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Graph edit distance

cost(y)) =6 cost(p) = 4

Jedit(G, H) = ming cost(m) = 4
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Graph edit distance

@ Computing deqit exactly is NP hard

@ There is no PTAS (multiplicative approximation up to factor 1 + €) for
Oedit unless P = NP

e Additive approximation is quasipolynomial:

Theorem (Arora, Frieze, Kaplan, 2002)

Given G, H, e, finding a bijection ¢ : V(G) — V(H) with
cost(p) < dedit(G, H) + €n® can be carried out in time nOllog n/e*),
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GED using Arora-Frieze-Kaplan rounding procedure

G H

Define mixed associations

Mo (v, V') = {(w,a(w)) | E(v,w) <= —E(V,a(w))}
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Mo (v, V') = {(w,a(w)) | E(v,w) <= —E(V,a(w))}
cost’(a) := Z L\Ma(v, a(v))]

vEdom(a) |a’

Define mixed associations
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GED using Arora-Frieze-Kaplan rounding procedure

Mo (v, V') = {(w,a(w)) | E(v,w) <= —E(V,a(w))}

cost'(@) = > —[Ma(v,a(v))]

vEdom(a) |a’

e Show that there is an o* of size O (log n/e?) so that for all v, v/,

n

‘a—*||Ma*(v, V)| & [Mp=(v, V)| £ en

o Iterate through all « of such size and find a ¢, s.t.
cost(pq) < cost'(a) + en?.
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GED using Arora-Frieze-Kaplan rounding procedure

Mo (v, V') = {(w,a(w)) | E(v,w) <= —E(V,a(w))}

cost'(@) = > —[Ma(v,a(v))]

vEdom(a) |a’

e Show that there is an o* of size O (log n/e?) so that for all v, v/,

n
‘a—*||Ma*(v, V)| & [Mp=(v, V)| £ en
o Iterate through all « of such size and find a ¢, s.t.

cost(pq) < cost’(ar) + en®. < this is the “rounding procedure”

\.

Then one can show that
cost(par) < dedit(G, H) + en’.
Robust GI, QAP, VC dimension March 2nd, 2026 5/21



g€-approximation

@ Show that there is an o* of size O (log n/e?) so that for all v, v/,
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@ Show that there is an o* of size O (log n/e?) so that for all v, v/,

ﬁwm(v, V)| & [Me (v, V)] % €n

a

o lterate through all « of such size and find a ¢, s.t.
cost(pq) < cost’(a) + en?.

Such o is also known as the e-approximation for the set system

M = {Mp=(v,V') | v,V'}.
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g-approximation

@ Show that there is an o* of size O (log n/e?) so that for all v, v/,

ﬁ\/\/tw«(v, V)| & [Mp- (v, V)| £ en

a

o lterate through all « of such size and find a ¢, s.t.
cost(pq) < cost’(a) + en?.

Such o is also known as the e-approximation for the set system

M = {My=(v,V') | v,V'}.

Lemma (Chazelle, 2000)

Let H C 2V be any set system. For any € > o, there is an e-approximation for

H of size O(log n/e?).
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VC dimension

Suppose a set system H C 2¥. We call X C V shattered, if for any subset
Y C Xthereis He Hsuchthat XN H=Y.

%
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Y C Xthereis He Hsuchthat XN H=Y.

%

The VC dimension is the size d of the largest shattered set.
For graphs, one usually considers the set system {Ng(v) | v € V(G)}.
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%

The VC dimension is the size d of the largest shattered set.
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VC dimension

Recall

M = {My+(v, V) | v, v}
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VC dimension

Recall

M = {Mp=(v,V') | v,V'}

Lemma
If G, H have VC-dim at most d, then M+ has VC-dim at most 10d.

Lemma (Li, Long, Srinivasan, 2001)

If a set system H has VC-dim at most d, then for any € > o, there is an
g-approximation for H of size O(d/e?).
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First result

Hence, if G, H, have VC-dim at most d, then we can do the following;:

7

@ Show that there is an o™ of size O(Iog n /52> so that for all v, v/,

n
‘a—*||Ma*(v, V)| ~ |My= (v, V)| £en

o Iterate through all « of such size and find a ¢, s.t.
cost(pa) < cost'(a) + en?.
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Results

Approximating edit distance
o nOllogn/e?)
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Results
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o nOllogn/e?)
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Weighted graphs

The AFK procedure works also for weighted graphs. Instead of the values
|Ma(v, V)|, we have to take into account the weights:
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Weighted graphs

The AFK procedure works also for weighted graphs. Instead of the values
|Ma(v, V)|, we have to take into account the weights:

Mo (v, v’)

{(w,a(w)) | E(v,w) <= —E(V,a(w))}

ba(v,v) =Y Jw(v, w) — w(V, a(w))].

w

@ Show that there is an o* of size O (log n/e?) so that for all v, v/,
n
Hbm(v, V') & by (v,V') £ en

o lIterate through all « of such size and find a ¢, s.t.
cost(pa) < cost’'(a) + en?.
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Weighted graphs

G G>t
2
N
0.7 N 2.5
‘5:5‘
2 <—t=—10
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Weighted graphs

G G>t
2 >
N
0.7 N 2.5 <—t=1.5
‘5:5‘
2 ]
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Weighted graphs

G
2
RS
0.7 <. |25
6:5‘
2
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Weighted graphs

@ Show that there is an a* of size O ( (d + log é)) so that for

/
all v, v/,

1
e?
n
||
o Iterate through all a of such size and find a ¢, s.t.
cost(pq) < cost’(a) + en?.

b+ (v, V') & b= (v,V') £ en
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Quadratic Assignment Problems of bounded VC dimension

[] []

Find a bijection ¢ : [n] — [n] that
minimises

D clv,ov), wop(w))

v,w

Tomas Novotny (RWTH) Robust GI, QAP, VC dimension March 2nd, 2026 14/ 21



Quadratic Assignment Problems of bounded VC dimension

[] []

Find a bijection ¢ : [n] — [n] that
minimises

D clv,ov), wop(w))

v,w

e Graph Edit Distance

Tomas Novotny (RWTH) Robust GI, QAP, VC dimension March 2nd, 2026 14/ 21



Quadratic Assignment Problems of bounded VC dimension

[]

e Graph Edit Distance

[]

Find a bijection ¢ : [n] — [n] that

@ Minimum linear arrangement

Tomas Novotny (RWTH)

minimises
> (v, p(v), wyp(w))
v,w
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Quadratic Assignment Problems of bounded VC dimension

[]

e Graph Edit Distance

[]

Find a bijection ¢ : [n] — [n] that
minimises

D clv,ov), wop(w))

v,w

@ Minimum linear arrangement

@ Maximum acyclic subgraph in a digraph
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Quadratic Assignment Problems of bounded VC dimension

[] []

/
Ve Tv Find a bijection ¢ : [n] — [n] that

« ZC(Va @(v), w, p(w))

ﬁ h

e Graph Edit Distance

@ Minimum linear arrangement

@ Maximum acyclic subgraph in a digraph

ML (v, V) = {(w,a(w)) |  c(v,V,w,a(w)) >t }
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Results

Approximating edit distance
o nOllogn/e?)

o n%d/€*) on graphs of
VC-dim < d
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Robust Graph Isomorphism

e Input: graphs G, H of size n such that either G = H or
(5edit(c, H) > en’.
@ Question: Is G = H?
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Robust Graph Isomorphism

e Input: graphs G, H of size n such that either G = H or
(Sedit(c, H) > en’.
@ Question: Is G = H?

@ in time nOllogn/e?)

e on graphs of bounded VC dimension at most d in time n®(4/¢%),
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Robust Graph Isomorphism

e Input: graphs G, H of size n such that either G = H or
6edit(c, H) > en’.
@ Question: Is G = H?

@ in time nOllogn/e?)

e on graphs of bounded VC dimension at most d in time n®(4/¢%),

Question. Can we solve this problem only using combinatorial techniques?
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Weisfeiler-Leman algorithm

If G, H are k-WL equivalent, then for each k — 1 tuple v in G there is k — 1
tuple w in H such that
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Weisfeiler-Leman algorithm

If G, H are k-WL equivalent, then for each k — 1 tuple v in G there is k — 1
tuple w in H such that

@ colouring v and w by unique colours

e iteratively recolouring all vertices with respect to their coloured
neighbourhood (colour refinement)

leaves us with same colour partition on both sides.
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Second main result

Theorem

Suppose VC-dim(G) < d. If G and H are O(d/e*log 1/€)-WL equivalent,
then deqit(G, H) < en*.
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y

We can show that there is a tuple in G of such size, such that individualising
it and running colour refinement:
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Second main result

Theorem

Suppose VC-dim(G) < d. If G and H are O(d/e” log 1/e)-WL equivalent,
then deqit(G, H) < en*.

O(log n/e?) ’
; vidualising

We can show that there is a tuple in G of such si
it and running colour refinement:
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Robust Gl lower bounds

From known constructions (CFI graphs), we can conclude the following
lower bounds.
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Robust Gl lower bounds

From known constructions (CFI graphs), we can conclude the following
lower bounds.
Theorem

The o(1/+/€)-WL cannot distinguish between all graphs of edit distance > en?,
even for graphs of bounded VC dimension / of bounded colour class size.

Theorem

The o(1/€)-WL cannot distinguish between all graphs of edit distance > en?.

- i Edit distance
grows quadrati-

cally. [Pikhurko]
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Results

Approximating edit distance Robust Gl using WL
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Results

Approximating edit distance Robust Gl using WL
o nOllogn/e?) e O(logn/e*)-WL
o n94/¢") on graphs of e O(d/e?-log(1/€))-WLon
VC-dim < d graphs of VC-dim < d
o n%(9 on arbitrary QAPs of e O(poly(e))-WL on graphs
VC-dim < d bounded VC-dim / bounded

colour class size
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