst authors to use the urvature for �nding the tips, albeit with a di�erent aim, were Ledleyet al. [15℄. Our method, too, tries to �nd these �rst. Of ourse, due to the random harater ofthe hromosome images, these points are sometimes equivoal and we may get more than two ofthem, in partiular with small, bent, X- or Y-shaped, or badly shaped hromosomes. For theseases, where the method �nds more than two dominant points, we design some rules �rst tryingto redue their number to two. If there is doubt about the orret pair we resort to the method ofvariants desribed above, proessing all possible pairs of dominant points. The lassi�er deideswhih variant is the orret one orresponding to the tips of the hromosome. These variantsapproximately satisfy the seond optimality ondition of the Simple Seletor stated above.We next onnet eah pair of dominant points to be proessed by a ubi spline as desribedin Setion 4.2. This is the longitudinal axis required. The parametrization of the axis �ows fromthe natural parametrization of the hromosome's ontour and, as a rule, there are no problemsat the ends of the spline. Let us all a hromosome severely bent if two remote parts touhor overlap. Otherwise bent hromosomes will be alled mildly bent. The method of dominantpoints ombined with variants yields good results exept in ases of severely bent or short, almostirular hromosomes where our method, too, may fail to produe orret axes.After having onstruted the longitudinal axis we extrat band pattern pro�les along the axissubdividing the hromosome in perpendiular slies. This is performed by means of a Voronoidiagram with respet to equidistant subdivision points on the axis.4



The experiened ytogenetiist lassi�es hromosomes at an error rate between 0.1% (imagesof good quality) and 0.3% (linial appliations) with respet to hromosomes. To the best ofour knowledge, the most aurate automati lassi�er reported to date is a ontext-dependent,polarity-free Bayesian lassi�er [12℄ based on an aurate distributional model for the lass-onditional distributions, f. [6, 8, 7℄. This lassi�er was applied to 29 features extrated fromthe pro�les of the large Copenhagen image data set Cpr omputed on the Edinburgh MRC hro-mosome analysis system [13℄; it attained a ross-validation error rate of 0.92%. This is the �rstautomati lassi�ation of human hromosomes into their 24 lasses ahieving an error rate be-low 1%. The present pro�les based on the method of dominant points and variants improve theerror rate mentioned above by 15%, f. Table 2 in Setion 6. This progress must be attributedto superior axes, in partiular in bent hromosomes. These ross-validation error rates refer toautomati lassi�ation of orretly segmented ell images without manual orientation of hro-mosomes. Setion 6 ontains also a study of parameter sensitivities. In the �nal Setion 7 wedisuss remaining problems and some future diretions to be followed in order to further reduethe error rate by means of methods of image proessing and pattern reognition.Notation. The symbols Z and Z
2 denote the set of integers and the disrete plane, respetively,and ‖ · ‖ stands for the Eulidean norm on the Eulidean plane R

2. The notation x · y means thesalar produt of x, y ∈ R
2. A star ∗ denotes onvolution of two funtions on Z or on a yligroup Z/NZ. Given a real valued funtion f , f+ denotes its positive part. The neighborhood

N5 of the origin in Z
2 is the set {(0, 0), (1, 0), (−1, 0), (0, 1), (0,−1)}; other neighborhoods, suhas N9, are de�ned in a similar way.2 State of the art2.1 Pro�lesBy the early seventies biologists had developed a proedure to display AT- and CG-rih domainsin hromosomes by using an enzymati reation and subsequent staining. AT-rih domains ap-pear as dark bands perpendiular to the longitudinal axis; they are harateristi of the biologiallass allowing its reognition. A representation of the band pattern or other information (e. g.width) along the hromosome is alled a pro�le; it is a univariate funtion whose onstrutionneeds a longitudinal axis. Three pro�les are ustomary: the density pro�le, the gradient pro�le,and the shape pro�le.In pratie, the longitudinal axis is disretized for pro�le extration. In [13℄, a line perpen-diular to the longitudinal axis is drawn at eah disretization point. These transverse linesare again disretized by equidistant points whih are, in general, loated between image pixels.These points are assigned gray values by means of two-dimensional linear interpolation betweenthe four neighboring pixels. The value of the density pro�le orresponding to a perpendiularline is the sum of the gray values along the line. The shape pro�le represents the moment ofinertia with respet to the normalized mass of the gray values along the transverse line. We willdevelop a simpler method based on Voronoi diagrams, f. Set. 5.2.2 Longitudinal axisExtration of a band-pattern pro�le from a hromosome is based on a longitudinal axis as whihits morphologial medial axis [14, 16℄ an serve [13℄. Stated in terms of mathematial morphology,the medial axis of an objet in the Eulidean plane is the set of loal maxima of the funtionwhih assigns to eah point of the objet its distane to the omplement. The medial axis is apopular means for shape reognition, representation, and desription and for image ompression.There exist several thinning algorithms for extrating medial axes by means of morphologialoperations, both in the ontinuous and disrete ases, f. [14, 17, 18℄ and the literature itedthere. 5
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(b)Figure 2: Medial axis. (a) original image; (b) medial axisThe method of medial axes was applied to hromosome analysis �rst by Hildith [19℄, laterby Piper and Granum [13℄. A disadvantage of the medial axis in hromosome analysis is thefat that it is a point set rather than a parametrized urve whih is eventually needed for pro�leextration. Moreover, it tends to ramify near the tips of the objet; rami�ations may also beaused by noise in the objet boundary. Another disadvantage was missing onnetion of theextrated axis; this was later amended [20, 21℄. The tendeny to produe rami�ed strutureswhih have to be suitably parametrized, however, remains a problem, in partiular with bentand badly-shaped hromosomes, f. Fig. 2. This is the reason why we resort to a method thattransforms the ontour of the hromosome into a parametrized longitudinal axis right away. Asa �rst step we need to estimate the tips of the hromosome; we will use a method based ondominant points.2.3 Dominant pointsConspiuous points of a plane urve B : R→ R
2, e.g., points of high or low urvature or verties,are usually alled dominant points (or landmarks). Dominant points, although being still anative �eld of researh, are by now a well�established method for representing, reognizing,analyzing, and desribing the shape of an objet or of a signal or for deteting an objet inan image. In hromosome analysis, the dominant points of the ontour urvature turn out toindiate possible andidates of the two tips.In the ase of a disrete urve b : Z→ R

2, a ommon algorithm for deteting dominant pointsuses de�etion angles between adjaent points bi−1, bi, bi+1 or distant points bi−κ, bi, bi+κ [22℄and [23℄. Using distant points with subsequent smoothing by means of a �lter is indispensablein the presene of boundary noise. Other algorithms are based on a numerial disretizationof the urvature (B′
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)3/2 of a plane urve B, f., e.g., Ansari andDelp [24℄. Anderson and Bezdek [25℄ apply the method of minimum-mean-square approximationfor omputing de�etion angles and urvatures of noisy urves; overviews with various suggestionsfor improvement, suh as automati adaptation of smoothing widths, are found in [26℄ and [27℄.There exists a wealth of algorithms for extrating dominant points. An iterative methodbased on minimal polygonal approximation is proposed and applied to noiseless boundaries inArelli [28℄. A method suitable in the presene of noise is the sale-spae approah [29, 30, 31,32, 33℄; it attempts to eliminate dominant points generated by boundary noise and works ona sale of di�erent smoothings of the urvature. Wavelets are used in [34℄ and morphologialoperations in [35℄. A omparison of methods is presented in [36℄. For our appliation we use themethod proposed in [23℄ with a sale parameter adapting to size whih turns out to be su�ientlyaurate, robust, and e�ient. It e�iently exploits the prior information that a hromosomehas two tips. 6
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−−−−−−→Figure 3: Smoothing by mathematial morphology. Blak pixels represent the hromosome,white ones the bakground.3 Extration of dominant pointsThe basis for this and the following setion is a gray-value image represented by a funtion

g : Z
2 → 0..255 and ontaining a single hromosome in the form of the subset Iraw = {x ∈

Z
2/g(x) > 0}. The set {x ∈ Z

2/g(x) = 0} represents the bakground of the image.At �rst we have to reognize the oblong shape of the hromosome. To this end we use its tipswhih we estimate in four steps; these are- extration of the objet boundary and of the assoiated ontour,- estimation of the ontour urvature,- determination of its �essential� maxima, and- extration of dominant points related to the essential maxima.These proedures are applied to all hromosomes without distintion. The dominant pointsindiate the positions of the tips.3.1 BoundaryAs a �rst step towards onstruting dominant points and deteting tips the N5-boundary of thehromosome is needed. A metaphase hromosome under a light mirosope is a, usually oblong,2D objet with a noisy boundary. In order to remove some of the boundary noise in the form ofindentations and protrusions it is suitable to �rst apply methods from mathematial morphol-ogy [14℄ to the set Iraw. In the language of mathematial morphology, the subsequent appliationof a dilation and an erosion is alled losing whereas the appliation of the two operations inreverse order is alled opening (Fig. 3). Both, openings and losings, are idempotent operations.In our ase we apply a losing followed by an opening with respet to the neighborhood N9to Iraw. Let Ico denote the resulting subset. We use a standard ontour-following algorithm [16,Ch. 11℄ for transforming its boundary into a losed, disrete urve (b0, . . . , bN−1) whih we ex-tend for onveniene to an N -periodi sequene (bn)n∈Z in Z
2 and whih we all its ontour.The hromosome used for further proessing is the set I = Ico \ {b0, . . . , bN−1}. All followingoperations are relative to I, f. Fig. 4.3.2 Contour urvatureThe loal maxima of the ontour urvature indiate possible positions of the two tips of thehromosome. To eah index i ∈ Z we assoiate the (possibly degenerate) triangle de�ned by thethree points bi−κ, bi, bi+κ on the ontour for some natural number κ ≥ 1 to be spei�ed and therotation angle(1) c(i) = arccos

(

(bi − bi−κ) · (bi+κ − bi)

‖bi − bi−κ‖ ‖bi+κ − bi‖

)

sgn det(bi − bi−κ bi+κ − bi).The parameter κ should be adapted to sale and arefully hosen suh that c yields high valuesfor all indies i near the tips and low values otherwise. This is best ahieved if 2κ lies between7
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Figure 4: Chromosome boundary after losing and openingthe width and the length of the hromosome. If the mean of these two quantities is taken then
κ is just N/8. The parameter κ also serves to redue the in�uene of boundary noise. It turnsout that a linear ombination of the irumferene N and the mean N̄ of the irumferenes ofall hromosomes in the ell is more stable than a real multiple of N alone. We, thus, de�ne(2) κ = max

{⌊

q1 N + q2 N̄
⌋

, 1
}

,where q1 and q2 are real parameters. These, and all other parameters qi appearing in the sequel,have to be determined by alibration. As a seond means to reduing boundary noise the funtion
c is smoothed by onvolution with the triangular kernel

∆κ : Z → R

z 7→







1

κ

(

1−
|z|

κ

)

, if |z| < κ,

0, otherwise.We found in a series of assays that the optimal smoothing width κ is again as in Eqn. (2). Theonvolution K := ∆κ ∗ c serves as the �ontour urvature� for further proessing. Examples ofurvature funtions are shown in Figs. 5 and 6.3.3 Essential maxima and dominant points of the ontourA vertex of a plane urve is a loal minimum or maximum of its urvature. The followingalgorithm is inspired by Mukhopadhaya's (1909) four-vertex theorem of di�erential geometryin the large, f., Osserman [37℄: A simple, losed, regular C2-urve in the plane has at leastfour verties, two maxima and two minima. Applied to the ontour of a hromosome, the loalmaxima are, of ourse, andidates for its tips.Beause of remaining noise in the ontour urvature K we annot assoiate dominant pointswith all its loal maxima. This is the reason why we de�ne and look for essential maxima (andminima). Exluding the ase of a onstant urvature (this ours, e.g., if the shape of the hro-mosome is N4 or N5 for κ = 1 and N12 for κ ∈ {1, 2} � situations not ourring in pratie) weproeed as follows.De�nition: Given a threshold T ≥ 0, we say that the (N -periodi) funtion K has a
T -essential maximum at M ∈ Z, if there exist two indies j1 < M < j2 suh that(i) K(M) = max

j1<l<j2
K(l)(ii) max{K(j1),K(j2)} ≤ K(M)− T . 8
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Figure 5: Curvature funtion of the hromosome shown in Fig. 2 with its T -essential extremaBy duality, we all a T -essential maximum of −K a T -essential minimum of K. T -essentialmaxima and minima are illustrated in Fig. 5.Beause of (i), a T -essential maximum (minimum) is a loal maximum (minimum). It iseasy to see that 0-essential maxima (minima) are exatly the loal ones and the global maxima(minima) are ( max
0≤l<N

K(l)− min
0≤l<N

K(l)

)-essential. Thus, a value T suh that(3) 0 ≤ T ≤ max
0≤l<N

K(l)− min
0≤l<N

K(l)should be hosen.The properties of T -essential extrema are not obvious and we, therefore, inlude a few for-mal statements and proofs in the appendix. The proposition there shows that the Algorithmessential_extrema in Table 1 orretly omputes all T -essential maxima (and minima whihwill be used later, too) of a periodi funtion K and that it terminates. Its inputs are K andthe threshold
T = q3

(

max
0≤l<N

K(l)− min
0≤l<N

K+(l)

)

,

0 ≤ q3 ≤ 1. Note that T is in harmony with (3). In general, a T -essential maximum is notyet a good estimate of a tip of the hromosome; if, e.g., the tip is �at then the maximum maynot be entered, f. Fig. 6. It may be loated at an arbitrary point of its assoiated mountainand we rather propose to use the enter of this mountain. More preisely, let mi and mi+1 betwo onseutive T -essential minima and let Mi, mi < Mi < mi+1, be the T -essential maximumloated in between. If K(Mi) > 0 then de�ne the height
h := K(Mi)−max

{

K+(mi),K
+(mi+1)

}

,the ut level
h′ := q4 h + max

{

K+(mi),K
+(mi+1)

}and the indies j1 and j2

j1 := max{j < Mi/K(j) ≤ h′} and j2 := min{j > Mi/K(j) ≤ h′}.We �nally use Di := (j1 + j2)/2 as the dominant point orresponding to Mi.9



Table 1: Algorithm essential_extremaSpei�ation: (n, (mi)0≤i≤n, (Mi)0≤i<n)← essential_extrema(K,T )Given: a nononstant, N -periodi funtion K : Z→ R,a real number T satisfying (3).Find: a number n ≥ 1 and two �nite sequenes (mi)0≤i≤n, (Mi)0≤i<n of integers suh that
mi is a T -essential minimum, Mi is a T -essential maximum and mi < Mi < mi+1for all 0 ≤ i < n. Within the period m0..mn, both sequenes have maximal lengths.begin

n← 0
m0 ∈ argmin

0≤j<N
K(j)

s← max{i < m0/K(i) −K(m0) ≥ T}
m0 ← min{i ≥ s/K(i) = K(m0)}
(m0, l0)← searh_next(m0,K, T )do

(Mn, Ln)← searh_next(ln,−K,T )
n← n + 1
(mn, ln)← searh_next(Ln−1,K, T )while mn < m0 + N odreturn(n, (mi)0≤i≤n, (Mi)0≤i<n)endSubroutine searh_nextSpei�ation: (m, l)← searh_next(i,K, T )Given: an index i ∈ Z, an N -periodi funtion K : Z→ R,a real number T satisfying (3).Find: the pair of indies (m, l) suh that l > i is minimal with the property
K(l)−mini≤j<l K(j) ≥ T and m is minimal in the set argmini≤j<l K(j).begin

l← i + 1
m← iwhile K(l)−K(m) < T do

l← l + 1if K(l − 1) < K(m) then
m← l − 1fiodreturn(m, l)end

10
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Figure 6: T -essential maxima and their dominant points D1 and D2 determined as the midpointsof the two assoiated mountains.3.4 Rules for potential tipsIf T meets the requirements of Algorithm essential_extrema and if the urvature funtion isnot onstant then the proposition in the appendix shows that we obtain at least one dominantpoint. We expet two dominant points in the ase of an oblong, I-shaped hromosome. Theseindiate its tips. In order to justify the following rules it is useful to �rst disuss the variousreasons why a hromosome may exhibit a number deviating from two. The �rst reason is bio-logial. An important task of a hromosome is to divide into its two hromatids. It is, therefore,quite natural that hromosomes in late metaphase show three or four dominant points in thearoentri and metaentri ases, respetively, f. Fig. 7(d) and Fig. 8(). Other soures of adeviating number of dominant points are artefats suh as bent and irular hromosomes andoverlappings. Therefore, we developed the following set of rules in order to manage the variousases of one, two, three,. . . dominant points. Let (D1, . . . ,Dk) be the inreasingly ordered se-quene of dominant points onstruted above.� k = 1: If there is only one dominant point D1 then the most prospetive omplement is theopposite point on the boundary; these two points are the estimated tips.� k = 2: We use D1 and D2 as tips.� k = 3: In this ase, we �rst try to redue the number of dominant points to two by using the�rst of the the following two rules that applies.(i) Deletion of a dominant point at the knee of a bent hromosome. We �rst hek whether thehromosome is bent. Let m1, m2, m3 be the T -essential minima suh that D1 < m3 < D2 < m1 < D3 < m2.Observe that mi is the loal minimum loated opposite the dominant point Di along theontour. Suppose that there is exatly one l ∈ {1, 2, 3} suh that K(ml) ≤ −q5 K(Dl). Let
Da and Db, a, b ∈ 1..3, be the two dominant points di�erent from Dl. The hromosome islikely to be bent if the �double ratio� R(Da,Db,Dl,ml) is lose enough to 1. In this ase,we delete Dl from the list of dominant points, f. Fig. 7(a). Otherwise, this hromosomemay be bent and in the proess of division, f. Fig. 7(b).(ii) Replaing two neighboring dominant points with one. Let r1 ≤ r2 ≤ r3 denote the inreasingrearrangement of the three distanes D2−D1, D3−D2, N +D1−D3 between the dominantpoints along the ontour. If r1/r2 ≤ q6 then we have found a very short edge of the triangle,11
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()             ��������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������(d) (e)Figure 8: Four dominant points. (a) bent hromosome; (b) retangular hromosome;() X-shaped hromosome; (d) almost quadrati hromosome; (e) other artefatf. Fig. 7(). Sine the verties adjaent to the edge of length r1 are lose together we replaethem with their midpoint4.If none of the previous rules applies (f. Fig. 7(d)) then no early deision about the pair of tipsis taken. We rather resort to the method of variants desribed in the introdution and in Se-tion 6.1. This method proesses all six potential pairs of tips as variants and leaves it to the las-si�er to deal with all variants at the same time in order to estimate the lass of the hromosome.These pairs are (D1,D2), (D1,D3), (D2,D3), (D1, ⌊(D2 + D3)/2⌋), (D2, ⌊(N + D1 + D3)/2⌋),
(D3, ⌊(D1 + D2)/2⌋).� k = 4: In this ase, we determine loal de�etion angles at eah of the four dominant points. Ifnone is muh smaller than 90◦ we have an indiation that the hromosome is in late metaphase.In this ase, we take the two pairs of potential tips formed by the midpoints4 of opposite edgesas variants, f. Fig. 8(b). In the opposite ase we delete the dominant point belonging to thesmallest angle sending this hromosome to the ase k = 3, f. Fig. 8(a),(e).We tested rules for replaing two neighboring dominant points and for deteting bent hro-mosomes also in this ase. However, ontrary to the ase k = 3, these rules did not improveresults.� k > 4: We keep the dominant points orresponding to the four largest T -essential maxima andproeed with the ase k = 4.4Our implementation uses midpoints along the ontour. If a data set ontains many Y- and X-shaped hro-mosomes in late metaphase then Eulidean midpoints may be preferable.12



4 Longitudinal axis4.1 Supporting pointsWe next ompute a longitudinal axis for eah pair of dominant points (bm, bn) found in the pre-eding setion. Without loss of generality we may assume m = 0 and n ≥ N/2. Running at unitspeed through the path b0, . . . , bn and, simultaneously, through the opposite path b0, bN−1, . . . , bnat speed t = (N − n)/n one arrives at the same time at the destination bn. Let
pk =

bk + b⌊N−kt⌋

2
, 0 ≤ k ≤ n,be the Eulidean midpoints of the ontour points simultaneously reahed. Obviously, p0 = b0and pn = bn. Next de�ne a natural number l and a subsequene (pk0

, . . . , pkl
) of (p0, . . . , pn) ofsupporting points by putting reursively k0 = 0 and

kj+1 = min{i > kj/pi ∈ I and ‖pi − pkj
‖ ≥ q7}until no further points pi are left. Let l be the largest index j. We �nally replae pkl

with bn.This inludes the point bn as a supporting point and avoids that two adjaent supporting pointslie too lose together. Put sj = pkj
, 0 ≤ j ≤ l. The sequene P = (s0, . . . , sl) serves as the basisfor the transition to a parametrized urve in the plane R

2, f. Fig. 9(a).4.2 Spline interpolation and extrapolationIn view of the following pro�le extration it is desirable to onstrut a longitudinal axis assmooth as possible approximating the supporting points. Several lassial two-dimensional splinealgorithms, like B-spline urves [38℄ and Bernstein polynomials, are available. However, it turnsout that the one-dimensional spline approximation designed by Reinsh [39℄ yields better results.Given a �nite sequene t0, . . . , tl ∈ R and an error bound S, Reinsh onstruts a ubi spline
T̄ : [0, l]→ R with minimal L

2-norm of its seond derivative suh that
l
∑

i=0

(

T̄ (i) − ti
σi

)2

≤ S,

σi being the standard deviation of the random variable assoiated with ti. The method itselftakes are of distributing the approximation errors over the set of supporting points. We apply itto the two projetions P1 and P2 of the sequene P of supporting points onto the oordinate axesobtaining a two-dimensional spline S̄ = (T̄1, T̄2). We assume here that σ1 = · · · = σl−1 = q8,
σ0 = σl = q9, and S = l + 1. If the only soure of noise were the disretization of the image wewould expet the parameters q8 = q9 ≈ 0.2 to be optimal. Sine there is an additional boundarynoise and unertainty about the position of the tips we rather expet optimal parameters q9 ≫
q8 > 0.2. We �nally extend this spline tangentially and linearly beyond both ends obtaining aurve S : R→ R

2 whih serves as an extended longitudinal axis of the hromosome, f. Fig. 9(b).5 Pro�le extration and features5.1 SliesPro�les are univariate funtions along the longitudinal axis obtained from measurements inperpendiular diretion. They are onstruted by dividing the hromosome in slies of equal13
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(b)Figure 9: (a) Supporting points; (b) longitudinal axiswidth perpendiular to the longitudinal axis. As a �rst step, equidistant subdivision points onthe longitudinal axis are hosen by putting t0 = 0 and
∫ th+1

th

‖S′(τ)‖ dτ = q10, h ∈ Z.Where ‖S′‖ is large enough, the approximation
th =











th−1 +
q10

‖S′(th−1)‖
, if h > 0,

th+1 −
q10

‖S′(th+1)‖
, if h < 0,an be used. The sequene of subdivision points is M = (S(th))h∈Z

⊆ R
2. If the subdivision is�ne enough, i.e., if q10 is small enough then the number (th+1 − th)‖S′(th)‖ is su�iently loseto the distane ‖S(th+1)− S(th)‖ along the longitudinal axis.Next, from the set M of subdivision points we onstrut the Voronoi diagram Φ̄ : M → 2Ide�ned by

Φ̄(m) =

{

x ∈ I
/

min
y∈M
‖y − x‖ = ‖m− x‖

}

;ties are broken on a �rst-ome-�rst-served basis. The Voronoi sets Φ̄(m) are the slies required;their union is I, f. Fig. 10. Moreover, by �niteness of I, there exist two numbers h̄0, h̄1 ∈ Z,
h̄0 < h̄1, suh that Φ̄(S(th̄0

)) 6= ∅, Φ̄(S(th̄1
)) 6= ∅, and Φ̄(S(th)) = ∅ for all indies h outsidethe integral interval h̄0..h̄1. The number h̄1 − h̄0 is a �rst approximation of the length of thehromosome.Sine boundaries of hromosomes are noisy it turns out that it is favorable to restrit thehromosome to a narrower domain around the longitudinal axis, f. [13℄. We, therefore, use thenarrowed slies

Φ(m) =

{

x ∈ Φ̄(m)
/

‖m− x‖ ≤ q11
#I

h̄1 − h̄0

}instead of Φ̄(m). The quotient #I/(h̄1 − h̄0) is an approximation of the mean width.5.2 Pro�lesFollowing Piper and Granum [13℄ we extrat three pro�les: A pro�le desribing the loal masslose to eah point on the axis (alled density pro�le), the modulus of the derivative of the14
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Figure 10: Slies represented by di�erent gray values.density pro�le (gradient pro�le), and a ertain shape pro�le ontaining information on width andentromere. The raw density pro�le [40℄ is de�ned as
Draw(h) =

∑

x∈Φ(m)

g(x), h ∈ Z, m = S(th),where, as in Set. 3, g is the funtion assigning gray values to pixels; by onvention, ∑x∈∅ g(x) =
0. It is very noisy sine our parameter q10, f. Set. 5.1, is of subpixel size ausing the massesontained in the slies to �utuate heavily. This sum may be empty, even if h̄0 < h < h̄1. Justas the urvature funtion c, the funtion Draw, too, is smoothed with a triangular kernel ∆q12

inorder to eliminate noise; this yields the smoothed density pro�le Dsmooth = ∆q12
∗Draw.In the same way as we narrowed the hromosome it is also favorable to shorten it at bothends in order to ahieve better entering and to eliminate artifats near the tips. Sine thesupport of the funtion Dsmooth is bounded and nonempty there exist the numbers h0 = min{h ∈

Z/Dsmooth(h) ≥ q13 γ} and h1 = max{h ∈ Z/Dsmooth(h) ≥ q13 γ}, where γ is the mean mass ofa hromosome in the ell and q13 is another stritly positive parameter. Let d denote the smallerof the two numbers Dsmooth(h0) and Dsmooth(h1). The density pro�le is �nally the funtion Dde�ned by
D(h) := Dsmooth(h)− d, h0 ≤ h ≤ h1;moreover, the number h1 − h0 is an estimate of the length of the hromosome.The gradient pro�le is the modulus of di�erenes of the density pro�le. Sine this operation isanalogous to forming a derivative the density pro�le has to be further smoothed with a triangularkernel ∆q14

. The gradient pro�le is then
G(h) = |∆q14

∗D(h + 1)−∆q14
∗D(h)|, h0 ≤ h < h1.Important information is also ontained in the so-alled shape pro�le, in partiular informationon the position of the entromere. We adopt the method introdued in [13℄ ombining the widthwith the gray-value information ontained in the pixels. Generally speaking, the shape pro�leis the moment of inertia of the normalized gray�value distribution in eah slie relative to thetangent to the longitudinal axis at the subdivision point of the slie.Robust estimation of the moment of inertia needs some are. We use slies Ψ(m), m = S(th),onstruted in the same way as Φ(m) but with a di�erent narrowing parameter q15 instead of q11.If the tangential vetor v = S′(th) does not vanish then the normal vetor nm = (−v2, v1)/‖v‖at m = S(th) points in the main diretion of the slie Ψ(m). In the, unlikely, opposite ase wereplae this normal vetor with the angular bisetrix of the triangle S(th−1), S(th), S(th+1). Notethat S(th) is di�erent from S(th±1). Let πm(x) = (x −m) · nm be the projetion of x ∈ Ψ(m)
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onto the normal to the spline at m. Beause of disretization, the quantities
M0(h) :=

∑

x∈Ψ(m)

g(x),

E(h) :=
∑

x∈Ψ(m)

πm(x) g(x), and
M2(h) :=

∑

x∈Ψ(m)

π2
m(x) g(x)are only rude estimates of the total mass (in the original, ontinuous, image) along the normal at

m, of the baryenter of the mass distribution along this normal, and of its moment of inertia withrespet to the tangent, respetively. Due to the �utuations explained above, some smoothingmust �rst be performed and more robust estimates of these quantities are the onvolutions
(∆q16

∗M0), (∆q16
∗E), and (∆q16

∗M2). After normalizing, we �nally �nd the robust estimate(4) h 7→
(∆q16

∗M2)(h)

(∆q16
∗M0)(h)

−

(

(∆q16
∗ E)(h)

(∆q16
∗M0)(h)

)2

, h0 ≤ h ≤ h1,of the (length-orreted) shape pro�le. Reversing the order of smoothing and the normalizationontained in Eqn. (4) would be rather disastrous.5.3 FeaturesEah pair of dominant points found in Setion 3.4 de�nes a spline as onstruted in Setion 4.2.Eah spline in turn yields two feature sets, one for eah polarity. This results in between twoand twelve variants for eah hromosome.Sine we are dealing with variants oming from several �axes� of the same hromosome someaution is neessary onerning the normalization of some of the features. Normalization of afeature needs the sum of the orresponding feature values aross all hromosomes of the ell.If there are variant axes then the orret features are unknown at this stage. This makes itneessary to take a preliminary hoie of a suitable variant for eah hromosome in order toapproximate this sum well. In the ase of three dominant points the longest of the point-to-edgeaxes is the most prospetive one and in the ase of four dominant points it is the longer of thetwo.6 Classi�ation and parameter sensitivity6.1 Classi�ation in the presene of variantsWe have explained the idea of variants already in the introdution. In the present paper, besidesthe two polarities, the axes arising from unertainties during the image proessing are treatedas variants. In the former ase, the wrong polarity is a perturbation of the orret one, in thelatter ase wrong axes give rise to spurious observations, f. Set. 3.4. The task is not only to�nd the regular variant, i.e., the orret axis in its orret polarity, but also to reognize thebiologial lass despite the presene of variants. Moreover, the method of reognition should beontext sensitive. Let us desribe an algorithm for onstrained lassi�ation in the presene ofvariants due to M. T. Gallegos and the �rst-named author, the �Simple Constrained Classi�er�. Atheoretial Bayesian analysis of this estimator will appear elsewhere; the speial ase of polaritieswas treated by Ritter and Pesh [12℄.Let fj be the lass-onditional density funtion (of the regular variant) orresponding to thebiologial lass j ∈ 1..n and let xi = (xi,1, . . . , xi,bi
) ∈ R

bid be the array of variants of hromosome16



i ∈ 1..m in the ell to be lassi�ed. Let pj be the prior probability of lass j, let qi,h be the priorprobability of the observation h ∈ 1..bi to be the regular variant of hromosome i, and let αj bethe prior probability for lass j to be missing, f. [8, 7℄.Simple Constrained Classi�er Let σ̂ be the solution to the linear assignment problem
min

σ

∑

i

di,σ(i),where the minimum ranges over all permutations σ of n elements and where
di,j =











− ln

(

bi
∑

h=1

fj(xi,h)qi,h

)

− ln pj, i ≤ m,

− ln αj, j > m,

1 ≤ j ≤ n. The MAP-lassi�er given the observation x = (x1, . . . ,xm) is the restrition of σ̂to 1..m. 2The point is that the Simple Constrained Classi�er estimates the lass of xi on the basis ofthe fj's alone, i.e., without knowledge of the densities of the irregular variants. These are not athand if the irregular variants arise from wrong axes. However, it an be shown that, under theonditions on the joint distribution of all variants of eah objet mentioned in the introdution,it equals the Bayesian estimator given the whole statistial information. The estimator impliitlyuses the regular variant for lassi�ation. If, besides the lass, the regular variant together withits orret polarity is to be estimated then summation over 1 ≤ h ≤ bi has to be replaed with
argmax1≤h≤bi

; this is required for produing a karyotype.Sine the Simple Constrained Classi�er amounts to solving a linear assignment problem ithas an e�ient solution. On the other hand, various statistial models fj suh as elliptialsymmetry [6℄, quadrati asymmetry [7℄, and mixture models [8℄ have been shown to be useful;these gave rise to the de�nition of a series of lassi�ers onstrained on the orret number ofhromosomes in eah lass. In the ases without variants, they were given the aronyms IEC,IQA, IECO, and IQAO, the letter �O� standing for a mixture model with outliers. The relativeSimple Constrained Classi�ers for the di�erent statistial models are dubbed VIEC, VIQA,VIECO, and VIQAO. These algorithms are also appliable to the ases of missing hromosomesand trisomies, f. [8, 7℄.6.2 Classi�ation resultsWe used the large Copenhagen image data set Cpr as a benhmark. It onsists of 2 804 kary-otyped human ells. This size is neessary to allow the estimation of a large number of param-eters for identifying aurate statistial data models. (Data sets formerly � and still � used asbenhmarks, suh as the Copenhagen, the Edinburgh, and the Philadelphia data sets, onsist ofbetween a hundred and two hundred ells, only.) Most of the images ontain between 150 and 250bands. As mentioned in the introdution, Ritter and Pesh [12℄ reently tested four polarity-freelassi�ers with 29 features extrated from Cpr by means of the axes desribed in [13℄. In thepresent paper, we apply the method of variants also to variant axes. In Table 2, we ompareross-validation (test-set) results for almost the same 29 features but now extrated by means ofthe axes desribed in Setion 5.3 with the former results. Prior probabilities pj and αj are givenin [8℄ and the qi,h's are uniform.The error rates of our best lassi�ers are approahing that of the expert ytogenetiist whih,in everyday linial data sets, was estimated as 0.3%. The amount of manual mislassi�ationsontained in Cpr is of this size. It an be expeted that most of these errors appear as �training-seterrors� no matter whih lassi�er is used. All ells ontaining suh deviating lassi�ations whihould not be explained by obvious defets in the images were shown to an expert ytogenetiist(without telling him the di�erenes). In one out of three ases he deided that the manual17



VIECnormal VIECPareto VIECOPareto VIQAOPareto1.94/27.2 1.27/18.3 0.99/14.9 0.92/14.2Cpr λ=33.0 λOUT=33.0 λOUT=34.0Edinburgh axes utBAS=10.0 utBAS=6.5utOUT=7.3 utOUT=7.1Q-fator=0.41.42/21.4 0.97/14.5 0.81/12.3 0.78/11.9Cpr λ=34.0 λOUT=34.0 λOUT=34.0dominant points utBAS=6.5 utBAS=6.4and variant axes utOUT=7.6 utOUT=6.9Q-fator=0.51.24/18.9 0.80/12.0 0.64/9.6 0.61/9.2Cpa λ=34.0 λOUT=34.0 λOUT=34.0dominant points utBAS=7.5 utBAS=6.0and variant axes utOUT=7.3 utOUT=6.9Q-fator=0.4Table 2: Cross-validation error rates with respet to the data sets Cpr and Cpa for MAP-lassi�ers based on various statistial models fj, f. [6, 8, 7, 12℄. The spei�ation
p/q means that p perent of hromosomes were mislassi�ed in q perent of all ells.The meanings of the lassi�ation parameters λ, λOUT, utBAS, utOUT and Q-fatorare explained in [8℄ and [7℄. Varianes and quadrati asymmetries robustly estimated.First row taken from [12℄.lassi�ation was wrong; the lass assignments of these about 200 mislassi�ed hromosomeswere orreted. About 100 wrong polarities, mainly in lasses 1, 3, and 19, appearing as outliersin the proess of parameter estimation, were orreted, too. Sine our error rates are alwaysunderstood after orret segmentation of ell images four faulty segmentations were improved.The orreted image data set was named Cpa. The error rates obtained for Cpa are inluded inTable 2. The error rates of the two data sets di�er by 0.17%. The best test set result for Cpareported here is an error rate of 0.61% with respet to hromosomes. Ten out of eleven ells areompletely orretly reognized.6.3 Parameter sensitivityWe �nally tested the sensitivities of lassi�ation results to variations of the parameters qi. Theresults are shown in Table 3. The parameters q1 and q2 in�uene the urvature funtion, q3and q4 are responsible of the positions of the T -essential maxima, q5 and q6 ontrol the rulesfor onstruting dominant points from essential maxima, and q7�q9 optimize approximation andsmoothness of the spline. The remaining parameters are used for pro�le extration.The parameter q4 determines the position of the dominant points. Beause of loal minimaof the ontour urvature this position may reat in a disontinuous way to hanges of q4 whihsubstantiates the relatively high sensitivity of the parameter q4. Also the parameter q10 meritsspeial attention; it is the granularity of disretization of the longitudinal axis. This disretizationauses �utuations of the number of pixels in the Voronoi sets whih explain the high sensitivityof this parameter. The narrowing parameter q15 must not be muh smaller than 0.5 sine,otherwise, the shape annot be reognized. All other parameters are fairly insensitive.
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i qi δ
Sensitivities

∆i(−2δ) ∆i(−δ) ∆i(0) ∆i(δ) ∆i(2δ)1 0.035 0.005 0.03 0.02 0.00 0.02 0.022 0.055 0.005 0.04 0.02 0.00 0.01 0.033 0.12 0.04 0.02 0.02 0.00 0.02 0.044 0.5 0.05 0.04 0.06 0.00 0.05 0.035 0.8 0.1 0.02 0.01 0.00 0.01 0.016 0.5 0.1 0.01 0.01 0.00 0.00 0.017 5 0.4 0.04 0.05 0.00 0.05 0.068 0.29 0.05 0.04 0.03 0.00 0.01 0.049 2.3 0.2 0.01 0.01 0.00 0.03 0.0310 0.2 0.025 0.12 0.06 0.00 0.04 0.0611 0.39 0.04 0.03 0.03 0.00 0.02 0.0312 5 1 0.05 0.01 0.00 0.02 0.0213 4.0 10−4 4.0 10−5 0.03 0.02 0.00 0.02 0.0114 5 1 0.02 −0.01 0.00 0.00 0.0215 0.48 0.05 0.07 0.02 0.00 0.04 0.0616 8 1 0.01 0.00 0.00 0.00 0.01Table 3: Parameter sensitivities of error rates with respet to the lassi�er VIECOPareto and thedata set Cpr. The seond olumn ontains the optimal parameter values determinedby alibration. The error rate with respet to hromosomes for the optimal parametersreferred to in the olumn labeled ∆i(0) is 0.81%. Parameters are varied by the quan-tities shown in the third olumn and the resulting di�erenes of the error rates in theremaining olumns. They are given in % relative to the total number of hromosomes.7 DisussionDominant points in ombination with variants were shown to be an e�etive and natural tool forreognizing the oblong shape of a hromosome and for laying the ground for feature extration.Their appliation redues the number of outliers ontained in the feature data substantially.Visual inspetion of hromosomes with high Mahalanobis distanes from their lass entersshows that remaining outliers in the feature set ome from outlier images and have mainly fourauses:- hromosome severely bent, f. Fig. 1(d);- overlappings, f. Fig. 11(a);- Giemsa stains at or on the hromosome, f. Fig. 11(b),();- blurred or indistint images, f. Fig. 11(d).We did not pay partiular attention to avoid lassi�ation errors of severely bent hromosomes.This ould be done by applying ad ho methods but would not add muh insight into patternreognition. Overlappings give rise to perturbed pro�les and, thus, to large Mahalanobis dis-tanes. Stains are most onfusing sine they damage both axes and pro�les; they are di�ult toremove. Finally, blurred and indistint images puzzle even the expert.The e�ay of the method of variants, theoretially established in [11℄, is on�rmed in thispaper by an appliation to variant axes. All variants are o�ered to the lassi�er whih deals withthe di�erent variants in a smooth way. This enouraging observation suggests to apply variantsin other ontexts as well. It is oneivable to apply the method of variants again to overlappings;it may also be used for making e�etive use of the position of the entromere. In the present19
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() (d)Figure 11: Outlier images. (a) Overlapping; (b) two homologous hromosomes, the right oneexposing stains; () hromosome with a stain; (d) blurred and indistint image.paper, as in [12℄, the position of the entromere is not expliitly used, neither as a feature norfor the purpose of orientation. It is, however, impliitly ontained in the shape pro�le.Aknowledgments. We thank Dr. Jim Piper of Vysis In. for providing us the image dataset Cpr and for a number of stimulating disussions. We also thank Herr Harth, Passau, for hisassistane with biomedial questions.Appendix: T -essential extremaLet K : Z → R be a nononstant, N -periodi funtion. We �rst show that T -essential extremaof K as de�ned in Setion 3.3 preserve the alternating property that loal extrema enjoy, viz., if
M1 6= M2 are T -essential maxima of K suh that K(M1) 6= K(M2) then there exists a T -essentialminimum in between. If K(M1) = K(M2) then there may be no T -essential minimum between
M1 and M2. In fat, there may even be more than two onseutive maxima of equal heightwith no T -essential minima in between. We will need this property for proving orretness ofAlgorithm essential_extrema displayed in Table 1.Lemma: If M1 < M2 are T -essential maxima of K suh that K(M1) 6= K(M2) then thereexists a T -essential minimum m suh that M1 < m < M2. An analogous statement holds for
T -essential minima.Proof. Without loss of generality, let K(M1) > K(M2). Let j1, j2, j1 < M2 < j2, be twopoints for M2 as in the de�nition. By (i) and sine K(M1) > K(M2) we have M1 < j1. Let
m := argminM1<l<M2

K(l). We onlude K(j1) ≥ K(m) whih, together with (ii), yields
K(M1)−K(m) ≥ K(M2)−K(m) ≥ K(M2)−K(j1) ≥ T.This proves that K(m) is a T -essential minimum. 2We are now in the position to show that Algorithm essential_extrema terminates and is orret.Proposition: Let T be as in (3). Then the Algorithm essential_extrema of Table 1 omputesan integer n ≥ 1 and two sequenes (mi)0≤i≤n and (Mi)0≤i<n of indies suh that mi is a T -essential minimum, Mi is a T -essential maximum, and mi−1 < Mi−1 < mi for all 1 ≤ i ≤ n.Moreover, we have mn = m0 + N and the sequenes are of maximal length within the interval

m0..mn.Proof. We �rst disuss termination and orretness of Subroutine searh_next. Sine T ≤
max0≤j<N K(j)−min0≤j<N K(j) and K is N -periodi the ondition of the while-loop fails if mis a global minimum and l a global maximum. This state is reahable upon whih searh_nextterminates. Turning to orretness of searh_next note that, after eah all of the while-loop,20



the variable m ontains the smallest index m suh that i ≤ m < l and K(m) = mini≤j<l K(j);this is minimality of m. The loop terminates with the �rst l suh that K(l)−K(m) ≥ T , heneminimality of l.We now deal with termination and orretness of Algorithm essential_extrema. The ini-tial all of searh_next yields a pair of indies (m, l) suh that m0 ≤ m < l and K(m) =
minm0≤j<l K(j) = K(m0), sine m0 is a global minimum. By minimality of m we an onlude
m = m0. Sine the algorithm visits the while-loop at least one we have n ≥ 1. The suessivealls of searh_next yield sequenes (mj), (lj) and (Mj), (Lj) suh that the relations

mj < lj ≤Mj < Lj ≤ mj+1 < lj+1hold after the (j + 1)th run through the while-loop. Therefore, (mj) is a stritly inreasingsequene and the while-loop terminates.We next show that the Mj's are T -essential maxima. By de�nition of Mj we have K(Mj) ≥
K(i) for all i, Mj ≤ i ≤ Lj. By onstrution of Mj we have K(Mj) ≥ K(i) for all i, lj ≤ i ≤Mj,and from minimality of lj we infer K(lj) ≥ K(i) for all i, mj ≤ i ≤ lj . Hene, Mj maximizes
K in the interval mj ..Lj , i.e., we have (i) for Mj with j1 = mj and j2 = Lj. Observing
K(lj)−K(mj) ≥ T and K(Mj) ≥ K(lj) we obtain

K(Mj)−K(mj) ≥ K(lj)−K(mj) ≥ T.Sine K(Mj)−K(Lj) ≥ T is ensured by searh_next we have also (ii) so that Mj is a T -essentialmaximum. A dual argument shows that mj is a T -essential minimum.The lemma above justi�es the alternating searh of T -essential minima and maxima, sinesubroutine searh_next orretly handles onseutive minima and maxima, respetively, of equalheight. After termination we have mn ≥ m0 + N ; in fat, equality holds. Indeed, note �rst
mn−1 < m0 + N ≤ mn. If we had mn−1 < m0 + N < Mn−1 then there were no T -essentialmaximum loated between the T -essential minima mn−1 and m0 + N and the lemma wouldimply K(mn−1) = K(m0). This would ontradit the onstrution of m0, f. the initializationof the algorithm. Hene Mn−1 < m0 + N ≤ mn and by minimality of Ln−1, we have Mn−1 <
Ln−1 ≤ m0 + N . Sine m0 is a global minimum, it follows from the de�nition of mn

K(m0 + N) = K(m0) ≤ K(mn) = min
Ln−1≤j≤mn

K(j) ≤ K(m0 + N) = K(m0),in partiular K(m0) = K(mn) and mn = m0 + N again by minimality of mn.Finally, maximality of the length of the two omputed sequenes follows from minimality of
(Mn, Ln) and (mn, ln), respetively. 2Referenes1. J.D.F. Habbema, A disriminant analysis approah to the identi�ation of human hromo-somes, Biometris 32, 919�928 (1976).2. J.D.F. Habbema, Statistial methods for lassi�ation of human hromosomes, Biomet-ris 35, 103�118 (1979).3. R. E. Slot, On the pro�t of taking into aount the known number of objets per lass inlassi�ation methods, IEEE Trans. Inf. Theory 25, 484�488 (1979).4. M.K.S. Tso and J. Graham, The transportation algorithm as an aid to hromosome lassi�-ation, Patt. Re. Lett. 1, 489�496 (1983).5. M.K.S. Tso, P. Kleinshmidt, I. Mitterreiter, and J. Graham, An e�ient transportationalgorithm for automati hromosome karyotyping, Patt. Re. Lett. 12, 117�126 (1991).21
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