Maintaining Longest Common Extensions in Dyn-FO

Accepted for Symposium on Combinatorial Pattern Matching (CPM) 2026

Daniel Albert
March 3, 2026
Logic and Computing: Databases, Automata, Complexity
Chair 1: Logic in Computer Science

Faculty of Computer Science
Technische Universitat Dortmund



technische universitét
dortmund

LS1 - LogiDAC

Dyn-FO

Dyn-FO [Patnaik and Immerman 1997]

» Dynamic algorithm where updates and queries are expressible in FO-logic

D. Albert | March 3, 2026

2/22



é%c:%\‘ime universitét LS1 _ I_Ogi DAC

Dyn-FO

Dyn-FO [Patnaik and Immerman 1997] ] / 2 / l

» Dynamic algorithm where updates and queries are expressible in FO-logic

4fL——5——6

REACH in acyclical graphs [Patnaik and Inmerman 1997, Theorem 4.2]

» Query(1,6) = true

Query(a,b) Is breachable from ain G?
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Dyn-FO [Patnaik and Immerman 1997] | 2

» Dynamic algorithm where updates and queries are expressible in FO-logic ‘ / / l

4fL——5——6

REACH in acyclical graphs [Patnaik and Inmerman 1997, Theorem 4.2]
Data

» Query(1,6) = true

[ b) Insert ed b) into G. ( @ i lical) > Del(4,5)
ns(a,b) Insert edge (a,b) into G. (assume G remains acyclica > Ins(2,5)
Del(a,b) Delete edge (a,b) from G. 1 2 3

L]

f--X->5——56

Query(a,b) Is breachable from ain G?
» Query(1,6) = false
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» Dynamic algorithm where updates and queries are expressible in FO-logic

4fL——5——6

REACH in acyclical graphs [Patnaik and Inmerman 1997, Theorem 4.2]

» Query(1,6) = true

Data R(z,y) : node y is reachable from node z in G > Del(4,5)
Ins(a,b) Insert edge (a,b) into G. (assume G remains acyclical) > Ins(2 ’5)
R (z,y) = 7
Del(a,b) Delete edge (a,b) from G. 1 2 3

/]

Query(a,b) Isbreachable from a in G? hooxmos 6
R(a,b). » Query(1,6) = false
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» Dynamic algorithm where updates and queries are expressible in FO-logic

4fL——5——6

REACH in acyclical graphs [Patnaik and Immerman 1997, Theorem 4.2]
Data R(z,y) : node y is reachable from node z in G

» Query(1,6) = true
» Del(4,5)
> Ins(2,5)

Ins(a,b) Insert edge (a,b) into G. (assume G remains acyclical)

R(r.y) = R(z.y)V(R(z.0) AR(b.y)) ) , 5
Del(a,b) Delete edge (a,b) from G.

/]

Query(a,b) Isbreachable from a in G? hooxmos 6
R(a,b). » Query(1,6) = false

D. Albert | March 3, 2026 2/22



td%c:;;\‘ime universitét LS1 _ I_Ogi DAC

Dyn-FO

Dyn-FO [Patnaik and Inmerman 1997] ] /‘ 2 / l

» Dynamic algorithm where updates and queries are expressible in FO-logic

4fL——5——6

REACH in acyclical graphs [Patnaik and Immerman 1997, Theorem 4.2]
Data R(z,y) : node y is reachable from node z in G

» Query(1,6) = true
» Del(4,5)
> Ins(2,5)

Ins(a,b) Insert edge (a,b) into G. (assume G remains acyclical)

R(r.y) = R(z.y)V(R(z.0) AR(b.y)) ) , 5
Del(a,b) Delete edge (a,b) from G.

R (z,y) = R(z,y)A [—\R(ac, a) vV =R(b,y) V Ju,v(E(u,v) A R(z, u) ‘ / JJ/ l
AR(u,a) A R(v,y) A “R(v,a) A (v #bV u# b))]

Query(a,b) Isbreachable from a in G? hooxmos 6
R(a,b). » Query(1,6) = false
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Dyn-FO Continuation

Successorin D C [1,n]

Ins(a) Insertainto D.
Del(a) Remove a from D.
Query(a,b) Isbthe successor of ain D?
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D ={3,6,7,10,11, 14, 16, 18,20, 22, 25,29, 31}
» Query(23,28) = false
» Query(23,25) = true
> Ins(28)
» Del(25)
D ={3,6,7,10,11, 14, 16, 18,20, 22, 25,28, 29, 31}
» Query(23,28) = true
» Query(23,25) = false
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Dyn-FO Continuation

Successorin D C [1,n]
Data D(z): =ze€D

Ins(a) Insertainto D.
D'(z)= D(z)Va==x

Del(a) Remove a from D.
D'(z)= D(x)ANa#=zx

Query(a,b) Isbthe successor of ain D?
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» Query(23,28) = false
» Query(23,25) = true
> Ins(28)
» Del(25)

D ={3,6,7,10,11, 14, 16, 18,20, 22, 25,28,29, 31}
» Query(23,28) = true
» Query(23,25) = false
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Successorin D C [1,n]

Data D(z): =ze€D
Ins(a) Insertainto D.
D'(z)= D(z)Va==x
Del(a) Remove a from D.
D'(z)= D(x)ANa#=zx
Query(a,b) Isbthe successor of ain D?
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D(b)Ab>aA=Fv[Dw)Av>aAb> v

D ={3,6,7,10,11, 14, 16, 18,20, 22, 25,29, 31}

» Query(23,28) = false
» Query(23,25) = true
> Ins(28)
» Del(25)

D ={3,6,7,10,11, 14, 16, 18,20, 22, 25,28,29, 31}
» Query(23,28) = true
» Query(23,25) = false
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Dyn-FO Continuation

D ={3,6,7,10,11, 14, 16, 18,20, 22, 25,29, 31}
Query(23,28) = false
Query(23,25) = true

Successorin D C [1,n]

Data D(z): =ze€D
Ins(a) Insertainto D.

vvyYyypy

Ins(28
D'(z)= D(z)Va==x (28)
Del(a) Remove a from D. Del(25)
D'(z)= D(@)Aa#z D ={3,6,7,10,11, 14, 16, 18,20, 22, 25,28, 29, 31}
Query(a,b) Isbthe successor of ain D? » Query(23,28) = true
D(b)Ab>aA=Fv[Dw)Av>aAb> v » Query(23,25) = false

Observation
m Algorithm barely uses auxiliary information and updates.
» We can probably do better.
» What does better mean?
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Dyn-FO Continuation

D ={3,6,7,10,11,14, 16,18, 20, 22,25,29, 31}
Query(23,28) = false
Query(23,25) = true

Successorin D C [1,n]

Data D(z): =ze€D
Ins(a) Insertainto D.

vvyYyypy

Ins(28
D'(z)= D(z)Va==x (28)
Del(a) Remove a from D. Del(25)
Di(z)= D@)ratsz D ={3,6,7,10,11, 14, 16, 18,20, 22, 25,28, 29, 31}
Query(a,b) Isbthe successor of ain D? » Query(23,28) = true
D(b)Ab>aA=Fv[Dw)Av>aAb> v » Query(23,25) = false

Observation
m Algorithm barely uses auxiliary information and updates.
» We can probably do better.
» What does better mean?

» Work-Sensitive Dyn-FO
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Work-Sensitive Dyn-FO

Follows from Immerman 1999, Corollary 5.10

Problem P is in Dyn-FO
&
There is a dynamic parallel constant-time algorithm for P
on a common CRCW PRAM with polynomial work.
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Follows from Immerman 1999, Corollary 5.10
— Py Py e Py
Problem P is in Dyn-FO
&
There is a dynamic parallel constant-time algorithm for P = = =
on a common CRCW PRAM with polynomial work. =05 =6 =0
vE OE oE
Lo S 2o
S £ 1S
common CRCW PRAM
PRAM parallel machine with multiple processors,

synchronized steps, shared memory global shared memory
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Follows from Immerman 1999, Corollary 5.10
— Py Py e Py
Problem P is in Dyn-FO
&
There is a dynamic parallel constant-time algorithm for P = = =
on a common CRCW PRAM with polynomial work. =5 =6 =0
vE OE oE
Lo Lo 2o
£ £ 1S
common CRCW PRAM
PRAM parallel machine with multiple processors,

synchronized steps, shared memory global shared memory

CRCW  concurrent read and write allowed

common concurrent write only with same value
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Work-Sensitive Dyn-FO

Follows from Immerman 1999, Corollary 5.10
— Py Py e Py
Problem P is in Dyn-FO
&
There is a dynamic parallel constant-time algorithm for P = = =
on a common CRCW PRAM with polynomial work. =0 =6 =0
vE OE oE
Lo S 2o
£ £ 1S
common CRCW PRAM
PRAM parallel machine with multiple processors,

synchronized steps, shared memory global shared memory

CRCW  concurrent read and write allowed

common concurrent write only with same value

number of processors x runtime = work

» better = less work
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Longest Common Extension (LCE)

Given: String S[1,n], indices i, j

Longest Common Extension (LCE) =
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Longest Common Extension (LCE)

Given: String S[1,n], indices i, j

) Longest Common Prefix (LCP) of S[i, n] and S[j, n]
Longest Common Extension (LCE) =

i=9 j =16

I I
I I
; lcpg(3,9) ; ; lcpg(3,9) i

D. Albert | March 3, 2026 5/22



:jeocrrtvrr:lsjgréeuniversitét LS1 - Logi DAC

Longest Common Extension (LCE)

Given: String S[1,n], indices i, j
) Longest Common Prefix (LCP) of S[i, n] and S[j, n]
Longest Common Extension (LCE) =
Longest Common Suffix (LCS) of S[1,4] and S[1, j]
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Longest Common Extension (LCE)

Given: String S[1,n], indices i, j
) Longest Common Prefix (LCP) of S[i, n] and S[j, n]
Longest Common Extension (LCE) =
Longest Common Suffix (LCS) of S[1,4] and S[1, j]

i=9 j=16

1 +
S= a,b a b ¢ a a b/b;ja b c a'a b!b;a b c a|
| | ileps(39) L ileps3,9)

I l I I I

! ©sB9 L ess(3,9) |

Observation
m LCP and LCS are symmetrical
» From now only LCP
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Dynamic LCP

Problem
S= ¢

init({a, b, C}) init(E)
® Initialization S = ¢
= Alphabet
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Dynamic LCP
s Problem
. — ¢
init({a, b, c}) init(x)
ins(1,a) s :@ m Initialization S = ¢
ins(1, c) S = E a m Alphabet &
ins(i, o)
ins(4, b) S=a b a@c aabbabcaabbaboca m Inserto ate
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Dynamic LCP
s Problem

- — ¢

init({a, b, c}) init(x)

ins(1,a) s :E m Initialization S = ¢

ins(1,c) s=[c]a m Alphabet >
ins(i,0)

ins(4, b) S=a b a@c aabbabcaabbabca u Insertoati

lcp(9,16) = 5 S=ababocaablbabcalablbabcal
lep (i, 7)

m Compute lepg (i, )
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Dynamic LCP
g Problem

- .

init({a, b, c}) init(x)

ins(1,a) S:E m Initialization S = ¢

ins(1,c) s=[c]a = Alphabet %

ins(i, o)

ins(4, b) S:aba@caabbabcaabbabca u Inserto atq

lecp(9,16) =5 S=ababocaablbabcalablbabcal del()
S:abﬂbcaabbabcaabbabca u Delete position 4

del(3)

lep(1,13) = 3 S:c aabbabc aa b ¢ a lep(3, )

m Compute lcpg (4, 7)
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LCP Algorithms

Computing LCP from scratch
sequential naive in O(n) time

parallel  constant time with O(n) work
(slightly more complicated)
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Computing LCP from scratch
sequential naive in O(n) time
parallel  constant time with O(n) work

(slightly more complicated)
» both clearly optimal

» from scratch not very interesting
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Computing LCP from scratch
sequential naive in O(n) time
parallel  constant time with O(n) work

(slightly more complicated)
» both clearly optimal

» from scratch not very interesting

Static Algorithms

= Given S, build data structure D
= Given 4,5 and D, compute LCP in O(1)
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LCP Algorithms

Computing LCP from scratch
sequential naive in O(n) time
parallel  constant time with O(n) work

(slightly more complicated)
» both clearly optimal

» from scratch not very interesting

Static Algorithms

= Given S, build data structure D
= Given 4,5 and D, compute LCP in O(1)

m Farach-Colton, Ferragina, and Muthukrishnan 2000:
Sequential, Time O(n)

= Shun 2014: Parallel, Time O(log? n), Work O(n)
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LCP Algorithms

Computing LCP from scratch
sequential  naive in O(n) time Dynamic Algorithms
parallel  constant time with O(n) work = Maintain data structure D for changing S

(slightly more complicated) . . .
» both clearly optimal = Given i, j and D, compute LCP efficiently

» from scratch not very interesting

Static Algorithms

= Given S, build data structure D
= Given 4,5 and D, compute LCP in O(1)

m Farach-Colton, Ferragina, and Muthukrishnan 2000:
Sequential, Time O(n)

= Shun 2014: Parallel, Time O(log? n), Work O(n)
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LCP Algorithms

Computing LCP from scratch
sequential  naive in O(n) time Dynamic Algorithms
parallel  constant time with O(n) work = Maintain data structure D for changing S

(slightly more complicated) . . .
» both clearly optimal = Given i, j and D, compute LCP efficiently

» from scratch not very interesting m Gawrychowski et al. 2018:

= Related problem, Sequential
m Time O(logn) with high probability

Static Algorithms

= Given S, build data structure D
= Given 4,5 and D, compute LCP in O(1)

m Farach-Colton, Ferragina, and Muthukrishnan 2000:
Sequential, Time O(n)

= Shun 2014: Parallel, Time O(log? n), Work O(n)
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LCP Algorithms

Computing LCP from scratch

naive in O(n) time

constant time with O(n) work
(slightly more complicated)

» both clearly optimal

» from scratch not very interesting

sequential
parallel

Static Algorithms

m Given S, build data structure D
= Given 4,5 and D, compute LCP in O(1)

m Farach-Colton, Ferragina, and Muthukrishnan 2000:
Sequential, Time O(n)
= Shun 2014: Parallel, Time O(log? n), Work O(n)
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Dynamic Algorithms

= Maintain data structure D for changing S
= Given i, j and D, compute LCP efficiently

= Gawrychowski et al. 2018:

= Related problem, Sequential
m Time O(logn) with high probability

» Work-Sensitive Dyn-FO

Forany e > 0,
O(n) work for updates and queries
in parallel constant time on common CRCW PRAM.

7122
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Overview

» Work-Sensitive Dyn-FO

For any e > 0, parallel constant time with O(n®) work for updates and queries on common CRCW PRAM.
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» Work-Sensitive Dyn-FO

For any e > 0, parallel constant time with O(n®) work for updates and queries on common CRCW PRAM.

String Synchronizing Sets

= tool from string algorithms
® answering queries easy

m constructing difficult

® maintaining even worse
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Overview

» Work-Sensitive Dyn-FO

For any e > 0, parallel constant time with O(n®) work for updates and queries on common CRCW PRAM.

String Synchronizing Sets Kempa and Kociumaka 2022
= tool from string algorithms = dynamic string algorithm
B answering queries easy = maintains suffix-array
m constructing difficult ® can maintain string
= maintaining even worse synchroni;ing sets (with some
modifications)
® requires logarithmic time
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Overview

» Work-Sensitive Dyn-FO

For any e > 0, parallel constant time with O(n®) work for updates and queries on common CRCW PRAM.

String Synchronizing Sets

= tool from string algorithms
® answering queries easy

m constructing difficult

® maintaining even worse
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Kempa and Kociumaka 2022

= dynamic string algorithm
® maintains suffix-array

® can maintain string
synchronizing sets (with some
modifications)

® requires logarithmic time

Muddling

= tool from Dyn-FO algorithms
= from Datta et al. 2019

= constant-time updates
compute non-constant-time
algorithm

= but introduces outdated
information
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Overview

» Work-Sensitive Dyn-FO

For any e > 0, parallel constant time with O(n®) work for updates and queries on common CRCW PRAM.

String Synchronizing Sets

= tool from string algorithms
® answering queries easy

m constructing difficult

® maintaining even worse

Kempa and Kociumaka 2022

= dynamic string algorithm
® maintains suffix-array

® can maintain string
synchronizing sets (with some
modifications)

® requires logarithmic time

+ technical details and auxiliary algorithms, skipped here

D. Albert | March 3, 2026

Muddling

= tool from Dyn-FO algorithms
= from Datta et al. 2019

= constant-time updates
compute non-constant-time
algorithm

= but introduces outdated
information
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String Synchronizing Sets

String Synchronizing Set B (e.g. Kociumaka et al. 2024, Section 4)

Set of occurrences (starting positions) of length-r substrings within a string S with:

S= a b a b c a a b b a b ¢ a a b b a b c b

B%: 1 2 2 3
tabab [ ]
2: abca L ] 1
3: caab L ]

D. Albert | March 3, 2026 9/22
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String Synchronizing Sets

String Synchronizing Set B (e.g. Kociumaka et al. 2024, Section 4)
Set of occurrences (starting positions) of length-r substrings within a string S with:

Consistency:  Contains either none or all occurrences of a substring 4
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String Synchronizing Sets

String Synchronizing Set B (e.g. Kociumaka et al. 2024, Section 4)

Set of occurrences (starting positions) of length-r substrings within a string S with:

v

Contains either none or all occurrences of a substring
4 *except periodic (repeating) parts

Consistency:

Density:  There is an occurrence at least every %T positions.*

S= a b a b ¢c a a b b a b ¢ a a b b a b c b
B4 3 B22zz22223 2 3

:1 2
tabab [ ]
2: abca 1 L 1
3: caab L 1] L ]

9/22

D. Albert | March 3, 2026



:jeocrl;vrr:ls]gréeuniversitét LS1 - LOgi DAC

String Synchronizing Sets

String Synchronizing Set B (e.g. Kociumaka et al. 2024, Section 4)

Set of occurrences (starting positions) of length-r substrings within a string S with:

Consistency: ~ Contains either none or all occurrences of a substring v

Density:  There is an occurrence at least every %T positions.* 4 *except periodic (repeating) parts

S= a b a b ¢c a a b b ab ¢ a a b b a b c b

B%: 1 2 3 4 ez 2 3 4
tabab [ ]
2: abca 1 L 1
3: caab L ] L ]
4: abba ] L ]
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String Synchronizing Sets

String Synchronizing Set B (e.g. Kociumaka et al. 2024, Section 4)

Set of occurrences (starting positions) of length-r substrings within a string S with:

Consistency: ~ Contains either none or all occurrences of a substring v
Density:  There is an occurrence at least every %T positions.* v *except periodic (repeating) parts
Sparseness:  The total length of all occurrences is O(n). )/
S= a b a b c¢c a ab b ab c aab b ab cb
B*: 1 2 3 4 5 2 3 4 5 6
rabab [ ]
2: abca L 1 L 1
3: caab L 1 L 1
4 abba L 1 L 1
5: bbab L ] L ]
6: abcb I

D. Albert | March 3, 2026 9/22
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S= a b a b c a a b b a b c a a b b a b c b
B':1 2 1 2 3 1 1 2 2 1 2 3 1 1 2 2 1 2 3 2
B*:1 2 1 3 45 1 6 2 1 3 4 5 1 6 2 1 3 7
B%Y: 1 2 3 4 5 2 3 4 5 6
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Answering Queries with String Synchronizing Sets

Compute lcp(s, )

7 J

N 3
S=a b a b c a a b b a b c a a b b a b c b m Search on m’ = lcp(4, 5)
B': 1 2 1 2 3 11 2 2 1 2 3 1 1 2 2 1 2 3 2 » Binary-Search-like

- T — - T — - T — » O(n¢) equality queries

B2: 1 2 1 3 4 5 1 6 2 1 3 &5 1 6 2 1 3 7 “Sli,i +m) = S[j,j +m)?”
B*: 1 2 3 4 5 2 3 4 5 6
B8 1 2 3 2 4
B6: 1 2
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Answering Queries with String Synchronizing Sets

‘ Sli,i+m) . Slj,j +m) ‘ Compute lcp(s, 5)
S—a b a,b c a a b b a,b ¢c a a b b a b c b m Search on m’ = lcp(4, 5)

l 11 | 2
B! 203 1122 1023 1 1 2 2 1) » Binary-Search-like

N | — ! » O(n®) equality queries
B2 '3 4 5 1. 6 2 3 4 5 1 6 2 | “Sli,i +m) = S[j,j +m)?”

| — —

| [ |

| ¥ 1 Equality Query
Bt L3 4 o3 4 | - w

| | | S[i,i +m) = S[j,j +m)

| —— —— =

| ' 1 both have same occurrences
B8 - | 1 |

| 11 |

| [ |

| [ |

B16 . | ' |
| [ |
| 1 |

D. Albert | March 3, 2026 10/ 22
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Answering Queries with String Synchronizing Sets

S[i,i+m) S[j, i +m) Compute lcp(i, j)

S—a b a,b c a a b b a,b ¢c a a b b a b c b m Search on m’ = lcp(4, 5)
l 11 | 2
1. . .
B 12 o ! » Binary-Search-like
= ! ! » O(nf) equality queries
B2 '3 2 | “S[i,i +m) = S[j, j +m)?"
| — |
I 11 |
| % 1 Equality Query
Bt L3 4 | | - -
: H : S[Zvl+m):S[37]+m)
l —— | =
1 L 1 both have same occurrences
B | ¥ | 1. Cover Sli, i + m) with few
| L : (O(logn)) occurrences.
B16 . | ' !
| [ |
| [ 1
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Answering Queries with String Synchronizing Sets

S[i,i+m) S[j, i +m) Compute lcp(i, j)

same covering.

S=a b a,b c a a b b ab ¢c a a b b aib ¢ b m Search on m’ = lcp(4, 5)
l I | ’
1. . .
B 12 12 N » Binary-Search-like
= T ! » O(nf) equality queries
B2 : 3 2 )3 2 “S[é,i +m) = S[j,j +m)?"
| — —
| [ |
| % 1 Equality Query
Bt L3 4 o3 4 | - w
: H : S[Zvl+m):S[37]+m)
l —— —— =4
1 ' 1 both have same occurrences
B | ¥ | 1. Cover Sli, i + m) with few
| L : (O(logn)) occurrences.
B16 . } L | 2. Check if S[j,j + m) has
| [ |
| [ 1
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Maintaining String Synchronizing Sets

Sequential Dynamic Algorithm by Kempa and Kociumaka 2022

= maintains the suffix array of a dynamic string
m sequential, O(log* n) time for queries, O(log®T°(") n) time for updates.
= maintains dynamic String Synchronizing Sets
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Maintaining String Synchronizing Sets

Sequential Dynamic Algorithm by Kempa and Kociumaka 2022

= maintains the suffix array of a dynamic string
m sequential, O(log* n) time for queries, O(log®T°(") n) time for updates.
= maintains dynamic String Synchronizing Sets

Sequential Algorithm

m keeps the String Synchronizing Sets and what is
used to construct them in memory

D. Albert | March 3, 2026 /22



technische universitét
dortmund

LS1 - LogiDAC

Maintaining String Synchronizing Sets

Sequential Dynamic Algorithm by Kempa and Kociumaka 2022

= maintains the suffix array of a dynamic string
m sequential, O(log* n) time for queries, O(log®T°(") n) time for updates.
= maintains dynamic String Synchronizing Sets

Sequential Algorithm
m keeps the String Synchronizing Sets and what is
used to construct them in memory
m updates recalculate parts of this information
» updates may only affect a small part
m updates String Synchronizing Sets bottom-up
» uses BT to compute B2"
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Maintaining String Synchronizing Sets

Sequential Dynamic Algorithm by Kempa and Kociumaka 2022

= maintains the suffix array of a dynamic string
m sequential, O(log* n) time for queries, O(log®T°(") n) time for updates.
= maintains dynamic String Synchronizing Sets

Sequential Algorithm Difficulties for parallel constant-time

m keeps the String Synchronizing Sets and what is m updates have to traverse logarithmic number of
used to construct them in memory levels, but still run in constant time
m updates recalculate parts of this information » muddling

» updates may only affect a small part
m updates String Synchronizing Sets bottom-up
» uses BT to compute B2"
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Maintaining String Synchronizing Sets

Sequential Dynamic Algorithm by Kempa and Kociumaka 2022

= maintains the suffix array of a dynamic string
m sequential, O(log* n) time for queries, O(log®T°(") n) time for updates.
= maintains dynamic String Synchronizing Sets

Sequential Algorithm Difficulties for parallel constant-time

m keeps the String Synchronizing Sets and what is = updates have to traverse logarithmic number of
used to construct them in memory levels, but still run in constant time
m updates recalculate parts of this information » muddling
» updates may only affect a small part = need data structures to store sets in constant time
m updates String Synchronizing Sets bottom-up and maintain consistent names for occurrences
» uses BT to compute B27 » technical, auxiliary algorithms (skipped here)
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Achieving Parallel Constant Time

Ideas from the Muddling Lemma [Datta et al. 2019]

m Spread the computation of a time 7'(n) algorithm across 7'(n) updates.

D. Albert | March 3, 2026
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Achieving Parallel Constant Time

Ideas from the Muddling Lemma [Datta et al. 2019] Delayed Processing
m Spread the computation of a time 7'(n) algorithm across 7'(n) updates. m Sets B” are delayed

Time
Record:
Set Delay
3 o
[}
- B2 1
B4 2
B8 3
B16 4
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Achieving Parallel Constant Time

Ideas from the Muddling Lemma [Datta et al. 2019] Delayed Processing

m Spread the computation of a time 7'(n) algorithm across T'(n) updates. m Sets B~ are delayed
m Changes from an update
are not all computed

Time immediately.

Record: [ins(1,a),
Set Delay <

| B o) a

[}

- B2 1 e
B* 2 €
B8 3 €
B16 4 €
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Achieving Parallel Constant Time

Ideas from the Muddling Lemma [Datta et al. 2019] Delayed Processing
m Spread the computation of a time 7'(n) algorithm across 7'(n) updates. m Sets B” are delayed

m Changes from an update
are not all computed

Time immediately.
o . . 1 - m Spreads computation
Record: [ins(1,a), ins(2,b), ins(2,c), del(1), ins(1,b)] across following
Set Delay < updates.

Bl 0 a

B2 1 a\a

B4 2
B8 3 e \‘ a
4

B16

Level
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Achieving Parallel Constant Time

Ideas from the Muddling Lemma [Datta et al. 2019] Delayed Processing

m Spread the computation of a time 7'(n) algorithm across T'(n) updates. m sets Brlaredelayed

m Changes from an update
are not all computed

immediately.
o ins(2.b ins(2 del(1), i m Spreads computation
Record: [ins(1,a), ins(2,b), ins(2,c),  del(1), ins(1,b)] R e

Set Delay < /< /< /< /< updates.
o Bl 0 a ab ach ab bch m Computes changes from
3 \ T~ T T several updates in

32 1 g a \ab \acb \ ab parallel.

B4 2 € € a \ab \acb

B8 3 € € € a ab

B16 4 € € € € \ a
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Achieving Parallel Constant Time

Ideas from the Muddling Lemma [Datta et al. 2019]

m Spread the computation of a time 7'(n) algorithm across 7'(n) updates.

Set
Bl
BQ
B4
B8
B16

Level

D. Albert | March 3, 2026

Record:
Delay
o]

1

2
3
4

Delayed Processing

m Sets BT are delayed
m Changes from an update

are not all computed
immediately.

Spreads computation
across following
updates.

Computes changes from
several updates in
parallel.

Time available to
compute updates grows
with number of levels
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Achieving Parallel Constant Time

Ideas from the Muddling Lemma [Datta et al. 2019] Delayed Processing

m Spread the c.omptftatlon ofa tl.me T(n)'algorlthm across T'(n) updates. m Sets BT are delayed
= Answer queries with outdated information + a record of recent changes.
m Changes from an update

are not all computed

Time immediately.
T - - 1 - m Spreads computation
Record: [ins(1,a), ins(2,b), ins(2,c), del(l), ins(1,b)] s Callaiin
Set Delay < /< /< /< /< updates.
| Bt 0 a ab acb ab bcb m Computes changes from
3 T T T T several updates in
B2 1 € a \ab \acb \ ab parallel.
B4 2 € € a ab ach = Time available to
B 3 e c c \ a T ab compute updates grows
\ with number of levels
B16 A € € € € a
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Dealing with outdated information

Problem

m Only the topmost String Synchronizing Set B!
represents the current string.

= The other sets are all delayed.

Set Delay

Bl
B2
B4
B8
B16

_wWw N = O

Delayed String

b
b
b
b
b

VRN < VI VA < T 1]

D. Albert | March 3, 2026

b
b
b

O b
a[b]

C

C

C

C

C

VRN < VI VA <V <]

VRN < VIR < VAR « VA <]

o T T T T

o T T T T

VRN < VI VA <P <]

o T T T T

VRN < VI VA < T ']

VRN <V VA <P 1]

b c afa]b
b c a b
blc]a b
b a b
b a b

VRN < VI VA <P <]

Record:
Update
ins(18,a)
del(19)
ins(16, c)
del(3)
ins(4,b)

Age

S~ W N a2 O
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Dealing with outdated information

T

1. Cut out parts that were recently changed.
m Only the topmost String Synchronizing Set B! s g 8

represents the current string.
= The other sets are all delayed.

Set Delay Delayed String

Record:
B 0 ab caabbabocaahbhb a b a Update Age
B2 1 a b caabbabcaabhb a b a ins(18,a) | o
B* 2 ab caabbabcaabhb a b a Flel(lg) !
. ins(16, c) 2
B 3 ab caabbabocaabhb a b a del(3) 3
B 4 ab caabbabcaabb|a b l¢ a ins(4, b) 4
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Dealing with outdated information

T

1. Cut out parts that were recently changed.

- .. 1
= Only the topmost String Synchronizing Set B » Remaining parts are fully up-to-date

represents the current string.
= The other sets are all delayed.

Set Delay Delayed String

Record:
B 0 a b caabbabcaabhb a b a Update Age
B2 1 a b caabbabcaabhb a b a ins(18,a) | o
BY 2 ab caabbabcaabhb a b a fjel(lg) !
. ins(16, c) 2
B 3 ab caabbabocaahbhb a b a del(3) 3
B 4 ab caabbabcaabbffjalfbi¢a ins(4, b) 4
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Dealing with outdated information

T

1. Cut out parts that were recently changed.

» Remaining parts are fully up-to-date
2. Answer sub-queries on remaining parts
3. Compare cut-out positions naively

m Only the topmost String Synchronizing Set B!
represents the current string.

= The other sets are all delayed.

Set Delay Delayed String

Record:
B 0 a b caabbabcaabhb a b a Update Age
B2 1 a b caabbabcaabhb a b a ins(18,a) | o
BY 2 ab caabbabcaahbhb a b a fjel(lg) !
. ins(16, c) 2
B 3 ab caabbabocaahbhb a b a del(3) 3
B 4 ab caabbabcaabbffjafbi¢a ins(4, b) 4
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Summary and Applications

There is a parallel constant-time algorithm for dynamic LCP on a common CRCW PRAM with O(n?) work, for any € > 0.
m Combines techniques from Dyn-FO (Muddling) and String-Algorithms (String Synchronizing Sets)
m Only for integer alphabets © = [1,n] (common assumption for string algorithms)
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Summary and Applications

Summary

There is a parallel constant-time algorithm for dynamic LCP on a common CRCW PRAM with O(n®) work, for any € > 0.
m Combines techniques from Dyn-FO (Muddling) and String-Algorithms (String Synchronizing Sets)
m Only for integer alphabets © = [1,n] (common assumption for string algorithms)

Sl[i, 4] is a square if S[i, j] = uu

Input  String S[1, n]
Set(i,o0) SetS’ = S[1,i— 1]oS[i +1,n]
Query()  What is the longest square in S?

Based on Amir et al. 2019, Theorem 26:

Parallel constant-time algorithm with work O(n?),
foranye > 0.
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Summary and Applications

Summary

There is a parallel constant-time algorithm for dynamic LCP on a common CRCW PRAM with O(n®) work, for any € > 0.
m Combines techniques from Dyn-FO (Muddling) and String-Algorithms (String Synchronizing Sets)
m Only for integer alphabets © = [1,n] (common assumption for string algorithms)

S[i, j] is a square if S[i, j] = vu Dy, well-matched parentheses with k types
Input  String S[1, n] Input  String S[1, n]
Set(i,0) SetS’ = S[1,i — 1]oS[i + 1,n] Set(i,0) SetS’ = S[1,i — 1]oS[i + 1,n]
Query()  What is the longest square in S? Query() IsS € Dg?
Based on Amir et al. 2019, Theorem 26: Due to Schmidt et al. 2021, Lemma 6.9:
Parallel constant-time algorithm with work O(n?), Parallel constant-time algorithms with work O(n?),
forany e > 0. for Dy, k € Nand any € > 0.
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Answering Queries with String Synchronizing Sets (1)

= Compute lcp(z, 7) via search on m similar to a binary search, using equality queries “S[i,i + m) = S[j,j + m)?"
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Answering Queries with String Synchronizing Sets (1)

= Compute lcp(z, 7) via search on m similar to a binary search, using equality queries “S[i,i + m) = S[j,j + m)?"

Comparing Segments S[i,i + m) and S[j, j + m)

1. Cover S[i, i + m) with few (O(log n)) occurrences from B!, B2, B4, ...
2. If S[i,i +m) = S[j, 7 + m), then S[j, j +m) has the same covering (due to Consistency)
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Answering Queries with String Synchronizing Sets (1)

= Compute lcp(z, 7) via search on m similar to a binary search, using equality queries “S[i,i + m) = S[j,j + m)?"

Comparing Segments S[i,i + m) and S[j, j + m)

1. Cover S[i, i + m) with few (O(log n)) occurrences from B!, B2, B4, ...
2. If S[i,i +m) = S[j, 7 + m), then S[j, j +m) has the same covering (due to Consistency)

S: il
BT :

first occurrence:

B T TIPS B S
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Answering Queries with String Synchronizing Sets (1)

= Compute lcp(z, 7) via search on m similar to a binary search, using equality queries “S[i,i + m) = S[j,j + m)?"

Comparing Segments S[i,i + m) and S[j, j + m)

1. Cover S[i, i + m) with few (O(log n)) occurrences from B!, B2, B4, ...
2. If S[i,i +m) = S[j,j +m), then S[j, j +m) has the same covering (due to Consistency)

+
(SR
+
~‘

i—i—%‘r i+m

S: il
BT :

7

|

|

T

1

1

1 1
first occurrence: EZzzzzooiiiiinsiroomoss

1

1

1

1

1

1

1

1

1

> earliest possibility
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Answering Queries with String Synchronizing Sets (1)

= Compute lcp(z, 7) via search on m similar to a binary search, using equality queries “S[i,i + m) = S[j,j + m)?"

Comparing Segments S[i,i + m) and S[j, j + m)

1. Cover S[i, i + m) with few (O(log n)) occurrences from B!, B2, B4, ...
2. If S[i,i +m) = S[j,j +m), then S[j, j +m) has the same covering (due to Consistency)

S: il
BT :

7

|

|

T

1

1

1 1
first occurrence: EZzzzzooiiiiinsiroomoss

1

1

1

1

1

1

1

1

1

> earliest possibility

eeeesepeeeees NN | > latest possibility (due to Density)
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Answering Queries with String Synchronizing Sets (1)

= Compute lcp(z, 7) via search on m similar to a binary search, using equality queries “S[i,i + m) = S[j,j + m)?"

Comparing Segments S[i,i + m) and S[j, j + m)

1. Cover S[i, i + m) with few (O(log n)) occurrences from B!, B2, B4, ...
2. If S[i,i +m) = S[j,j +m), then S[j, j +m) has the same covering (due to Consistency)

S: il
BT :

|
7777772772777Y7227277227277

first occurrence: > earliest possibility

> latest possibility (due to Density)

> intersection (!) is always covered
> difference (?) may be covered

It e e o
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Answering Queries with String Synchronizing Sets (2)

S Ell

B et = el
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Answering Queries with String Synchronizing Sets (2)

1+ m
|
S o =3
Level |
T=1 I
T=2

Al
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Answering Queries with String Synchronizing Sets (2)

Sl

1
|
|
|
Level |

|
T=1 [

|
T=2 | E—
T=4 SRR
SRRRRARAARPAAOICRRTCRIR,

T=28 R AR
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Answering Queries with String Synchronizing Sets (2)
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Answering Queries with String Synchronizing Sets (2)

S [Tl

Level

77777777770
RV VYV VW WIS AN Rk

R Y Y Y Y YYYYY)
0200000000000000000 000 F

R AR o
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Answering Queries with String Synchronizing Sets (2)

02220227722227227227 77 A

( 1+m
e ...
R N | -

! |
Level | I

! |
T=1 4

1
T=2 —

L, . )
T=4 [2 SRR 3

! |
T=38 & SO RRRRRRPPARRPPPPIOOOOR S ]

! |
T=28(gap) | R VY Yy !

! |

Correctness

m Positions in S[i, 4 + m) are always covered . .
. ,[ ! ) ,) & = S[i,5) = S[j, m) iff both produce the same covering
m Position outside S[i,: + m) are never covered
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Answering Queries with String Synchronizing Sets (2)

7 1+ m
S Co i i .

Level | :
T=1 i:l |:|:
T=2 — | —
=4 I — —

| |
T=8 ! [ : ] | !
T = 8 (gap) | I | |

| |

Correctness

m Positions in S[i, + m) are always covered

. . = S[i, j) = S[4, m) iff both produce the same coverin
m Position outside S[i,: + m) are never covered (. 3) Ly m) 2 s
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Towards Constructing String Synchronizing Sets

Consistent Decomposition D

Decompose S into factors S = ujus . .. um With similar properties to String Synchronizing Sets
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Towards Constructing String Synchronizing Sets

Consistent Decomposition D

Decompose S into factors S = ujus . .. um With similar properties to String Synchronizing Sets
Consistency:  If S[i,i + k) = wis a factor and S[i — a,i + 8) = S[j — «, j + B, then S[j, j + m) = w is a factor

ko
+
@

S IR I
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Decompose S into factors S = ujus . .. um With similar properties to String Synchronizing Sets
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Towards Constructing String Synchronizing Sets

Consistent Decomposition D

Decompose S into factors S = ujus . .. um With similar properties to String Synchronizing Sets
Consistency:  If S[i,i + k) = wis a factor and S[i — a,i + 8) = S[j — «, j + B, then S[j, j + m) = w is a factor

_l’_
=
I
i)
<
|
Q
I I S
<
A
Eal
o
+
=

1
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Towards Constructing String Synchronizing Sets

Consistent Decomposition D

Decompose S into factors S = ujus . .. um With similar properties to String Synchronizing Sets
Consistency:  If S[i,i + k) = wis a factor and S[i — a,i + 8) = S[j — «, j + B, then S[j, j + m) = w is a factor
Density:  Max length of factors limited* *except periodic (repeating) parts

Sparseness:  Short factors can only exist surrounded by long factors

1

D. Albert | March 3, 2026 B 19 /22



geocrrtvrr:ls]gréeuniversitét LS1 - Logi DAC

Towards Constructing String Synchronizing Sets

Consistent Decomposition D

Decompose S into factors S = ujus . .. um With similar properties to String Synchronizing Sets
Consistency:  If S[i,i + k) = wis a factor and S[i — a,i + 8) = S[j — «, j + B, then S[j, j + m) = w is a factor
Density:  Max length of factors limited* *except periodic (repeating) parts
Sparseness:  Short factors can only exist surrounded by long factors

= Turn each factor in D into an occurrence in B™

i—a i i+k i+p j—a j  j+k j+8
| | | | | | | |
S | | | | | | | | -
s SIS IR 4 TS SSSTSIE: NS |
| | m | | | | m | |
D: - —— } ] = } } } } H H -4
| | | | | | | |
BT - l l l ‘ - l l
| | | | | | |
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Computing Consistent Decompositions

Iterative Construction

1. Start with singleton factors

Example
S= a b a b ¢ a a b b a b ¢c a a b b a b c b

LT e e e s e e B B o e e e
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Computing Consistent Decompositions

1. Start with singleton factors
2. Repeat until only one factor is left:
21 Merge runs of identical factors

Example
S= a b a b ¢ a a b b a b ¢c a a b b a b c b
= 44—+ +—+ +— -+t
Dl _I 1l L L L I\/ \/ L I\/ 1l \/ 1l 1l 1l 1l ]
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Computing Consistent Decompositions
Iterative Construction Consistent Merging
1. Start with singleton factors m Partition unique factors into <, >, L.
2. Repeat until only one factor is left:
21 Merge runs of identical factors
2.2 Merge neighboring factors
consistently
Example
S= a b a b ¢ a a b b a b ¢c a a b b a b c b
= 4+t —-—+—+——+—
Dl 1 1 1 1 1 1 \/ 1 1 1 1 1 \/ 1 \/ 1 1 1 1 ] q:{a}
r IQIIDIQIDIDI J_ T J_ IQIDIDI J_ L} J_ II<]IIl>Ill>IIl>I |>:{b7c}
1 = {aa, bb}
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Computing Consistent Decompositions

Iterative Construction Consistent Merging

1. Start with singleton factors m Partition unique factors into <, >, L.
2. Repeat until only one factor is left: B Merge uju;+1 iffu; € quipq €.

21 Merge runs of identical factors
2.2 Merge neighboring factors
consistently

Example
S= a b a b ¢ a a b b a b ¢ a a b b a b ¢ b

LT e e B B B B B e e et 7w S B O

VoV V.,V

D} = ittt } ——+—1 1 — a={a}
P gt gt T gt T g > ={b,c}
VoV v \/ 1 = {aa, bb}

D=
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Computing Consistent Decompositions

Iterative Construction Consistent Merging

1. Start with singleton factors m Partition unique factors into <, >, L.
2. Repeat until only one factor is left: B Merge uju;+1 iffu; € quipq €.
21 Merge runs of identical factors m Choose Partition...
2.2 Merge neighboring factors m At random (e.g. Liptak, Masillo, and Navarro 2024)
consistently m High number of merges (e.g. Kociumaka et al. 2024)

Example
S= a b a b ¢ a a b b a b ¢ a a b b a b ¢ b

LT e e B B B B B e e et 7w S B O

VoV V.,V

Dl — 1 1l L L L L L L L L L 1l 1l 1l 1l 1l ] 4= {a}
r I q L| > T q T > T > T J_ T J_ T P T > T > T J_ L| J_ L| q L| > L| > L| > 1 > = {b, C}
AVARRVA NV V4 1L = {aa,bb}

D% = | i —i i i —i l l —— 7

D2 =
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Maintaining String Synchronizing Sets

Sequential Dynamic Algorithm by Kempa and Kociumaka 2022

Keep decompositions and synchronizing sets in memory. On updates, recalculate affected parts.
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Maintaining String Synchronizing Sets

Sequential Dynamic Algorithm by Kempa and Kociumaka 2022

Keep decompositions and synchronizing sets in memory. On updates, recalculate affected parts. Requires:
1. Updates affect factors/occurrences in a small part of the string. — Local Merging

Local Merging
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Sequential Dynamic Algorithm by Kempa and Kociumaka 2022

Keep decompositions and synchronizing sets in memory. On updates, recalculate affected parts. Requires:
1. Updates affect factors/occurrences in a small part of the string. — Local Merging

Local Merging

For each k, there are fixed oy, B, with:

m During the k-th merging step,
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Maintaining String Synchronizing Sets

Sequential Dynamic Algorithm by Kempa and Kociumaka 2022

Keep decompositions and synchronizing sets in memory. On updates, recalculate affected parts. Requires:
1. Updates affect factors/occurrences in a small part of the string. — Local Merging

Local Merging

For each k, there are fixed oy, B, with:

m During the k-th merging step,
m When deciding if u;, u;+1 should be merged,
m where j is the position where u; starts,
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Maintaining String Synchronizing Sets

Sequential Dynamic Algorithm by Kempa and Kociumaka 2022

Keep decompositions and synchronizing sets in memory. On updates, recalculate affected parts. Requires:
1. Updates affect factors/occurrences in a small part of the string. — Local Merging

Local Merging

For each k, there are fixed oy, B, with:

m During the k-th merging step,
m When deciding if u;, u;+1 should be merged,
m where j is the position where u; starts,
m This decision depends only on S[j — ax,j + Bk]-
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Maintaining String Synchronizing Sets

Sequential Dynamic Algorithm by Kempa and Kociumaka 2022

Keep decompositions and synchronizing sets in memory. On updates, recalculate affected parts. Requires:
1. Updates affect factors/occurrences in a small part of the string. — Local Merging
2. The affected parts of the string contain few factors/occurrences. — Local Sparseness

- Local Sparseness
Local Merging

For each k, there are fixed oy, B, with:

= During the k-th merging step,
m When deciding if u;, u;+1 should be merged,
m where j is the position where u; starts,
m This decision depends only on S[j — ax,j + Bk]-
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Maintaining String Synchronizing Sets

Sequential Dynamic Algorithm by Kempa and Kociumaka 2022

Keep decompositions and synchronizing sets in memory. On updates, recalculate affected parts. Requires:
1. Updates affect factors/occurrences in a small part of the string. — Local Merging
2. The affected parts of the string contain few factors/occurrences. — Local Sparseness

- Local Sparseness
Local Merging

In the definition of Sparseness,

For each k, there are fixed oy, B, with: X
ok: Br replace  “The total length of all occurrences is O(n)”

= During the k-th merging step, with  “The total length of all occurrences in a
® When deciding if u;, u;1 should be merged, length m > 7 segment is O(m log™ m)”

m where j is the position where u; starts,
m This decision depends only on S[j — ax,j + Bk]-
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Maintaining String Synchronizing Sets

Sequential Dynamic Algorithm by Kempa and Kociumaka 2022

Keep decompositions and synchronizing sets in memory. On updates, recalculate affected parts. Requires:
1. Updates affect factors/occurrences in a small part of the string. — Local Merging
2. The affected parts of the string contain few factors/occurrences. — Local Sparseness

- Local Sparseness
Local Merging

In the definition of Sparseness,

For each k, there are fixed oy, B, with: X
ok: Br replace  “The total length of all occurrences is O(n)”

= During the k-th merging step, with  “The total length of all occurrences in a
® When deciding if u;, u;1 should be merged, length m > 7 segment is O(m log™ m)”

m where j is the position where u; starts, .
= This decision depends only on S[j — a, j + Bxl- stronger:  Sparseness holds within small segments

weaker:  More occurrences by log*-factor
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String Synchronizing Sets Hierarchy

S=a b a b c a a b b a b c a a b b a b c b

B%: 1 2 3 4 5 2 3 4 5 6
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String Synchronizing Sets Hierarchy

Hierarchy
Bl 32 B4 BS B16

%

BT for all

T=2,0<i<logn Bt

B8 :
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String Synchronizing Sets Hierarchy

S =

Bl:
Hierarchy

B2
BI,BQ7B47B8,B16
BT for all
T=2"0<i<logn B4 .
Observation 1
Bl = [1’ n] 8
B2=[1,n—1] B
due to Density

BlG
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a b a b c a b ¢ b b a b ¢ b
17 2 1 2 3 1 2 3 2 2 1 2 3 2
1.2 1 3 4 5 3 4 6 2 1 3 7
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