Model Theory

Moritz Muller

February 10, 2024



Contents

Preliminaries

1 Ordinals and cardinals

1.1 Orders . . . . .
1.2 Ordinals . . . . . . . e
1.3 Ordinal arithmetic . . . . . . . . . .
1.4 Cardinals . . . . . . e
1.5 Cardinal arithmetic . . . . . . . .. . .
1.6 Cofinality and cardinal exponentiation . . . . ... ... ... ... .......

2 Boolean algebras and ultraproducts

2.1 Boolean algebras . . . . . . ...
2.2 C(lassification of finite Boolean algebras . . . ... ... ... ... .......
2.3 Stone representation theorem . . . ... ... ... .. oo L.
2.4 Reduced products and Horn formulas. . . . . ... ... ... .. ... .....
2.5 Ultraproducts . . . . . . . . .

2.5.1 Periodic and torsion-free abelian groups . . . . . . ... ... ... ...

2.5.2 Ideals versus filters in products of fields . . . . ... ... ... .....

3 Back and Forth

3.1 Partial isomorphisms . . . . . ... ... ..
3.1.1 Back and forth in dense orders . . . .. ... ... ... .........
3.1.2 Back and forth in atomless Boolean algebras . . . .. ... ... ....
3.1.3 Back and forth in algebraically closed fields . . ... ... ... ....

3.2 Ehrenfeucht-Fraissé theory . . . . .. .. .. ... ... ... L
3.2.1 Back and forth in discrete orders . . . . .. ... ... L.

3.3 Fralssé limits . . . ... . . e
3.3.1 Therandom graph . . ... ... .. .. ...

4 Diagrams

4.1 Algebraic diagrams . . . . . . ... L
4.1.1 Los-Tarski . . . ...
4.1.2  Orderable and divisible abelian groups . . ... ... ... .. .....



CONTENTS

4.2 Model completeness . . . .. ... oL
4.2.1 Existentially closed subfields . . . ... ... ... ... .....
4.3 Elementary diagrams . . . . . .. . ... e
4.4 Directed systems . . . . . .. e e
4.4.1 Chang - Lo$-Suszko . . . .. ... L
4.4.2 Ax-Grothendieck on polynomial maps . . . . .. ... ... ... ....
4.5 Model companions . . . . . ...
4.5.1 Groups and rings are not companionable . . . ... .. ... ... ...
Types
5.1 Realizing types . . . . . . .
5.1.1 Ry-saturation of ultraproducts. . . .. ... ... ... ... .......
5.2 Homogeneity . . . . .
5.3 Omitting types . . . . . . .
5.3.1 McDowell-Specker . . . . . . ... . ...
5.4 Countable models . . ... ... ..
54.1 Ryll-Nardzewski . . . . . ... ..
54.2 Vaught'snever two . . . ... ... . ... ...
Quantifier elimination
6.1 Craiginterpolation . . . . . . . . ...
6.2 Expressivity of first-order logic. . . . . . . ... L o
6.3 Quantifier elimination . . . . . .. ... .. ...
6.3.1 Examples . . . . . . .
6.3.2 Quantifier elimination in Fraissé limits . . ... ... ... ... ....
6.4 Applications to algebraically closed fields . .. ... ... ... .........
6.4.1 Hilbert’s Nullstellensatz . . ... ... ... ... ... ..........
6.4.2 Definability versus constructibility . . . ... ... ... ... .....
6.4.3 Types versus prime ideals . ... ... ... ... ... ... ... ..
6.5 Applications to real closed fields . . . . ... ... ... ... L.
6.5.1 Background in real algebra . . . . ... ... oo o oL
6.5.2 Quantifier elimination and Tarski-Seidenberg . . . . . . ... ... ...

6.5.3 Hilbert’s 17th problem . . . . . ... ... ... ... ... ........

1

41
43
43
45
46
47
48
30

51
51
o4
o4
o7
98
29
60
61



Preliminaries

This course builds on an introduction into mathematical logic. We recall some basic
definitions and notations.

Sets

For a set A we write A2 = Ax A, A3 =(Ax A)x A,... and P(A) for the power set of X.
We often view a function f as sets ordered pairs and write dom(f) = {b| Ja : (a,b) € f}
for its domain, and im(f) := {a | Ja : (a,b) € f} for its image. For A € dom(f) we let
f1A = fn(Axim(f)) denote the restriction of f to A. Note that a function g is a
restriction of a function f if and only if g € f; then we call f an extension of g.

A set X is finite if there is a bijection from {0,...,n — 1} onto X for some n € N;
otherwise it is infinite. E.g., @ is a bijection from {0,...,0-1} = @ onto @.

For a family of sets (X} )z, the cartesian product [1;c; X; is the set of functions f with
domain [ such that f(i) € X; for all 4 € I. It is non-empty if all X; are nonempty (this
statement is called the axziom of choice).

Structures

Let L be a language: a set symbols, namely function and relation symbols; every symbol
has an arity (a natural number) associated to it. A constant is a function symbol of arity 0.

An L-structure 2 is a pair (A, (s*)ser) of a universe A # @ and interpretations s* of
the symbols in s € L: an r-ary relation symbol R € L is interpreted by a relation R* ¢ A",
an r-ary function symbol f € L is interpreted by a function f%*: A" - A. For a constant
c € L the function maps the unique element of A° to some value, and we identify ¢* with
this value. We usually denote the universes of structures 2,8, ¢, ... by A, B,C,....

Let L’ ¢ L and A be an L-structure. We call A1L" := (A, (s¥)serr) the L'-reduct of A,
and A an L-expansion of A1 L’.

An L-structure 2l is a substructure of an L-structure B, and 8 an extension of 2,
symbolically € B, if Ac B and R* = R®Pn A", f* = fP1A" for all r € N, all r-ary relation
and function symbols R, f € L. For constants ¢ € L this means ¢® = ¢®. Note that the
universe A of 21 is an L-closed subset of B, i.e., A 2 im(f?1A") for every r-ary function
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symbol f € L; in particular, ¢® € A for all constants ¢ € L. Conversely, every L-closed
subset A ¢ B is the universe of an L-structure.

Let X ¢ B. If L contains a constant or if X # &, then the intersection of all L-closed
A ¢ B with X ¢ A is the smallest L-closed superset of X. The substructure of 8 with
this universe is denoted (X)® and said to be generated (in B) by X. If X =@ and L does
not contain constants, the notation is undefined. An L-structure ‘B is finitely generated if
B = (X)? for some finite X € B.

Morphisms

Let L be a language and 2, B be L-structures. A function 7 : A - B is an homomorphism
from 2A to B, symbolically 7 : A -, B, if for all r € N, all r-ary relation symbols R € L, all
r-ary functions symbols f € L, and all a = (ag,...,a,_1) € A™:

aeR* = 7(a):=(n(ap),...,m(a,_1)) € R®,

©(f*(@))) = ¥ (7 (ao),. .. m(a,-1)).

In particular, 7(c*) = ¢® for all constants ¢ € L. Tt is strong if <= holds above, i.e., if
7(R*)(={n(a) |a e R*}) = R®. If 7 is strong and injective, it is an (algebraic) embedding
of A into B, symbolically 7 : 2 -, B. If 7 is strong and bijective it is an isomorphism of A
onto B, symbolically 7 : 20 2 8. If such 7 exists, then 2 and B are isomorphic, symbolically
A~ B. An automorphism of 2 is an isomorphism of 2 onto 2. Note 7 : 2 -, B if and
only if 7 : A = B, ¢ B for some By, and, A € B if and only if the identity (on A) is an
embedding of 2 into B.

Formulas

L-terms are obtained from variables g, x1, x9, . . . (often we use other symbols like x,y, 2, . . .)
by composition: if f € L is an r-ary function symbol and %, ...,t,_; are L-terms, then so
is ftg---t,_1; in particular every constant in L is an L-term. L-atoms have the form ty = t;
or Rty---t,_1 for L-terms t; and an r-ary relation symbol R € L. L-formulas are built
from L-atoms by means of A,—, Vz. The symbols v,—, <, 32 are explained as suitable
abbreviations. Let T = (xg,...,2_1) be a tuple of variables, k¥ € N. Writing a formula ¢
as () indicates that the free variables of ¢ are among xy, ...,z 1; similarly for terms.
Sentences are formulas without free variables. In formulas, we write VI or Vxy---x;_1 instead
Vag--Vag, and similarly 3z. The universal closure of p(Z) is the sentence YZp(T).

Let 2 be an L-structure. An assignment in 2l is a map from the variables into A. The
value of an L-term ¢ under an assignment 5 in 2 is denoted t*[3]. 2 E ¢[3] means that
the L-formula ¢ is true in 2 under §. For a set of formulas ®, 2 = ®[ 5] means A = p[[]
for all o € ®. For an L-sentence ¢ and a term ¢ without variables we omit (3, so t% € A and
2 E ¢ means that 2 satisfies ¢ or ¢ is true in 2.
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If ¢ = (xg,...,71-1) and [(z;) = a; € A we write 2 = ¢[ag,...,ax_1] for this, and say
a=(ag,...,ax1) satisfies p(z) in A. The formula p(Z) defines (in 2A) the set

p(A) = {ae A" | Ak pla]}.

The notation t*[a] is similarly explained. If 7 : 2 -, B then 7w (t*[a]) = t®[n(a)], and if
m: A 2B, then ae p(A) < w(a) € p(*B).

Remark. Assume L contains a constant or X # @. The universe of (X)* is the set of
t*[a] where t is an L-term and a a tuple from X.

Remark. If ¢(z) is quantifier-free and 2 ¢ B, then o(A) = (B) n A*. Hence, if
B = VIp(z), then A E Vip(z). Further, if 7:2A -, B and a € p(A), then w(a) € p(B).

Theories

Let L be a language and T be an L-theory, i.e., a set of L-sentences also called axioms.
The theory of A is

Th(2A) :={¢ | ¢ is an L-sentence and 2A £ p}.

We say A satisfies T if A T, ie., T ¢ Th(2); if such A exists, we call T' is satisfiable.
Two L-theories T,T" are equivalent, symbolically T" = T, if they have the same models.
The class of L-structures satisfying T' is axiomatized by T. A class of L-structures is
axiomatizable if it is axiomatized by some L-theory. A class of L-structures is elementary
if it is axiomatized by some finite L-theory, equivalently, by {¢} for some L-sentence ¢.

Two L-structures A, B are elementary equivalent, symbolically 2 = B, if Th() =
Th(B); e.g., ~ implies =. An L-theory T is complete if it is satisfiable and its models
are pairwise elementarily equivalent. his happens if and only if for all L-sentences ¢,
either T' proves ¢ or T proves - (and not both). That T" proves ¢ is written T + ¢ and
characterized as follows — for this course this can be taken as a definition.

Completeness theorem Let T be an L-theory and ¢ an L-formula. Then T + ¢ if and
only if A& @[B] for all L-structures A with A =T and all assignments B in 2.

Remark. Let T be an L-theory.

1. Let ¢(Z,y) be an L-formula and ¢ be a tuple of constants outside L. Then T+ ¢(¢,7)
if and only if T+ VZyp(Z, ).

2. T is satisfiable if and only if it is consistent, i.e., T # -z = x.

The proof of the completeness theorem implies

Compactness theorem Let T be an L-theory. Then T is satisfiable if and only if every
finite subset of T is satisfiable.

This could be called the fundamental theorem of model theory. We shall give a ‘direct’
proof, sidestepping the formal notion of proof.
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Algebraic theories

1.

The language of (additively written) groups is L, := {+,—,0} for a binary function
symbol +, a unary function symbol — and a constant 0. We use infix notation and
write (t+s) for Lg,-terms t, s instead +ts, The theory of groups contains (the universal
closures of)

z+(y+z)=(r+y)+z, x+0=xz, O+x=x, z+(-2)=0, (-z)+x=0.

. The theory of abelian groups contains additionally z +y =y + x.

For n > 0 write nx for the term x + --- + z (n times) where we omit parenthesis as is
usual. We extend the notation to integers setting Ox := 0 and (-n)z := n(-z) (where
— € L on the r.h.s.). The theory of divisible abelian groups is the theory of abelian
groups plus 3y = = ny for every n > 0.

The theory of ordered abelian groups has language Lg, U {<} for a binary relation
symbol < and is the theory of abelian groups plus

—r<x, (r<yAy<z)—x<z, T<y->r+2<y+2z.

The theory of divisible ordered abelian groups is the union of the previous two theories.

The language of 1ings is Lping = Leru{-, 1} for - a binary function symbol (with infix
notation) and a constant 1. The theory of (commutative unitary) rings is the theory
of abelian groups plus (omitting parentheses as usual)

v (y-2)=(r-y)z z-l=x, zy=y-x, z-(y+z)=x-y+x-2.
The theory integral domains is the theory of rings plus
-0=1, z-y=0->(x=0vy=0)
The theory of fields is the theory of rings plus
-0=1, =z2=0->dyx-y=1.

The theory of ordered fields is the theory of fields plus

—r<z, (x<yAny<z)—-x<z

r<y—>r+z<y+z, (x<ynl<z)->x-z<y-z.

By a group, abelian group, etc. we mean a model of the corresponding theory.



Chapter 1

Ordinals and cardinals

This chapter is a crash course in set theory, developed naively, i.e., not axiomatically. We
treat set theory as just another mathematical theory of a certain class of objects, and are
not concerned with its philosophical role as a foundation of mathematics.

1.1 Orders

In this section we consider the language L := {<} for a binary relation symbol <. An L-
structure is a pair A = (A,<*) for A a nonempty set and <¥*c A2, We use infix notation
and write x < y instead < zy. Given an {<}-structure 2 and a,b € A (the universe of A),
we similarly write a <* b instead (a,b) e<*, and a <* b means a <* b or a = b.

Definition 1.1. An {<}-structure 2 is a partial orderif it is irreflezive and transitive; this
means, respectively, that it satisfies Vo = x <z and Yayz((x <yAy < z) > x < z). A linear
order additionally satisfies Vxy(x =yva<yvy<z).

Let 2( be a partial order and B ¢ A. An element b € B is minimal (in B) if there does
not exist b’ € B with 0/ <* b. 2 is well-founded if every @ # B € A has minimal elements. A
well-order is a well-founded linear order.

Examples 1.2.

1. (A,<?) for <¥:= @ is a partial order where all elements are both minimal and maximal.

2. Throughout this chapter we let 91, 3, Q,R denote the familiar linear orders with uni-
verses N, Z, Q, R, respectively. Each is a substructure of the next. None has maximal
elements. 91 is a well-order. They are pairwise non-isomorphic. The first 3 are
pairwise non-elementary equivalent. We shall see later that Q = R (Example 3.13).

Remark 1.3. Let 2 be a partial order.

1. If @+ Bc A then B = (B,<* nB?) c 2 is a partial order. It is a linear order or a
well-order if 2 is.
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2. The {<}-structure B := (B,<?) with B := A and <®:=<¥ is reflexive (satisfies Va x <
x), transitive and anti-symmetric (satisfies Yoy((z <y Ay <x) - x =y). Every such
structure B comes in this sense from a partial order 2.

3. A is well-founded if and only if in 2 there is no infinite descending sequence

...<ma2<ma1<ma0

of elements ag,aq,... € A. Indeed: If ag,aq,... is such a sequence, then B :=
{ag, a1, ...} has no minimal element. Conversely, assume @ # B € A has no mini-
mal element. Choose ag € B. Since ag is not minimal in B, there is a; € B with
a; <* ay. Continue.

4. Finite partial orders are well-founded.

5. For aset X, (P(X),%) is a partial order. It is well-founded if and only if X is finite.

Proof. If X is infinite, there are pairwise distinct xg,z1 ... € X. Then {zg,z1,...} 2
{z1,29,...} 2 {x2,23,...} 2... is decreasing in (P(X),%). O

Exercise 1.4. Show that a well-order is infinite if and only if it contains an infinite
INCTeasing sequence.

Definition 1.5. Let 2,8 be partial orders. The ordered sum 2 + B of 2 and B has
universe ({0} x A)u ({1} x B) and interprets < setting (i,c) <**® (¢/,¢') if and only if i </,
or,i=%=0and c<® ¢, or,i=4¢=1and c<® (.

The (anti-lezicographic) product A x B of A and B has universe A x B and interprets <
setting (a’,b") <¥® (a,b) if and only if b’ <® b, or, V' = b and a’ < a.

Intuitively, 1 + B is obtained by placing B on top of 2; and 2 x B is obtained by
replacing every b € B by a copy of .

Example 1.6. 91 x Q # 9 x 9. Indeed, the latter is dense (satisfies Vry(x <y — Jz(x <
ZAz<y))), the former is not.

Remark 1.7. Let 2,8 be partial orders.

1. A+B,2A x B are partial orders.
2. If A, B are linear, then so are A + B, 2 x B.
3. If 2, B are linear or well-founded, then so are A + 5,2 x B.

Proof. For 2 + B this is easy to see. For A x B, let @ # X ¢ Ax B. Since B is
well-founded, there is a minimal element by of {b € B | (a,b) € X for some a € A}.
Since 2 is well-founded there is a minimal element ay of {a € A | (a,by) € X}. Then
(ao, bp) is minimal in X. O



CHAPTER 1. ORDINALS AND CARDINALS 3

Exercise 1.8 (Order arithmetic). Let ,B, € be partial orders. Show

(A+B)+C2A+ (B +),

(AxB)xC2Ax (B xC),

Ax(B+C) 2 (AxB) + (Ax ).
Exercise 1.9. For a partial order 2 and a € A, let 2., be the substructure with universe
A ={d € A| a <* a}; it is undefined if this set is empty, i.e., a is minimal; 2, is
similarly explained. For partial orders 2,8 and (a,b) € A x B, show

(Ql X ‘B)<(a,b) = (Q( X %<b) + Q[«za
if neither a nor b are minimal (in A resp. B). What if one of a,b is minimal?

Definition 1.10. Let 2 be a linear order with a minimal element 0 € A and B be another
linear order. The {<}-structure A% has universe

AB) = {f: B — A| supp(f) is finite}

where supp(f) := {be B | f(b) # 0}. It interprets < setting f <¥* ¢ if and only if there is
b e B such that f(b) <* g(b) and f(b') = g(V’) for all b’ € B with b<® ',

Example 1.11. Let 2 := ({0,1},{(0,1)}). Then 2% consists of infinite binary sequences
that are eventually 0. To determine whether f <2” ¢ look for the maximal position where
the functions differ: there should bea 1in g and a 0in f. E.g.

f 11011000100101101011000---
g 01011110100011101011000---

Then, 2™ 2 N via the isomorphism [ — ¥, f(7) - 2%; note the sum is finite.
Exercise 1.12. Let 2,5, € be linear orders. Show

AP = YB 5 YT

QL%XC ~ (;21%)6.
Lemma 1.13. If A,B are well-orders, then so is AZ.

Proof. Tt is straightforward to check that A% is a linear order. Let @ # X ¢ AB), If the
function constantly 0 is in X, it is minimal in X and we are done.

Otherwise, supp(f) # @ for all f € X. For f e X, let b} be the maximal element of
supp(f) and let by be minimal among these. Let ag be minimal in {f(bo) | f € X, b} = bo}.
It is clear that Xo := {f € X [ b} =bo, f(bo) = ao} is an initial segment of X (i.e., its elements
are smaller than all other elements in X'). Hence it suffices to find a minimal element in X|.
If X, contains the function constantly 0 on B\ {by}, we are done.

Otherwise, supp(f)~{bo} # @ for all f e X,. For f e X, let b} be the maximal element
of supp(f) N {bo}, and let b; be minimal among these. Then by <® by. Let a; be minimal
in {f(b1) | f€Xo,by =bi}. Then Xy :={f € Xo|b} =01, f(b1) = ai} is an initial segment
of Xo. If X; contains the function constantly 0 on B\ {by,b;}, we are done.

Otherwise continue. This process eventually stops because by, by, . .. is decreasing. [
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1.2 Ordinals

For a set X (of sets) we write N X := Nyex « and U X := Uzex . We have Ug = @, and we
consider N @ to be undefined.

Definition 1.14. A set X is transitive if UX € X. A set « is an ordinal if it is transitive,
and, « =@ or («,¢€,) is a well-order where

ei={(z,y) eaxalrey}.
For an ordinal a we sometimes write < instead of €; as before, x <y means x €y or x = y.

Remark 1.15. X is transitive if and only if x € X for all z € X, if and only if y e z € X
implies y € X for all z,y.

Exercise 1.16. « is an ordinal, then so is a* := a U {a}. It has maximal element a.
Examples 1.17. The sets

0:=0, 1:={g}, 2:=1u{l} ={o,{2}},...
are ordinals. We shall usually omit the underlining, and, in particular, write 0 for @.
Remark 1.18. Let «, 3 be ordinals.

1. If & #0, then 0 € v (it is the minimal element of «).
2. a ¢ a (by irreflexivity).

3. f zea, then x={yea|y<z} (since « is transitive).
4. If x € o, then z is an ordinal.

Indeed: z € y € x implies z € = (transitivity of <=€), so x is transitive and €,=¢,
N(x x x); thus, x =0 or (z,€,) € (v, €,), so (z,€,) is a well-order (see Remark 1.7).

5. fcaif and only if B =a or fea. We write a < for « € and a < 3 for a € 3.

Proof. < is clear since « is transitive. =: assume § ¢ « and let z be minimal in
axf. Then x ={yealy<x}c B Weareleft to show fc{yea|y<z} Let
y € and assume y £ . As y # z (since y € §) and < is linear, we have z <y. Then
xeyef, soxef (being transitive), a contradiction. ]

Lemma 1.19. Let X be a nonempty set of ordinals. Then NX = Naex @ s the smallest
element of X (i.e., NX e X and NX <« for all ve X).

Proof. = NX is an ordinal because intersections of transitive sets are transitive, and
substructures of well-orders are well-orders. Clearly, f € « for all a € X. We have to
show [ € X: otherwise € « for all & € X by Remark 1.18 (5), so 8 € § contradicting
Remark 1.18 (2). O
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Theorem 1.20. Let o, 8 be ordinals. Then either a =3, or 8 €, or € 3.

Proof. Clearly, no two of these conditions can hold: e.g. « € 8 and § € o implies 5 €
(since ( is transitive), contradicting Remark 1.18 (2). To show at least one holds, apply
the previous lemma on X := {a, f}. Then an f equals « or . Hence o €  or 8 € o and
Remark 1.18 (5) implies the claim. O

Corollary 1.21. Transitive sets of ordinals are ordinals.
Proof. Linearly ordered by € by the theorem and well-founded by Lemma 1.19. ]

Lemma 1.22. Let X be a set of ordinals. Then UX = Uqpex @ @5 an ordinal and for all
ordinals v < UX there is a € X such that v < a. We write sup .y o :=UX.

Proof. This follows from the corollary: X is transitive since it is a union of transitive
sets, and its elements are ordinals by Remark 1.18 (4). O

Definition 1.23. An ordinal a # 0 is a successor if a = §* = fu {3} for some ordinal 3.
Otherwise it is a limat.

Examples 1.24. All n for n e N\ {0} are successors. w:={n|neN}=U{n|neN}isa
limit ordinal. We have M = (w, €,) via n — n.

Exercise 1.25. Show that an ordinal A # 0 is a limit if and only if A = JA. Show w is the
set of all finite ordinals.

Lemma 1.26. Let a, 8 be ordinals and f: (a, <) = (3,<) be an embedding. Then v < f(7)
for all v € a, so a < B. If f is bijective, then o = 3 and f is the identity. In particular,
(a, <) is rigid in that its only automorphism is the identity.

Proof. Assume there exists v € a with f(7y) <. Let 7y be minimal such. Since f is an
embedding, f(f(7)) < f(7) which contradicts minimality.

This implies « < 8. If f is bijective, then both f and f~! are isomorphisms. Hence f~1 is
an embedding, so 8 < a and thus a = 3. Further, v< f~1(v), so f(7) < f(f1 (7)) =~. O

Theorem 1.27 (Order types). Every well-order 2 is isomorphic to («, €,) for some ordinal
a, called its order type. The ordinal and the isomorphism are unique.

Proof. Uniqueness: assume 7,7’ are isomorphisms from 2 onto («,€,),(a’,€4). Then
ol (a,€,) 2 (a,€y). By the lemma, o = o/ and /o 77! is the identity, i.e., 7 = 7'.

To see existence, recall the notations RA¢,,2A., from Exercise 1.9. Call a € A good if
there is m, : Ay 2 (g, €) for some ordinal ay; not good means bad. We claim all a € A
are good. Otherwise there is a minimal bad b € A. Clearly, b is not the minimal element
of 2. Note a’ <* a <* b implies that A, is an initial segment of A.,. As an isomorphism,
T, maps A¢, onto an initial segment of «,. This is an ordinal. By uniqueness, 7, agrees
with 7, on Ag. It follows that a — m,(a) is an isomorphism from 2, onto (5, €3) where
B = sup,.ap, . Extend to an isomorphism from 2, onto 8* by mapping b to 5. Hence b
is good, a contradiction.

If all a € A are good, as before a — 7,(a) shows 2 2 («, €,) for a := sup, 4 @q. O
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1.3 Ordinal arithmetic

Definition 1.28. Let «, 8 be non-empty ordinals.

1.
2.
3.

a + (3 is the order type of («,€,) + (8, €3); further, we define 0+ =a+0=a.
a- (3 is the order type of («a,€,) x (3, €z); further, we define 0-a =« -0=0.
a¥ is the order type of («,€,)?<8); further, we define a® =0° = 1 and 0* = 0.

We omit parentheses as usual: e.g. a- 57 +§ stands for ((a- (87)) + 4.

Remark 1.29 (Ordinal addition). Let «, 3, be ordinals.

1.
2.
3.

+ is associative (Exercise 1.8), and a + 1 = a*.
Successor recursion: « + % = (a+ f)* (since a+ (f+1) = (a+ ) +1).
a < ( if and only if a + 0 = 8 for some ordinal § > 0.

Indeed, for = take 0 such that (9, €s5) 2 (6 a, <) and check (o, €,) + (9, €5) = (5, €5).
Further, ¢ is unique by left cancellation below.

Right monotonicity: If <, then a+ 3 <a+7.

Indeed, given <+, choose § >0 with S+ =~; then a+y=(a+5)+d>a+[.
Left cancellation: if a+ = a +~, then 5 =1.

Indeed, 5 # v implies B <y or 7 < 8 by Theorem 1.20; then apply the previous.

Remark 1.30 (Ordinal multiplication). Let «, 3, be ordinals.

1.
2.
3.
4.

5.

1 is both left- and right-neutral, and - is associative (Exercise 1.8).
Left distributivity: - (8+7) =a-f+«a-v (Exercise 1.8).
Successor recursion: « - (f*) =a- [+ a.

Right monotonicity: if a # 0 and g <+, then a- 5 < - 7.

Indeed write v = 8+ ¢ for some 6 > 0 and note -6 > 0 since both «, # 0. By left
distributivity and right monotonicity of +: a-v=a-f+a-d>a-f+0=a-p.

Left cancellation: if a# 0 and - = -7y, then §=1.
Indeed, if § # ~, then § <~ or 7 < 8 by Theorem 1.20; then apply the previous.

Exercise 1.31. Let o > w. Commutativity fails: 1+a # a+1 and 2-w # w-2. Right
cancellation fails: 0+ « =1+ «. Right distributivity fails: (a+1)-2+a-2+2.

Proposition 1.32 (Euclidian division). Let a, 8 be ordinals and oo+ 0. Then there exists
a unique pair (p,p) of ordinals such that p <« and 5=« - p+ p.
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Proof. Uniqueness: assume a-pu+p = a-u’+p’. By left cancellation, it suffices to show p = p'.
Otherwise, say u < u', so u* < p/. Then we get a contradiction using right monotonicity:
a-prp<a-pra=a-pr<a-p <a-p+pl

Existence: for 5 = 0, the claim is trivial, so assume 5 > 0. Note v ~ (0,7) is an
embedding from (f3,€5) into A = (o, €,) x (5,€3). Hence f < - by Lemma 1.26. If =,
set (p, ) = (0,5). Otherwise f e a- . Let f: (-, €np) 2 A and set (p,p) := f(5). Not
both p, u are 0. We distinguish cases and use Exercise 1.9:

1. p#0and p#0. Then Ay, 2 (o, €0) X (B,€8)cp + (@, €a) <p-

2. p=0and p#0. Then A, ) = (o, €) x (5,€8)<p-

3. p#0and p=0. Then A, ) = (, € )<p-
The Lh.s. has order type [ and the r.h.s. has order type a-p+p in all cases. By Lemma 1.26,
B=a-u+p. [
Remark 1.33 (Ordinal exponentiation). Let «, 3, be ordinals.

1. a7 =af a7 and (a?)7 = o7 (Exercise 1.12).

2. Successor recursion: o = af -« (since af*! =af - al and o' = ).

3. Right monotonicity: if @ > 1 and 8 <+, then o < a?.

Indeed, write 3+ & = v for some § > 0, so @ = a? - af. Now, o > 1 since the set a(®)
has more than one element. Right monotonicity of - gives a? - ad > af -1 = .

4. Left cancellation: if a > 1 and of = o7, then 8 = 7.
Proposition 1.34 (Limit recursion). Let o, A be ordinals and X a limit.

1. a+ )\ =supg,(a+p).
2. a-A=supg,(a-f).
3. a* =supg., ().

Proof. > is clear in each case. We prove < for each case.

1: It suffices to find for v < a+ A some 3 < A such that v < a+ . We can assume 7 > «
and write v = a+6 for some 6. Then ¢ < A (otherwise 6 > A by Theorem 1.20, so v > a+\),
and we set §:=9*. Note 0+ < X since 6" < A and A is a limit.

2: It suffices to find for v < a- A some [ < X such that v < a- 5. Euclidian division gives
(p,p) with v =a-p+pand p < a. Then p <. We set 5 := u* < X\ and argue by right
monotonicity of +: y<a-p+a=a-(u*).

3: Tt suffices to find for f in (a,€,)*) = A some S < A such that ¢, embeds
into (a, €,)?) — then the order type of 2¢; is < af by Lemma 1.26. We can assume
supp(f) # @ and set 3 := (max supp(f))*. Note every g <* f is a function g: A\ - « that is
constantly 0 on arguments > 5. The desired embedding just restricts g to 5. ]

Exercise 1.35 (Continuity). This proposition states that the operations are in a natural
sense continuous in their second argument. Explain why.
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1.4 Cardinals

We intend to compare the sizes of arbitrary sets X,Y. The intuition is that the size of
X is at most the size of Y if there is an injection from X into Y, equivalently there is
a surjection from Y onto X. That X,Y have the same size should mean that they are
bijective (there is a bijection from X onto Y'). The following is vital for this idea.

Theorem 1.36 (Schroder-Bernstein). Let X,Y be sets and assume there are injections f
from X intoY and g from'Y into X. Then there is a bijection from X onto Y.

Proof. For x in X define the preimage sequence

g (2), g7 @), g (g7 (@),

as long as it is defined. E.g., this is the empty sequence if x is not in the image of g. Then

W) g~ '(z) if the preimage sequence of z has odd length,
T) =
f(x)  if the preimage sequence of x has even or infinite length.

defines a bijection from X onto Y. Injectivity is easy to see. We verify surjectivity: given
yeY, setx:=g(y). Then the preimage sequence of x is not empty. If its length is odd, then
h(x) =g '(x) =y. If it is even or infinite, then it has length at least 2, so 2’ := f~!(y) exists
and the length of its preimage sequence is also even or infinite; hence h(z') = f(z') =y. O

The following shows that our desired notion of ‘size’ is non-trivial for infinite sets.
Proposition 1.37 (Cantor). Let X be a set. There is no injection from P(X) into X.

Proof. Otherwise there is a surjection f from X onto P(X). Let D :={x e X |z ¢ f(z)} and
choose d € X such that f(d) = D. Then d € D if and only if d ¢ f(d) = D, contradiction. [

Definition 1.38. An ordinal x is a cardinal if there is no injection from x into a smaller
ordinal.

Remark 1.39.

1. All n for n € N and w are cardinals.

2. If X is a set of cardinals, then sup,.y x = U X is a cardinal.

Proof. Assume f is an injection from A :=sup,.y x into a < A\. Then « < k for some
k € X, so the restriction of f to k is an injection into a < k. But & is a cardinal. [

The following shows that arbitrarily large cardinals exist.

Definition 1.40. For a set X let W(X) be the set of all well-orders 21 with A ¢ X.
Hartog’s aleph H(X) of X is the set of order types of the well-orders in W (X).
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Theorem 1.41 (Hartog). For every set X, H(X) is an ordinal, namely the smallest such
that there is no injection of H(X) into X. In particular, H(X) is a cardinal.

Proof. Assume o < e H(X), say f:(58,€5) 2 A e W(X). Then the restriction f 1 « (has
image in W(X) and) shows « € H(X). Thus, H(X) is a transitive set of ordinals, so an
ordinal itself by Corollary 1.21.

If there is an injection f from H(X) into X, then f:H(X) 22 e W(X) where 2 has
as universe im(f) and as order the one imported by f (i.e., {(z,y) | f'(x) € f1(y)}).
Hence H(X) € H(X), contradicting Remark 1.18 (2). O

Corollary 1.42. For every ordinal o, H(«) is the smallest cardinal > «.
We now enumerate all infinite cardinals:
Definition 1.43. For every ordinal « define R, as follows.
1. Ry :=w,
2. Rgyp = H(RR),
3. Ry i=supg.y Rg if A is a limit.

Exercise 1.44. R, is a cardinal > « for every ordinal «, and for every cardinal k > w there
exists an ordinal o such that R, = k.

Exercise 1.45. Show there exist arbitrarily large cardinals x with R, = k.

Hint: Given a, take the supremum of R, Ry, , Ry, - - -

1.5 Cardinal arithmetic

Definition 1.46. A set X is well-orderable if there exists a well-order with universe X. In
this case, the cardinality | X| of X is the least order-type of a well-order with universe X.
If | X| = Rg, X is countable; if | X| < Rg, X is at most countable; if | X| > Rq, X is uncountable.

Remark 1.47.

1. |X] is a cardinal for every well-orderable set X

2. A set X is well-orderable if and only if X is bijective to some ordinal, if and only if
there is an injection of X into some ordinal.

Indeed, if f: X - a/is an injection, then {(z,y) € X2 | f~1(x) € f~1(y)} is a well-order
on X.

3. Being finite means being bijective to {0,...,n — 1} for some n € N; hence, finite sets
are well-orderable.

4. N x N is well-orderable because it is bijective to N, hence to w.
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5. The set of finite binary strings is well-orderable since it can be injected into N (hence
into w): put a 1 in front and view the result as the binary expansion of a natural.

Exercise 1.48. Let X,Y be well-orderable. There is an injection from X into Y if and
only if | X| < |Y]. There is a bijection from X onto Y if and only if | X|=[Y].

Thus, the notion of cardinality realizes our initial idea how to measure the size of sets —
but only for well-orderable ones. This begs the question which sets are well-orderable. The
so-called axiom of choice, or equivalently, Zorn’s lemma imply Zermelo’s theorem stating
that all sets are well-orderable. Zermelo’s theorem is actually equivalent to Zorn’s lemma.
These remarks can be made precise only within an axiomatic development of set theory as
a foundation of mathematics which is outside the scope of this course.

Our development sofar did not use Zorn’s lemma but we adopt it from now on (as is
usual nowadays). We recall its statement and use it to prove Zermelo’s theorem.

Definition 1.49. A partial order 2 is inductive if every chain X in 2 has an upper bound:
an element a € A such that z <¥ a for every x € X. Here, a chain in 2 is a linearly ordered
subset, i.e., a nonempty subset X ¢ A such (X)* c 2l is a linear order.

Examples 1.50. Finite partial orders are trivially inductive. (P(X),<) is inductive for
every set X. The linear orders I, 3, Q, R are not inductive. The set of consistent theories
in a given language, the set of linearly independent subsets of a given vectorspace, the set
of proper ideals of a given unitary ring, all partially ordered by C, are inductive.

Zorn’s lemma Inductive partial orders have maximal elements.
Theorem 1.51 (Zermelo). Every set is well-orderable.

Proof. Let X be a set and consider the set F' of all injections f : @« - X where « is an
ordinal (note a < H(X)). Consider the partial order (F,<). For a chain C' note UC'is an
injection whose domain is the union of the domains of functions in C'. This is an ordinal
by Lemma 1.22. Hence, UC € F' is an upper bound of C. Thus, (F,<) is inductive. By
Zorn’s lemma it contains a maximal element f.

We are left to show that f is surjective. Otherwise choose z € X ~\ im(f) and let
a = dom(f). Then extend f mapping a to z. This defines an injection with domain a*,
contradicting the maximality of f. ]

We define arithmetic operations on cardinals. They should not be confused with their
ordinal variants although we use the same notation. Again we omit parentheses as usual.

Definition 1.52. Let k, A be cardinals.
L k+ A= |({0} x k) u ({1} x A)|.
2. K- A=k x .
3.k} =|{f|f: =k}
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Remark 1.53. Let s, A\, u be cardinals.

1. +,- are associative and commutative with neutral elements 0, respectively 1.

2. Distributive law: k- (A + ) =6 A+ K- .

3. K MHE = A RE, g = (,{/\)u, (,i . )\)u = KM\
Proof. These are easy to see. E.g., kM is bijective to the set of functions f : Axu — k.
Such f and a € p determines F(«) : A - k given by 5+ f(5,«). Thus f determines

a function a » F(a) from p into the set of functions from A to k. The set of such
functions is bijective to (k*)H. O

4. k< 2%. Indeed: By Cantor it suffices to show that P(k) is bijective to 2%: map X ¢ k
to its characteristic function “if v € X then 1, else 0”.

Exercise 1.54. For sets X,Y let XY denote the set of functions from Y into X. Show
[Y] < |XY]if | X|>1. Show |P(N)| = [{0,1}N| = |R| = |NN|.

Theorem 1.55 (Hessenberg). k- k = K for all infinite cardinals k.

Proof. Tt suffices to show <. Assume not, and let o be minimal such that R, < R, - R,.
Define < on ®, x R, setting (/3,7v) < (5',7) if and only if one of the following holds:

- max{ﬁ, 7} < max{ﬂ’, 7,}7 or,

— max{f, vy} =max{f3’,7'} and 3 < §, or,

- max{,7} = max{f’,7'} and f = and v <.

It is easy to check that this defines a well-order. Let 7 be its order type and f: (7v,¢€,) =
(Rq X Ry, <). It suffices to show 7 < R,.

Otherwise R, € v. Let f(R,) = (Bo,7%) and Jp := max{Fy,70}*. Since cardinals are
limit ordinals, dg < R,. Then f: R, = dy x §g because pairs (3,7) with max{3,~v} > oy are
> (Bo,70)- Hence R, < |0 x do|. But |do| < Rq, 50 |do| = [d0]+|do| = |00 x do| — contradiction. [

Corollary 1.56. Let k >w and A >0 be cardinals. Then k+ X = k- A =max{kr,\}.

Proof. Let p:=max{x,\}. Then u < K+ < p+p=2-pu < p-p = p by Hessenberg. Similarly,
WK AL b= L ]

Exercise 1.57.

1. Let X, Y be nonempty sets, at least one infinite. Show | XuY| = | X xY| = max{|X]|,|Y]}.
2. Let (X;)ier be a family of sets. Show |U;e; X;i| < max{sup,.; | Xil, 1]}

3. (Konig) Assume (k; ) is a family of cardinals such that |X;| < k;. Show

|User Xi| < | Tier K-
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1.6 Cofinality and cardinal exponentiation

We saw in the previous section that cardinal addition and multiplication are trivial. We
introduce the key concept to understand exponentiation:

Definition 1.58. Let 2 be a linear order. The cofinality cf(2) of 2 is the smallest
ordinal « such that there exists an unbounded function f:a — A, i.e., for all a € A there
is B € a such that a <* f(8). We write cf(«) := c¢f((«, €4)) for ordinals .

Remark 1.59.

1. cf(A) < |A] for every linear order 2.
2. cf(a*) =1 for every ordinal o: map 0 to the maximal element a.
3. cf(2l) is a cardinal for every linear order 2 because if f: a - A is unbounded and
g:|a] = « is a bijection, then f o g is unbounded.
Exercise 1.60. cf(R,) = cf()\) for every limit ordinal A.

Intuitively, cf(2() is the minimal number of steps required to ‘climb up’ 2A:

Lemma 1.61. Let A be a linear order. Then cf(2d) is the smallest ordinal o such that
there is an unbounded embedding f from («,€,) into 2.

Proof. Tt suffices to find f : (a,€,) =, A for some o < cf(A) == k. Let g: Kk - A be
unbounded. Set X = {8 ek |g(y) <¥ g(B) for all v < 8}. Then the restriction of g to X is
unbounded: given a € A there is 5 € k such that a <* g(f) and a minimal such S is in X.
Let a be the order type of (X, <) and choose h: (X,<) 2 (a,€,). Then f:=goh!:
a - A is unbounded. Since h~!: (a,€,) =4 (K, € ), Lemma 1.26 implies a < k. O

Corollary 1.62. cf() = cf(cf()) for every linear order 2.

Proof. Let k := cf(2) and A := cf(cf(2)). By Remark 1.59 (1), k > A. Conversely, the
previous lemma gives unbounded embeddings f : (A €y) - (k,€;) and g : (k,€;) - 2.
Then go f is an unbounded embedding of (A, €,) into A, so A < k. O

Definition 1.63. A cardinal « is regular if cf (k) = k, and otherwise singular.
Proposition 1.64. R+ is reqular for every ordinal c.

Proof. Assume k := cf(Ro+) < Rot, 50 K < Ry, Let f 1 kK > Roe be unbounded. Then
Up<r f(B) = Ra+ > Ry, But by Exercise 1.57 (2), [Up<x f(8)] < max{supg., [f(B)];r} <

max{R,, k} = R,, a contradiction. O

Remark 1.65. The usual axioms of set theory (assuming their consistency) do not prove
that there exist weakly inaccessible cardinals: regular Ry for limit \.

Proposition 1.66. cf(2%) > k for every cardinal k.
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Proof. Let X := cf(2F) < k and assume f : A - 2% is unbounded. Then Ugc, f(B) = 2~
and |f(B)| < 2~ for every 8 < A. Using Exercise 1.57 (3) and Corollary 1.56, |Ugex f(5)] <
| TTger 27| = 25* < 2%, a contradiction. O

Remark 1.67. 2% % ®,,. Indeed: cf(2%) > Rq = cf(w) = cf(R,) (see Exercise 1.60).

Theorem 1.68 (Cardinal exponentiation). Let k, A be infinite cardinals.

1. If K <\, then k* =22,
2. If cf (k) S A< K, then k < KM <25,

3. If A< cf(k), then k < K < 2<% := sup,.,, 2.

Proof. 1: 22 < kA < (2F)A €262 = 22,
2: kN < (28)* = 282 = 2% For the lower bound, let f : A - s be unbounded. Then
K =Uqer f(a). Note |f(«)| < f(a) < k. Hence, by Exercise 1.57 (3):

K = |Uacr f(@)] < [TTacr k] = 5.
3: If kK = Rg, this is clear. Assume k = R+ for some «. Note k < 2R« and A < R,. Hence
AN PADEEPAREPATEP A

Now assume k = R, for a limit «, so K = supg,, Rg. Every f: A — £ is bounded, so has
image in Rz for some 3 < a. Using Exercise 1.57 (2)

KA = |U5<a{f | f A R5}| < maX{|O./|,Supﬁ<a Ng} < maX{|a|a SUPg<q QRB.)\}'
Note A < Rg for some < . Further, |o < @ = Upeq B € Upeq 2%¢ = 2<%, Thus
Kk < max{|al,supg., 2%} = 2. O

This theorem does not give complete information. How large is the gap between s
and 2%7 Of particular interest is the value of 2% = |R| (see Exercise 1.54). Cantor con-
jectured the continuum hypothesis CH: 2% = R;. The generalized continuum hypothesis
GCH states 2% = R, for every ordinal a. Deep results state that these hypotheses are
independent from the usual axioms of set theory (assuming their consistency).

Exercise 1.69. Assume GCH. Given ordinals «, 5 determine v such that Ro = R, distin-
guishing cases as in the previous theorem.



Chapter 2

Boolean algebras and ultraproducts

2.1 Boolean algebras

Let Lpa := {u,~,1} where U is a binary function symbol, ~ a unary function symbol, and
1 a constant. We use infix notation and write (¢ Ut)’ instead Utt’ for Lga-terms ¢,t" and
usually omit outer parentheses in terms.. We use the abbreviations

(tnt) =~ (~tu~t), 0:=~1.

Definition 2.1. Boolean algebra is a Lpa-structure B that models the theory of Boolean
algebras. This is the set of universal closures of the equations:

AT S

Commutativity: zuy =yux.

Associativity: (ruy)uz=2U(yuUz).
Distributivity: zn(yuz)=(zny)u(znz).
Absorption: (zuy)ny =y.

Complement: ~~z =2, xu~x =1

Obviously, substructures of Boolean algebras are Boolean algebras. Boolean algebras
fall on every mathematician’s table recognized as such or not:

Examples 2.2.

1.

If BE1=0, then B = {1%} and B is trivial. Indeed, using some rules verified in
Lemma 2.4 below, we have b=bU% 0% =buU? 1% =12 for every be B .

For a set X the power set algebra B(X) of X has universe P(X) and interpretations
given by: 1% := XV u¥(X) Z := Y U Z (the union of sets), and ~¥X) Y = X \Y
forall Y, Z e P(X). If X =@, then P(X) is trivial.

Let L be a language and 2 an L-structure. The Boolean algebra ©(2l)of definable

sets is the substructure of P(A) consisting of the sets () where ¢(z) is some
L-formula.

14
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4. Let L be a language and 7" an L theory. Declare formulas ¢ and v equivalent if
it T+ (¢ < ¢). The Lindenbaum algebra £(T) of T has as universe the set of
equivalence classes /T for L-formulas ¢. It interprets 1 by (Vx = = z)/T, and u, ~

by (o/T,[T) = (pv)[T and /T = —~p/T.

For n € N, the n-th Lindenbaum algebra £,(T) of T is the substructure of £(7T)
whose universe consists of /T for ¢ = p(xg,...,ZTn-1).

5. For a linear order 2 = (A, <¥) with a smallest element. A half-open interval is a set
[a,0) ={ce A|la <™ c<Ab}or[a,0):={ceA|a<™c} The interval algebra
J(A)of A is the substructure of PB(A) whose universe consists of the sets that are
finite unions of disjoint half-open intervals.

6. Let X be a set and 7 € P(X) a topology on X. The Boolean algebra of clopen sets
C(X,7) of (X,7) is the substructure of (X ) whose universe consists of the clopen
subsets Y of X (ie., Y, X\Y eT).

Exercise 2.3. If 2[ = T, then there is a homomorphism from £;(7") into ©(2(). It is an
isomorphism, if 7" is complete.

Lemma 2.4. The theory of Boolean algebras proves
1. DeMorgan: ~(zUy)=~zn~y, ~(xNYy)=~2U~1Y.
2. the duals of the equations in Definition 2.1: swap nJu and 1/0.
3. Idempotencies: xruxr=x, xNnx=1.
4. Neutralities: xu0=x, xnl=x, xul=1, n0=0.

Proof. Let B be a Boolean algebra. We omit superscripts, and write e.g. a u b instead
au®b. Let a,b,ce B.

1: Using complement: ~ (aUb) =~ (~~auU ~~b) =~an ~b and ~ (anb) =~~ (~au ~ b) =
(~au~b).

2: Commutativity: ~ au ~ b =~ bu ~ a. Apply ~ to both sides: ~ (~ au ~ b) =~ (~ bu ~ a).
This equals dual commutativity: anb=bna.

Using complement and DeMorgan: (anb) ne¢ =~ (~au ~b)n ~~ ¢ =~ ((~au ~b)u ~ ¢).
By associativity: =~ (~aU (~bU~c)) =~~an~(~bu~c)=an(bnc).

Dual distributivity is similar.

Absorption is ~ (~ (aub)u ~ b) = b. Apply ~ to both sides and use complement:
~ (aub)u ~ b =~b. Replace a by ~ a and b by ~ b: ~ (~ au ~ b)u ~~ b =~~ b. By
complement: ~ (~auU ~b)ub=">0. This equals dual absorption: (anb)ub="».

Apply ~ to complement: ~ (au ~a) =0. Replace a by ~a: an~a=~(~au~~a)=0

3: Plug (aua) for a, and a for b in dual absorption: ((aua)na)ua = a. By absorption:
(aua)na) =a. Hence aua = a. Using this and complement: ana =~ (~ au ~ a) =~~ a = a.
4: au0 =au(an ~a) by 3, = (~ ana)ua by commutativity of U and N, = a by dual
absorption. Similarly, anl =an(au ~ a) = (~ aua)na = a. Using idempotency:
aul=au(au~a)=(ava)u~a=au~a=1. Similarly, an0 = 0. O
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Exercise 2.5 (Boolean rings). This exercise shows that Boolean algebras are conceptually
equivalent to Boolean rings in algebra: aring 2 = (A, +%, =%, % 0% 1%) is Boolean if a*a = a
for all a € A. We omit superscripts.

1. Let X be a set. In the power set algebra P(X) define 0:=2,1:=X,Y -Z:=YnZ
and Y+7 := (Y\NZ)u(Y\Z) (the symmetric difference of Y and Z) for Y, Z ¢ P(X).
Show that (P(X),+,—,-,0,1) is a Boolean ring.

For finite X show it is isomorphic to the ring product 35 x --- x 35 (| X| times) where
39 is the Boolean ring of integers modulo 2.

2. Let 2 be a Boolean ring. Show that commutativity “is automatic” and a = —a for all
a€A. Defineaub:=a+b+a-band ~a:=1+a. Show (A,u,~) is a Boolean algebra
withanb=a-b.

3. Conversely, let B be a Boolean algebra. Define a+b:= (aub)n~ (anb), —a:=a and
a-b:=anb. Show (B,+,-,-,0,1) is a Boolean ring.

2.2 Classification of finite Boolean algebras

Lemma 2.6. Finitely generated Boolean algebras are finite.

Proof. Let B = (A)® where A ={ag,...,a,.1} and n e N. For n=0, B ={0%,1%} is finite.
Inductively assume n >0 and By := (AN {ao})® = (A~ {ag})®0 is finite. It suffices to show
that every c € B is good: there are b, b’ € By (where By is the universe of B) such that

c=(bnag)u(b'n~ap).

All elements ¢ € By are good because ¢ = cnl=cn (agu ~ ag) = (cnag) U (en ~ agp).
Also ap = (1nag)u (0na) is good. We are left to show that the set of good elements is
Lpy-closed. Clearly, 1 € By is good, and closure under U is easy. We show closure under ~.

Let ¢ be good, say ¢ = (bnag)u (' nag) for bV’ € By, then

~Cc = N(bﬂao)ﬂ’v(b,ﬂ'\'ao)=(~bU~(lo)ﬁ(Nb,Ua0)
(~bn(~buUag))u(~agn(~b Uag))

(~on~b)u(~bnag)u(~agn~b")u(~agnag)

Thus ~ ¢ is good, as the union of good (~bn~b') € By and (~bnag) U (~agn ~b'). O

Remark 2.7. For a Boolean algebra B and a,b € B define a < b if and only if anb = a,
and a<bifa<band a+b. Let a,be B.
1. < is reflexive, transitive and anti-symmetric.

Indeed: a < a since ana = a; if a < band b < ¢, then anc = (anb)nec = an(bnc) = anb = a;
ifa<band b<a,thena=anb=bna=">o.
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2. (B,<) is a partial order with (unique) minimal element 0 and maximal element 1.

3. a<bif and only if an~b =0, if and only if ~aub=1.

Proof. If a <b, then an~b=(anb)n~b=an (bn~b)=0.
If an~b=0, then ~aub=~(an~b) =~0=1.

If ~aub=1,thena=an(~aub)=(an~a)u(anb)=anb, soa<b. O

4. a <bif and only if ~ b <~ a.
Indeed, the L.h.s. is equivalent to an ~ b =0, and the r.h.s. to ~bn ~~a =0.

5. a<aubsince an (aub) =a (absorption).
Examples 2.8.

1. In a power set algebra P(X) we have <=c.
2. In a Lindenbaum algebra £(T") we have ¢/T < /T if and only if (¢ AY) /T = /T,
if and only if T+ ((@ A1) < ), if and only if T'+ (¢ = ).

Definition 2.9. An atom of a non-trivial Boolean algebra 28 is a minimal element of the
partial order (B~ {0},<). If there are no atoms, B is atomless. B is atomic if for every
be B~ {0} there is an atom a such that a <b.

Lemma 2.10. Let B be a Boolean algebra. The following are equivalent for a € B\ {0}:

1. a€e B is an atom.

2. If a=buc for some b,ce B, thena=0b ora=c.

3. a<bora<~b for everybe B.
Proof. (a) = (b) : If a = bu ¢ then by absorption b < a and ¢ < a. By minimality, b =0 or
b=a, and, c=0 or ¢ =a. But not both ¢=0=0 since a # 0.

(b) = (c):let be B;thena=anl=an(bu~b)=(anb)u(an~b). By (b),a=anb
ora=an~b, ie,a<boras~b.

(¢) = (a) : Let 0 # b < a. We have to show a = b, i.e., a <b. Otherwise by (c), a <~ b,
so b<~b, so b=bn~b=0 a contradiction. O

Examples 2.11.

1. Let X be a non-empty set. P(X) is atomic, the atoms are the singletons {z},z € X.

2. The interval algebra J(5¢) is atomless where Q¢ is the usual order on non-negative
rationals.

3. J(M+ Q) is neither atomic nor atomless. Its atoms are [(0,7),(0,n+ 1)) ={(0,n)}
for neN. E.g. [(1,0),(1,1)) has no atom below.

4. Every finite non-trivial Boolean algebra ‘B is atomic.
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Proof. Let b e B~ {0}. If b is minimal (in (B \ {0},<)), it is an atom and we are
done. Otherwise choose 0 # by < b; if by is minimal we are done. Otherwise choose
0 # by < by. . .this process has to stop because B is finite. O]

Later, in Corollary 3.16, we shall see that J(£) is isomorphic to the following:
Exercise 2.12. Call X ¢ N periodic if there is n € N such that for all m e N:

xx(m) = xx(n+m).

Here, xx : N - {0,1} denotes the characteristic function of X. Show that the set of
periodic sets is the universe of a countable atomless subalgebra of P(N).

Theorem 2.13 (Classification of finite Boolean algebras). Every finite Boolean algebra is
isomorphic to a power set algebra.

Proof. We show 7 : 98 = PB(A) where A is the set of atoms of B and 7 maps b e B to
w(b):={aeAla<b}.

In particular, if 9B is trivial, then A =@ and 7 : B = P(F). Assume B is not trivial.

Note 1% = A = 7(b) um(~ b) by Lemma 2.10. The union is disjoint: a < b and a <~ b
imply a=ana=(anb)n(an~b)=an(bn~b)=an0=0. Hence m(~b) = A\ 7(b).

For b1’ € B we have m(bud’) = w(b) um(b): 2 is clear; conversely, let a < bu b’ be an
atom; then a=an (bud’) =(anb)u(and’). By Lemma 2.10, a = (anb) or a=(anb’).

7 is injective: assume b # ', say b £ &’. Then bn ~ &' # 0. Since B is atomic (Exam-
ples 2.11 (4)), there is an atom a < bn ~b'. Then a € w(b) and a € w(~b') = AN m(b).

To see 7 is surjective, first note that a na’ =0 for distinct atoms a,a’: say, a £ a’, i.e.,
ana’ #a. Since ana’ <a and a is minimal in B\ {0}, we have ana’=0.

Clearly, @ = 7(0). Let @ + X € P(A), say X = {ao,...,a,} for some n € N. Set
b:=aguU--Ua,. Clearly, a; < b, so X ¢ w(b). Conversely, if a € 7(b), then a = anb =
(anag)u-—-u(anay,), so ana; #0 for some i < n; then a = a;, ie., ae X. O

Remark 2.14. Recall Exercise 2.5. The above theorem implies that every finite Boolean
ring is isomorphic to a finite product 35 x -+ x 35. The following exercise asks for a direct
algebraic proof of this fact. This constitutes a second proof of the above theorem.

Exercise 2.15 (Classification of finite Boolean rings). Let 2l = (A, +,—,-,0,1) be a Boolean
ring. For B< A and a € A, write Ba:={b-a|be B}.

1. Write " =201 {+,-,-,0}, i.e., forget the unit. Then (Aa)?" becomes a Boolean ring
2a setting 1% := a. Then Aa x A(1 +a) = 2A.

2. The universe of (B)® consists of finite sums of finite products of elements of B: we
agree that the empty product equals 1. Further, (Ba)*® = 2a.

3. If A is finite, then %A is isomorphic to a finite ring product 3 x -+ x 35.

Hint: use induction on n := the minimal size of some B € A generating 2.
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We derive a form of completeness of the equations in Definition 2.1: they imply all
equations (whose universal closure is) true in all power set algebras. In fact,

Corollary 2.16. The theory of Boolean algebras proves every universal Lgs-sentence that
15 true in all finite power set algebras.

Proof. Assume the theory does not prove VZp(7) where ¢(Z) is quantifier-free. Then

there is a Boolean algebra % and a tuple b in B such that B & —p[b]. Since -p(Z) is

quantifier-free, we have (b)® = ~¢[b]. By Lemma 2.6, (b)® is finite. Hence, it is isomorphic
to a power set algebra, so VZp(Z) is false in it. ]

For equalities we shall prove in Section 2.4:

Corollary 2.17. Let t(x),t'(z) be Lga-terms. IfVz t(z) = t'(Z) is true in some non-trivial
Boolean algebra, then it is true in all Boolean algebras.

2.3 Stone representation theorem

Theorem 2.13 is not true in general for infinite Boolean algebras. For example, a countable
Boolean algebra cannot be isomorphic to a power set algebra because power set algebras
are either finite or uncountable. In this section we show that infinite Boolean algebras can
be embedded in power set algebras.

Definition 2.18. Let 8 be a Boolean algebra. A set A ¢ B has the finite intersection
property (fip) if A+ @ and agn---nag#0 for all ke N and ao,...,a; € A.
A set F'c B is a filter (in B) if

1. 0¢ F+g@.
2. Forallae F.be B: if a<b, then be F.
3. Forall a,be F: anbeF.

An wultrafilter (in 96 ) is a maximal filter (i.e., no proper superset is a filter).

Lemma 2.19. Let 8 be a Boolean algebra.

1. Let A c B have the fip. Then A generates the filter
Fa:={be B| there is keN and ay,...,a, € A such that agn--na,<b }

This is the smallest filter that contains A (i.e., if F'2 A is a filter, then FoC F)
2. Let F' be a filter. The following are equivalent:
(a) F is an ultrafilter.

(b) For allbe B eitherbe F or ~be F.
(c) For alla,be B, ifaube F, thenae F orbeF.



CHAPTER 2. BOOLEAN ALGEBRAS AND ULTRAPRODUCTS 20

Proof. The first statement being easy, we prove the second.

(a) = (b): Assume b,~ b ¢ F. To show F' is not maximal, it suffices to show that F'u{b}
or F'u {b} has the fip. Otherwise there are aqgn---nap1Nb=0and ayn--na, N~b=0
for certain ai,a; €F. Forci=agn--nagynaygn--na,, we have cnb=0 and cn~b=0.
Then c=cn(bu~b) =000 =0, contradicting fip.

(b) = (a): is trivial, and so is (¢) = (b): bu~b=1¢€ F implies be F or ~ b € F; clearly
not both b,~be F (else 0=bn~be F).

(b) = (¢): ifa,b¢ F,then ~a,~be F by (b),so~an~b=~(aub) € F,s0 (aub) ¢ . O

Lemma 2.20. If B is a Boolean algebra and A € B has the fip, then there exists an
ultrafilter F with Ac F.

Proof. Consider the set F of filters F' with F'2 A. It is not empty because F4 € F. The
partial order (F, <) is inductive: if C € F is a chain, then UC € F is an upper bound. Now
apply Zorn’s lemma. O

Exercise 2.21. If B is a Boolean algebra and a € B\ {0}, then Fi,, = {be B|a<b} is an
ultrafilter if and only if a is an atom.

This motivates the following definition:

Definition 2.22. An ultrafilter F' in a Boolean algebra B is principal if F' = Fy,y for some
atom a € B. Otherwise, F'is free.

Proposition 2.23. If B is infinite, then there exists a free ultrafilter in 83.

Proof. If 9B is atomless, every ultrafilter is free and ultrafilters exists by Lemma 2.20.
Otherwise, the set {~ a | a atom} is nonempty and by Lemma 2.20 is suffices to show it has
the fip. Assume not. Then ~ agn---n~a, =0 for certain atoms a;, so aguU---Uay = 1. For
every be B we have b=bn1=(bnag)u-—-u(bnay). Since bna; < a; we have bna; € {0,a;}.
Thus |B| < 2#*! is finite. O

Theorem 2.24 (Stone representation). Every Boolean algebra is embeddable into a power
set algebra.

Proof. Let U be the set of ultrafilters in B. We claim 7 : B —, B(U) where m maps b e B
to{peU|bep}.

Clearly, 7(1%) = U = 1¥W). Further, 7(b) = U \ w(~ b) because for p € U: p € w(b) if
and only if b € p, if and only if ~ b ¢ p, if and only if p ¢ 7(~ b).

Let a,be B. Then m(aub) =m(a)um(b): penm(aubd) if and only if aub € p, if and only
if aeporbep,ifonlyif pen(a) or pen(b).

7 is injective: if a # b, say a £ b, then an ~ b+ 0, so {a,~ b} has the fip. By Lemma 2.20
there is p € U with a,~bep. Then pen(a) and pen(~b) =U ~7(b), so w(a) +n(b). O

Exercise 2.25 (Stone topology). We describe the image of the embedding 7 : B —, B(U)
of the above proof. Show im(m) is the basis of a topology 7 on U, the Stone topology. It
is Hausdorff and compact. Further, 7 :9B = €(U, 7), the algebra of clopen sets.
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Exercise 2.26. The following are equivalent for a Boolean algebra B:

1. ‘B is finite.
2. All ultrafilters in B are principal.
3. There are only finitely many ultrafilters in B.

Exercise 2.27. A nontrivial Boolean algebra 8 that is not atomic has a least 2% many
ultrafilters.

Hint: Assume there is no atom below b € B\ {0}. Since b is not an atom, b = by U by for
certain by, by > 0 with by N by = 0. Similarly write by = bgg U by; and by = byg U b1y, etc. This
defines a binary tree below b and its branches are contained in pairwise distinct ultrafilters.

2.4 Reduced products and Horn formulas

Let L be a language and (2l;);c; a family of L-structures for a nonempty set 1.

Definition 2.28 (Products). The product 2 := [T;.; 2l of (2;)ie; has universe A := [T, A;
(where A; is the universe of ;), that is, the set of functions a with dom(a) = I and a(i) € A;
for all i € I. We occasionally write a € A as

a={(a(i)|iel).

For r e N and a = (ag,...,a,-1) € A" and i € I write a() := (ag(?),...,a,_1(2)). For r-ary
relation and function symbols R, f € L the interpretations are given by

aeR* <= a(i)e R¥ foralliel,
@)= (fY(a(i) lie).
If A; =B for all i € I we write B! := [],.; 2.

Proposition 2.29. Let ¢ be Yz t(z) = s(Z) for L-terms t(x),s(x). If A; = for alliel,
then A := [T, A E .

Proof. A straightforward induction shows for every L-term ¢(Z) and a from A:

t*[a] = (t"[a(i)] | i€ I).
Assume 2 # ¢ and choose a such that t*[a] # s¥[a]. Then there exists i € I such that
tAi[a(i)] = s*i[a(i)], i.e., A; # t = s[a(i)], so A; # . O
Examples 2.30.

1. If all 2; are Boolean algebras, abelian groups or rings, then so is [];; ;.

2. For the linear order £, QV is not a linear order: neither (0,0,0,...) <2" (1,0,0,...)
nor vice-versa.
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Proof of Corollary 2.17. Let B be a nontrivial Boolean algebra satisfying ¢ := Vz t(x) =
t'(z). By Corollary 2.16 it suffices to show that PB([) & ¢ for every set I.

Let By ¢ B have universe {0%,1%}. Since ¢ is universal, B = . If I =@, then P(1)
has one element, so satisfies all equalities. If I # @, then B/ is a Boolean algebra that
satisfies ¢ by Proposition 2.29. But P(I) =2 BL via X —» (1P |ie X)u (0% |i ¢ X). O

Remark 2.31. By a filter, ultrafilter, ... on I we mean one in (7).
1. The principal ultrafilters on I are Fi;, = {X ¢ I |ie X} (Examples 2.11). There exist
free ultrafilters on I if and only if [ is infinite (Exercise 2.26).
2. Let I be infinite. The Frechet filter Fy (on I)is the set of all co-finite subsets of I, i.e.,
those X ¢ I with I\ X finite. For an ultrafilter F' on I the following are equivalent:

(a) Fis free.
(b) F does not contain finite sets.

(C) Fcfg F.

Proof. (b) = (a): if F'is principal, say F' = Fy;, then {i} € F.

(a) = (b): If F contains a finite set {ig,...,ix} = {ig} U---U{i} for some k € N, then
it contains {i;} for some j <k (cf. Lemma 2.19 (2c)), so I' = Fy, y is principal.

(b) < (¢): F contains no finite set if and only if F' contains all complements of finite
sets (cf. Lemma 2.19 (2b)). O

Lemma 2.32. Let I be a filter on I. Define a binary relation ~g on [, A;i by
a~pb < {a=b}:={iel|a(i)=0b(i)}€F.

Then for all r € N, all r-ary relation symbols R € L, all r-ary function symbols f € L and
all a = (CL(), R ,CL,«_l),b = (bo, e 7b,«_1) e A™ with ag ~f bl, ey Qp1 ~VF br—lf

1. ~p is an equivalence relation.
2. f(a) ~r f2(b)
3. {iel|(a(i))eR¥%}eF <« {iel|(b(i))eR%}eF.

Proof. 1: a ~p a because {a =a} =1¢€F. If a~pb, then b~ a because {a =b} = {b=a}.
Ifa~pband b~pc, then {a=b}n{b=c}eF,so{a=b}n{b=c}c{a=c}eF.

20 X =N {a;=bj} e Fand X c{iel|fY(a(i))=f2(b())}eF.

3: Let Y, Z denote the sets on the left and right respectively. If Y € F', then X nY € F|
so X nY c Z e F. The converse is analogous. [

This lemma enables the
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Definition 2.33 (Reduced products). Let F' be a filter on I. The reduced product A :=
[172l; has as universe A the set of equivalence classes a!” for a € [];.; A;. For r € N and
a=(ag,...,ar-1) € ([Tp2A)" write a” := (al,...,al"|) € A".
For r-ary relation and function symbols R, f € L, the interpretations are given by:
a" e R = {iel|a(i)e R%}eF
FA@") = (f* (@) lie ),
If 2; = B for all i € I, we write BL := 12,

Exercise 2.34. Prove:

1. Let @ # Iy € 1 and F = Fyy ={X c 1|y c X}. Then [T = [Ty, ™A Hence,
[T 2 2 Tl i and HF{i} A; 2 A; for every i€ 1.

2. If F c F" are filters, then there is an homomorphism from [],%; into [z ;.

3. Infer an analogue of Proposition 2.29.

Example 2.35. Let F' be the Frechet filter on N. Consider R} for R the field of reals.
Then (rg,r1,79,...)t = (0, $1, 82, ...)F if and only if r, = s,, for all sufficiently large n € N.
Further, (1,0,1,0,...)¥ and (0,1,0,1,...)¥ are elements # 0%F with product 0%F.

We generalize Proposition 2.29.

Definition 2.36. A Horn formula is a CNF (a conjunction of disjunctions of literals
(atomic formulas or a negations thereof)) whose disjunctions contain at most one literal
that is not a negation. A formula is universal Horn if it is obtained from a Horn formula
by universal quantification.

Proposition 2.37. Let F' be a filter on I. Let @ be a universal Horn sentence and assume
A, =@ foralliel. Then [1p2A; E .

Proof. Write A :=[]p ;. For every L-term t(Z) and a from [T, A;:
t*[a"] = (t"[a(i)] |ie )"

We prove this by induction on t. If ¢ = ;, then both sides equal a]F. If t = fto---t,_1 and
the claim holds for the ¢;(z), then

FAAE"), 85 [@" ) = A a] lie DT, (G [a()] i e 1)F)
(f4 @ a(@)], ..., 2 @@ [ie D) = (P [ao(i), ..., ana ()] |ie ).

We next claim for every atomic ¢(%) and a from [];.; A;:

#[a’]

Ak pla’] < {iel|U =pla(i)]}eF.
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Assume ¢ = Rty-t,_ (the case ty =ty is similar). Then

AE p[al] = ((tg[i[d(i)] lie )T ... (t% [a(i)] |ie ") e R*
— {iel|(y[a(®)],....t0 [a(i)]) e R¥} e F
— {iel|AE=pla(i)]}eF.

Let ¢(Z) = VZ A; Vi Aji(Z) be universal Horn, the \j. being literals. Assume A # ¢
and 2; = ¢ for all 7 € I. Choose a’" and j such that 2 # V; Ajx[a”]. Assume the disjunction
contains an atom Yy; the case that all literals are negations is similar. Then the disjunction
is logically equivalent to ((1o A ... A1) — x) for certain atoms ;(z),j < ¢. Hence
A = ;[al], for j < ¢, and A # x[af]. By the claim, X; := {i e I |, & ¢;[a(i)]} € F
and Y := {i e I | A; £ x[a(i)]} ¢ F. Then X =N, X; € F'. For every i € X we have
2; = 1;[a(i)] for all j < £ and hence 2; = x[a(i)] because 2; = ¢. Hence X €Y, so Y e F,
a contradiction. O

Examples 2.38. Reduced products of partial orders are partial orders. Same for Boolean
algebras, rings and abelian groups.

2.5 Ultraproducts

Let L be a language and (2l;);c; a family of L-structures for a nonempty set 1.

Definition 2.39 (Ultraproducts). An ultraproduct of (;):er is a reduced product [1p2;
for some ultrafilter ' on I. It is an ultrapower of B if B =2, for all i € I; written BL.

Theorem 2.40 (Los). Let F' be an ultrafilter on I and ¢ be an L-sentence. Then
[IpAiep < {iel|A;=p}eF.
Proof. Let A := [Tz 2d;. We show that for all L-formulas ¢(z)and all a from A:
Ak pla’] < {iel|A =pla(i)]}el.

Call formulas good if they satisfy this claim. We saw in the proof of Proposition 2.37 that
atomic formulas are good.
If p(Z) is good, so is —¢(T): note, since F' is an ultrafilter,

{i el |2 E cp[c‘z(i)]} tF — {z el | Ao go[d(i)]} e F.
It is easy to see that goof formulas are closed under conjunctions. We show they are
closed under universal quantification. Assume p(Z,y) is good. We show Yy (Z,y) is good:
AEeVyplal'] — Ae=plal,al] for all a € [T, A;
= X,:={iel|AEp[a(i),a(i)]}eF for all a el A
= X:={iel|AEVypla(i)]}eF
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For the last equivalence argue as follows. If X € F', then X, € F' because X ¢ X,. If
X ¢ F, then I~ X € F being an ultrafilter. Choose for each i ¢ X some a(i) such that
A, # Yla(i),a(i)]; for i € X let a(i) € A; be arbitrary. For this a we have INX, 2 I\ X € F|
sol~X,eFand X, ¢ F. O]

Corollary 2.41 (Compactness theorem). Let T be an L-theory such that every finite subset
of T is satisfiable. Then T is satisfiable.

Proof. Let I be the set of finite subsets of T. For ¢ € I choose an L-structure 2f; with
A; 4. Foriellet X(i):={jel|icj}. These sets have the fip: if ig,...,i; € I, then

X(ig)n-nX(ig)=X(igu--Uiy) + .
Let F' be an ultrafilter on I containing all X (i),7 € I (Lemma 2.20). Let ¢ € T. Then

{iel|Aept2{iel|pei}=X({p})€eF.

By Los, [Tp2; = ¢. Thus, [Tp2A; =T. [

2.5.1 Periodic and torsion-free abelian groups

Let & be an abelian group. For n € N and g € G let ng := g +% -+ +® g (n times) and let nx
be the term x + -+ (n times); for n = 0 we undertand ng = 0° and nz = 0.

& is periodic if all elements have finite order, i.e., for all g € G there is n > 0 such that
ng =0%. & is torsion-free if ng + 0% for all n >0 and g € G~ {0%}.

Proposition 2.42.

1. The class of periodic abelian groups is not axiomatizable.

2. The class of torsion-free abelian groups is axiomatizable but not elementary.

Proof. We give a proof without using the compactness theorem.

1: Assume for contradiction that 7" is an axiomatization. Let F' be a free ultrafilter on
the set of primes. Let 3, be the additive group of integers modulo p. Then 3, £ T. By
Los, 2 := ]z 3, = T. But this is false, 2 is in fact torsion-free: assume 2l = nx = 0[a’] and
a® # 0% and n > 0; by Los, X := {p | p divides n-a(p)} € Fand Y := {p| a(p) # 0} € F; hence,
X nY e F is infinite (Remark 2.31 (2)), but every p e X nY divides n, a contradiction.

2: For an axiomatization just add, for every n > 0, the sentence Vo (-x =0 - -nz = 0)
to the theory of abelian groups. For contradiction, assume {p} is an axiomatization. Then
AEp,s0 {p|3,Ep}eF by Los. But this set is empty, a contradiction. O

2.5.2 Ideals versus filters in products of fields

Let I be a nonempty set and for each i € I let 2; be a field. By Examples 2.30 (3), [1;c; 2
is a ring. We show that ideals in this ring naturally correspond to filters on 1.
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Proposition 2.43. There exists a bijection J — Fj from the set of proper ideals J of
[Lic; Aionto the set of filters on I such that

[Tier Q[i/J = HFJ 2.
Furthermore, J is a maximal ideal if and only if Fy is an ultrafilter.
Proof. For a € [];e; Ai let 0 :={i €I |a(i)=0%}. For a proper ideal J of [];;2; we define
FJ!={0a|CL€J}.

We claim a € J <= 0, € F; for all a € [];.; A;. Indeed, if 0, € F};, then 0, = 0, for some
bedJ,soa=c-beJ for c:=(0|ie0,)u{a(i)/b(i)]|i¢0p).

The exercise below shows F} is a filter and similarly F' — Jp := {a| 0, € F'} maps filters
F to ideals Jp. Then F), = F'is trivial, and Jp, = J follows from the claim:

aeJp, = 0,eFj<<= acl.
It follows that both maps are bijective. To see [T;.; i/J = [1x, A; we check using the claim:
a=b modJ <= b-aeJ <= Oy ,€F; < {iel|a(i)=0b(i)} e Fj < a~p,b.

The exercise below shows that F; is an ultrafilter if and only if [Ty, 2; is a field. But
[T,y A/ J is a field if and only if J is a maximal ideal. ]

Exercise 2.44. In the notation of the above proof, show: F); is a filter on I for every
proper ideal J, and Jg is an ideal for every filter F' on I. Further show for every filter F’
on [ that [T, is a field if and only if F' is an ultrafilter.
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Back and Forth

3.1 Partial isomorphisms

Let L be a language, and A,*B be L-structures. Recall we identify functions with their
graphs, i.e., view them as sets of ordered pairs.

Definition 3.1. A partial isomorphism p from 2 to 9B is an injection with dom(p) ¢ A
and im(p) € B such that for all r € N, all r-ary relations symbols R € L, all r-ary function
symbols f e L and all a = (ao,...,a,_1) € dom(p)",a € dom(p):

aeR* < pa):=(p(ap),...,p(ar_1)) € R®,
@ =a = [5(p@))=p(a).

20 and B are partially isomorphic, symbolically 2 =, B, if I : 2 =, B for some nonempty
set I of partial isomorphisms. This means:

1. (Forth) for every pe I and a € A there is g € I such that p € g and a € dom(q),
2. (Back) for every p e I and b e B there is ¢ € I such that p € ¢ and b € im(q).

Remark 3.2. If dom(p) is the universe of a substructure 2, € B, then im(p) is the universe
of a substructure By € B and p: Ay = By. Indeed: for a € A" with f*(a) € dom(p) the
condition for f above is equivalent to p(f*(a)) = f®(p(a)).

The following partial isomorphisms will play a central role.

Definition 3.3. The skeleton of 2 is the class Sk(2) of L-structures that are isomorphic to
finitely generated substructures of 2. I (2, B) is the set of isomorphisms from a finitely
generated substructure of 2 onto a finitely generated substructure of B.

Remark 3.4 (Ehrenfeucht games). Consider the following two-player game between Spoiler
and Duplicator. The Spoiler chooses an element in one of the structures, the Duplicator

27
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responds by choosing an element in the other structure. After £ rounds they determined
tuples a = (ag, . ..,ax_1) € A¥ and b= (bg,...,bx_1) € B*. The Spoiler wins once

e b= {(ag, b;) | i< K}

Ql

is not a partial isomorphism from 2 to B. Otherwise, Duplicator wins (the infinite play).
Then I :2( 2,5 can be seen as a winning strategy for Duplicator. Section 3.2 studies
this game truncated to a fixed number £ of rounds.

Definition 3.5. L-formula is term-reduced if all its atomic subformulas have the form
Rz, z=vy, fr=yvy

for variables z,z,y and R, f € L relation, resp. function symbols.

Exercise 3.6. Every L-formula is logically equivalent to a term-reduced L-formula.

Exercise 3.7. @ ~ b is a partial isomorphism from 24 to 9B if and only if @ in 2 satisfies
the same term-reduced atoms as b does in ‘B.

The following two theorems give two meanings according to which partially isomorphic
structures are ‘similar’.

Theorem 3.8. Assume A,B are at most countable. Then
A2, B — A=2'DB.
Moreover, if pe I : 24 =, B then there is m: A =B withp 7.

Proof. If m: A = B, then {7} : A =, B. Conversely, assume [ : A =, B and let p € [.
Let A = {ay,as,...} and B = {by,by,...} (possibly finite). We define a chain pg € p; € -
of partial isomorphisms in I. We set pg := p. Having defined p,, distinguish cases: if n is
even, choose py, € ppa1 € I with ajns) € dom(py.1) according to (Forth); if n is odd, choose
Pn € Pne1 € 1 with by, o) € im(pp+1) according to (Back). Then 7 = Upenpy is the desired
isomorphism from 2 onto ‘B. O]

Theorem 3.9. If A =,°B, then A ="5.

Proof. Let I : 24 =, B. By Exercise 3.6 is suffices to show for every term-reduced L-
formula ¢(z) that for all p € I and all tuples a from dom(p):

AEpla] = BEyp[pa)]

Call an L-formula good if it is term-reduced and satisfies this claim. Term-reduced atoms
are good by Exercise 3.7. Clearly, good formulas are closed under —,A. We show that
e = y(z,y) is good, if ¥(z,y) is. Let a be a tuple from dom(p) and p € I. =: if
A = pla], choose a € A such that 2 = ¢[a,a]; by (Forth) choose p € q € I with a € dom(q);
since ¢ is good, B E ¢¥[q(a),q(a)], so B = ¢[p(a)]. < is similar using (Back). O

We shall later prove a more fine-grained result later (Theorem 3.27). The converse of
Theorem 3.9 fails — Example 3.36 is a natural counterexample.



CHAPTER 3. BACK AND FORTH 29

3.1.1 Back and forth in dense orders

Definition 3.10. The theory of dense linear orders without endpoints has axioms:

Ve -z <z, Veyz((z<yAy<z) > x<z),
Vey(r<y—3z(x<zaz<y)), Vedy x <y, Vydy y < x.

Lemma 3.11. Let 2, B be dense linear orders without endpoints. Then Ig,(A,B) : A =, B.

Proof. Note @ € I + @. Let p € I and let ay,...,a,1 list dom(p) for some k € N; let
b; := p(a;) for i < k. To verify (Back) ((Forth) is similar), let b € B be given. There exists
a € A that <*-compares to the a; exactly as b <®P-compares to the b;: e.g., if b; <® b <® b;,
for some i < k — 1, then we can choose a € A such that a; <* a <% a;,; because 2 is dense.
Then pu {(a,b)} €. O

By Theorems 3.8 and 3.9:
Corollary 3.12.

1. FEvery countable dense linear order without endpoints is isomorphic to L.

2. The theory of dense linear orders without endpoints is complete.

Example 3.13. Q+0Q 20 x99 x9Nz =z, R, in particular, Q =K.

3.1.2 Back and forth in atomless Boolean algebras

Definition 3.14. The theory of (nontrivial) atomless Boolean algebras is the theory of
Boolean algebras plus the axioms

-0=1, Ve(-z=0->Jy(-y=xAr-y=0Aynx=y)).
Lemma 3.15. Let A,B be atomless Boolean algebras. Then Ig,(2A,B): A =z, B.

Proof. Note I + @ because 0,1 (we omit superscripts) generate isomorphic subalgebras of
20 and B. We verify (Forth) ((Back) is similar). Let p e I and a € A. Then p: 2, = By
where 20y € 2 is the substructure with universe dom(p) and B4 ¢ B is the substructure
with universe im(p). Let aq, ..., a1 list the atoms of 2. Then p(ay),...,p(ax_1) lists the
atoms of By. Let a = ana; and set J:= {j <k |a}#0}. For je J choose 0 <V, <b;in
%B. Then {a},a;n~a}|jeJ}u{a;|j¢J} are the atoms of the subalgebra 21, € 2l they
generate, and {0}, b;n ~ b, | j e Jhu{b;|j ¢ J} are the atoms of the subalgebra B, ¢ B
they generate. The natural bijection between these to sets extends to an isomorphism
q:2 2B;. Then p cq and a € dom(q). ]

Corollary 3.16.

1. Every countable atomless Boolean algebra is isomorphic to J(Qsp).

2. The theory of atomless Boolean algebras is complete.
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3.1.3 Back and forth in algebraically closed fields
In the language Lpin, = {+,—,-,0,1} of rings and fields write " :==z-... -z (n times).

Definition 3.17. The theory ACF of algebraically closed fields is the theory of fields
together with for every d > 0 the sentence

vy -c+y=0

Vo Yar 3z xt + Yy - @
For a prime p, the theory ACF, of algebraically closed fields of characteristic p addi-
tionally has axiom y,:=1+--+1=0 (p times 1).
The theory ACFy of algebraically closed fields of characteristic 0 additionally has axioms
-X, for all primes p.

We recall some facts from algebra. Let 2 be a field and B ¢ A. Then (B)* is aring. The
smallest subfield of 2 containing B is (B)?, it has universe t¥/s¥2 for Lg;,,(B)-terms
t,s. A subfield of  is finitely generated if it equals ( B)* for some finite B € A.

Let 20y € 2l be a subfield and a € A. Write 20y(a) for (Agu {a})*. The element a € A is
transcendental over Ay if P(a) # 0 for all P € ;[ X ], the polynomial ring over 24y. Then
Ap(a) 2 Ap(X), the quotient field of Ap[X]. The isomorphism fixes 2y and maps a to X.

If a € A is not transcendental over 2ly, it is algebraic over 2y. The unique monic
polynomial p of minimal degree with P(a) = 0 is the minimal polynomial of a over 2.
Then Ag(a) = (Agu {a})* = As[X]/(P); here, (P) denotes the ideal of Ay[X] generated
by P. The isomorphism fixes 2y and maps a to X mod (P).

Lemma 3.18. Let A,B be algebraically closed fields of the same characteristic. Assume
A is “large” in the sense that for every finitely generated subfield Ao of A there exists a € A
which is transcendental over Ay. Assume also B is “large” in this sense.

Then I:A=,B for I the set of partial isomorphisms p from A to B such that dom(p)
1s the universe of a finitely generated subfield of 2.

Proof. Since 2A,B have the same characteristic, I # @. Indeed, (@)*, (@)% are both
isomorphic to the field of rationals if the characteristic is 0, and to the field of integers
modulo p if the characteristic is p > 0.

We verify (Forth) ((Back) is similar). Let pe I and a € A. Let 2y be the subfield of A
with universe dom(p) and let B, be the subfield of B with universe im(p).

Assume first that a is algebraic over 20y, say with minimal polynomial P. Let @ € B[ X ]
be obtained from P by replacing all coefficients a by p(a). Since p: 2y = By, also Ag(a) 2
o[ X]/(P) 2 Bo[X]/(Q). The latter is = By(b) for b € B such that Q(b) = 0. Such b exists
because B is algebraically closed. Composing gives an isomorphism ¢ : 24y(a) = B,(b) that
extends p and maps a to b.

Now assume a is transcendental over 2(,. Then 2dp(a) = Ag(X). Since B is “large”
there exists b € B transcendental over Bg. Then By (b) = By(X). But p: Ay = By implies
Ao(X) 2 Bo(X). Composing gives an isomorphism ¢ : Ap(a) = By(b) that extends p and
maps a to b. [



CHAPTER 3. BACK AND FORTH 31

Exercise 3.19. Let 2, ‘B be fields and [ as in Lemma 3.18. Then:
I:A=2B = [(A,B): A=z, B,
In Section 5.1 we shall prove:

Lemma 3.20. For every algebraically closed field 2 there exists A* = A that is “large” in
the sense of the previous lemma.

Corollary 3.21. Let p be a prime or 0. The theory ACF), is complete.

Proof. We have to show that any two models 2,8 of ACF), are elementarily equivalent.
Then A =2A* =, B* =B for suitable 2A*,B*. By Theorem 3.9, A* = B*. O

Exercise 3.22. Let € be the field of complex numbers and ¢ be an Lg;,g-sentence. Use
the compactness theorem to show that € k ¢ if and only if ¢ is true in all algebraically
closed fields of sufficiently large characteristic.

3.2 Ehrenfeucht-Fraissé theory

Let L be a finite language, and 2, B be L-structures.

Definition 3.23. Let k € N. 2 and B are k-isomorphic, symbolically 2 2 B, if there is a
sequence (I;);<; of sets I; of partial isomorphism from 2 to B such that (I;),< : 2A 2 B,
ie., I, + @ and

1. (Forth) For all 0 < j <k, pel;, a € A thereis g € I;_; such that p ¢ g and a € dom(q).
2. (Back) For all 0< j <k, pel;, ae A there is g € I;_; such that p € ¢ and b € im(q).

20, a 2 B,b means that there exists such (I;) ;< and some p € Iy_; with p(a) = b.
Lemma 3.24. Let k>0 and a,b be tuples from A, B. Then A,a = B, b if and only if

for all a € A there is be B: A, aa 2;_1 B,bb, and,
for allbe B there is a € A: A, aa 2;_1 B, bb.

Proof. =: clear. <: for every a € A choose b € B and ([;)jgk_l witnessing 2, aa =,_; B, bb,
and for all b € B choose a € A and (];?)jsk_l witnessing 2, aa 2,_, B, bb. For j < k-1 define
I = Ugea 18 UUpep 1Y and I, == {a ~ b}. Then (I;); : A 2 B. O

Definition 3.25. The quantifier rank qr(y) of an L-formula ¢ is defined setting gr(¢) =0
for atomic ¢ and recursively

gr(=¢) = ar(9), gr((p A ¢)) = max{gr(p), ¢r(V)}, gr(Vaw) =1+ qr(p).

2 and B are k-equivalent, symbolically A =, B, if and only if 2, B satisfy the same
term-reduced L-sentences of quantifier rank at most k.
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Remark 3.26.

1. A =5 B means that A, B interpret all 0-ary relation symbols in the same way. This
is equivalent to @ being a partial isomorphism from 2 to 28, and to 2 %, B.

2. A =B if and only if A =, B for all ke N (Exercise 3.6).
3. A =, B implies A =, B for all k € N. The converse fails: see Example 3.36.

Theorem 3.27 (Ehrenfeucht-Fraissé). For all k€ N, 2 = B if and only if A = *B.
The following two lemmas give stronger versions of both directions.

Lemma 3.28. Let k. € N and a € A%, b € B' and assume 2A,a =, B,b. Then for all
term-reduced L-formulas (&) of quantifier rank at most k:

AEpla] < BEp[b].

Proof. We proceed by induction on k. For k = 0, 2,a =, ©8,b implies that there exists a
partial isomorphism mapping @ to b. The set of formulas satisfying our claim is clearly
closed under A,- and it contains all term-reduced atoms by Definition 3.1. Hence, all
quantifier free term-reduced formulas satisfy our claim.

Let k£ > 0. The formulas satisfying our claim are closed under A, -. Let ¢(Z) = 32y (Z, x)
have quantifier rank k. Assuming A £ ¢[a], we show B & ¢[b] (the other direction is
analogous). Choose a € A such that 2 = ¢[a,a]. By Lemma 3.24, there is b € B such that

2, aa =1 B, bb. Since qr(z)) < k- 1, by induction B k& [b, b], so B & ©[b]. O
It is for the following lemma that we need the assumption that L is finite.

Lemma 3.29. For all k,0 € N with k+ ¢ > 0, and all a € At there is a term-reduced L-
formula Tg’fﬁ(xg, .. Te1) of quantifier rank k such that for all L-structures B and b e Bt:

A,azy, B,b < BEy,[b].
Moreover, for all k,{ € N the set {7} ;|2 is an L-structure and a € A’} is finite.

Proof. We use induction on k. For k = 0, we can assume ¢ > 0. Define 7 _ to be the
conjunction of all term-reduced literals in the variables Z = (xq, ..., xs_1) that are satisfied
by @ in A. By Exercise 3.7, b satisfies Tgolﬁ(i’) in B if and only if @ — b is a partial
isomorphism from A to B, i.e., A, a =y B,b.

Let k> 0. Given a € A® we define

TQlfﬁ = /\ fo Tﬁ,}nla(i'vxé) A ng \/ Tglkjdla(.i', l’g).
acA acA

Note the conjunction and disjunction are finite by the moreover-part for k — 1. The
moreover-part for k follows. By induction, the formulas 75-! have quantifier rank k-1, so
Tﬁﬁ has quantifier rank k. It follows from Lemma 3.24 that kaﬁ satisfies our claim. ]
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Proof of Theorem 3.27. = follows from Lemma 3.28. <: for k = 0, see Remark 3.26 (1).
For k > 0, 75 (empty tuple @ not written) is a sentence of quantifier rank & and is true in A
(Lemma 3.29 for B := ). Hence B E 75, so A 2, B by Lemma 3.29. O

Corollary 3.30. Let k,¢ € N with k+/¢>0. Every term-reduced L-formula p(xq,...,2e1)
of quantifier rank at most k 1is logically equivalent to

\/{7—576(@) | 20 is an L-structure and a € (A)}.

In particular, for every tuple of variables T there are, up to logical equivalence, only finitely
many term-reduced L-formulas of quantifier rank at most k with free variables among .

Proof. Let ¢(7) denote the displayed formula. Let B & ¢[b]. Then 75 ; is a disjunct in ¢
satisfied by b in 9B, so B & 1»[b]. Conversely, if B & 1[b], then B & TQ]Y@ for some 2, a with

2= pla]. Then A, a =z, B,b by Lemma 3.29, so B E ¢[b] by Lemma 3.28. O
Exercise 3.31. Assume 2 is finite. Then B £ 7_2|1A|+1 if and only if B = 2.

Exercise 3.32. Let C be a class of L-structures. Then C is elementary if and only if there
is k € N such that C is ¥ -closed: 2 =, B € C implies A € C.

3.2.1 Back and forth in discrete orders

Definition 3.33. The theory of discrete linear orders without endpoints has axioms (z <y
abbreviates (z <y vz =y)):

Ve ~z<x, Veyz((x<yny<z) > x<2),
Vedy(z<yAaVz(x<z-y<2)), Vedy(y<xaVz(z<z > 2<y)).

Notation: for a linear order 2, a,a’ € A and j € N define

d*(a,a’) = [{ceAla<*c<*ad orad Fe<all,
A / - A / j
di(a,a’) = max{d (a,a’),2’}.

Lemma 3.34. Let 2,8 be discrete linear orders without endpoints and k € N. Then
(1;) i<k : A 2, B for I; the set of partial isomorphisms p from 2L to B such that dom(p) is
finite and &3 (a,a’) = d7 (p(a),p(a’)) for all a,a’ € dom(p).

Proof. Note @ € I, + @. We show (Forth) ((Back) is similar). Let j < k and p € ;4.
Let ag <¥ ... <* a, list dom(p), and write b; := p(a;). Let a € A~ dom(p). Assume
a; <* a <* a;,1; the cases that a <* ag or ay_; <¥ a are similar.

Case: d := d'(a;,a) <2/, Choose b € B with b; <® b <® b;,; such that d®(b;,b) = d: it
exists because d® (b;, bi,1) > d‘ﬁl(bi, biv1) = d?+1(ai7 Aiv1) 2 d?‘(ai, 1) = d. ’

We claim that d?‘(a, am') = d?(b, bis1). If d?‘ﬂ(ai,am) = dﬁl(bi,bﬂl) = 27*1 then
d?l(a,aHl) = d]%(b, bi+1) =2, If d?[Jrl(CLi,CLHl) = dﬁl(biabiﬁ-l) < 2J+1, then dm(ai,aiﬂ) =
d%(bi,bi_'_l), SO even dm(a,aiﬂ) = d%(b, bi+1).
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Case d?‘(a, a;+1) < 27 is analogous.

Case d?‘(ai,a) =2/ and d?‘(a, a;;1) = 27. Tt suffices to find b € B with b; <® b <® b;,,
such that d‘f‘(bi,b) = d?(b, bis1) = 27. But d*(a;,ai41) 2 227 so d?‘H(ai,aHl) = 20+l =
dﬁl(biabﬂl); SO d%(bi,b“l) > 20+1, Hence, there exists bl <Bp<B bi+1 with d%(bz,b) =2,
Then d} (b;,b) = 27. Since d®(b,bis1) > 27, also d3 (b, b)) = 27. H

Corollary 3.35. The theory of discrete linear orders without endpoints is complete.

Proof. Let 2,8 be discrete linear orders without endpoints. By the above lemma, 2 = ‘B
for all k£ € N. By Theorem 3.27, 2 = *B for all k e N, so 2 =B by Remark 3.26. ]

Example 3.36. Let 3 be the linear order on Z. Then 3 = 3 + 3 by the above corollary
and 3 2, 3+ 3 for all k€N via Lemma 3.34 and 3 #, 3 + 3 by Theorem 3.8.

3.3 Fraissé limits
Let L be an most countable language, and let K be a class of finitely generated L-structures

that is closed under isomorphism. Note that the structures in K are at most countable.

Definition 3.37. An L-structure 2 is ultrahomogenous if every isomorphism between
finitely generated substructures of 2 extends to an automorphism of 2.

Remark 3.38. Let 2,8 be L-structures, both with skeleton X.

1. If A is countable and g (A, 2A) : A =, A, then 2 is ultrahomogeneous (Theorem 3.8).

2. I, (A,B8) has (Forth) if and only if B is K-saturated: if f: Ry -, B and K € R, € K,
then there exists g : & —, B with fcg.

<: let felg(A,B)and a e A. Say, f embeds Ky € 2 into B. Let K := (Kou{a})* ¢
2(. Then Ry, Ry € K. Choose fCg: R —,B. Then ge I (A,B) and a € dom(g).

=: let f: Ry », B and K € K, € L. We can assume K € . Then f € I (2A,B).
By (Forth) there is f € g € I (2A,28) defined on a finite set of generators of 8;.

3. If 2, B are countable and K-saturated, then 2 = B.

4. If A is ultrahomogeneous, then 2 is K-saturated.

Indeed, let f: 8y —, A and Ky € K, € L. Choose f; : K —, A. Then fio fle
I, (A, 20), so extends to an automorphism g of 2. Then g~'o f; : & —, A extends f:
for a € Ky we have g(f(a)) = fi(a) by choice of ¢, so f(a) =g71(fi(a)).

5. If 2,8 are countable and ultrahomogenous, then 2 = 83.
Definition 3.39. K is a Fraissé class if it has the following properties.

1. K contains at most countably many L-structures up to isomorphism.
2. Heredity: Sk(R) < K for all K€ K.
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3. Joint Embedding: for all Ky, R € K there exist K €  with Ko, &1 € SE(R).

4. Amalgamation: for all K, Ky, R € K and all embeddings fy: 8 =, Ko, f1: R =>4 K
there exist 8* € K and embeddings gy : Ry =>4 8*, g1 : R1 =, R* with ggo fo = g1 0 f1.

Exercise 3.40. Let F be a binary relation symbol. The theory of graphs is the { E'}-theory
{Ve-FExz,Vey(Fry < Eyx)}. Show that the class of finite graphs is a Fraissé class.

Exercise 3.41. If 2 is ultrahomogeneous, then Sk(2l) is a Fraissé class.

Theorem 3.42 (Fraissé). If K is a Fraissé class, then there ezists a countable ultrahomo-
geneous L-structure with skeleton IC. It is unique up to isomorphism and called the Fraissé
limit of K.

Examples 3.43. Finite linear orders, and finite Boolean algebras are Fraissé classes. Their
Fraissé limits are the rational order £ and the atomless Boolean algebra J(Qs).

Proof. Q is ultrahomogeneous by Remark 3.38 (1) and Lemma 3.11. By Exercise 3.41,
Sk(£Q) is a Fraissé class. This is easily seen to be the class of finite linear orders.
The proof for Boolean algebras is analogous using Lemma 3.15. ]

The proof of Fraissé’s remarkable theorem is based on the following method of model
construction which we study in Section 4.4.

Definition 3.44. Let 2, ¢ 1, € 25 € -+ be L-structures. The union U, 2, is the L-
structure with universe U,, A, that interprets every symbol s € L by U,, s%».

It is straightforward to check that U, 2L, is well-defined and 2,, ¢ U,, 2, for all n € N
(cf. Remark 4.37).

Proof of Theorem 3.42. Uniqueness holds by Remark 3.38 (5). To prove existence, let
Ro, R1,... list £ up to isomorphism; we assume K; € N. Let fy, fi1,... list all finite partial
bijections from N to N. Given an L-structure 8 with B ¢ N and ¢, 7 € N we abuse notation
and write f; : 8; — B if dom(f;) generates K; and f; extends to an embedding &; - B;
note there is at most one such extension. Fix some surjection $: N — N* such that each
quadruple has infinitely many pre-images.

The desired structure is 2 := U,, 2, for a certain chain 2y € 2; € --- of structures from I
constructed as follows. We choose all 2, to have universe A, € N. Let 2y € K be arbitrary
(with Ag € N). Assume s, is defined.

For s, ,1 choose, by Joint Embedding, a structure in I such that there are embeddings
from Ay, and K, into As,,.1; we can assume s, € Aopyt-
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To find 2y, consider the tuple (R,,, Rn,, fngs frns) Where 5(n) = (ng,n1,ng,ng). Check
whether f,, : Ry =0 Aoni1s frg : Bny =a Rn, - 1 this is false, set Aoy := Aoy If it is true,
use Amalgamation to choose 2s,.0 € K and go : Aopi1 —a KAonse and g1 : Ry, =4 Aopso with
90 © fny, = g1 0 [ny; We can assume g is the identity, i.e., 9,11 S Aopya.

We claim Sk(2() = K. c: a finitely generated substructure of  is one of 2, for suitable
neN, soin Sk(2,) € K (Heredity). 2: R, =4 22,41 S A by construction.

By Remark 3.38 (1), (2) we are left to show that 2 is K-saturated. So let f: B —, 2
and B ¢ € € K. Choose m € N such that f: B -, 2,,. Choose (ng,n1,n2,n3) such that
B, € are isomorphic to R, Ry, , say, via mo, 71, and f,, = fomy! and f,, = m o7yt

¢ > R,
U T fuy
o1 2 Apy L33 Ko
Choose n > m such that 3(n) = (ng,n1,n2,n3). Then f,, : Kny 2o Yons1 and fi, : Ry —a
R,,. By construction As,1 € RAopee and ¢+ Ry, —a Aopio with f, = g1 0 fr,. Then
grom 1 € -, Aspyio €A extends f. Indeed, for all be B

F(0) = fra (w0 (b)) = g1.(fna (w0(D))) = g1 (m1(D)). .

3.3.1 The random graph

Definition 3.45. The random graph is the Fraissé limit of the class of finite graphs.

Theorem 3.46. The theory of the random graph is equivalent to the theory of graphs plus
for alln>0 and all X € {0,...,n—1} the extension axiom €, x: the universal closure of

Nicjen Ti = T —> EiZ( Nien =2 = Ti A Niex Bzxi A Nigx _‘szi)-

Every countable model of this theory is isomorphic to the random graph.

Proof. Let R be the random graph and K := Sk(R) the class of finite graphs. By Re-
mark 3.38 (4), R is K-saturated. This implies that R satisfies the extension axioms.
Conversely, let 2 be a graph that satisfies the extension axioms. We claim SR = 2. By
Theorem 3.9 it suffices to show Ig, (R, 2) : R =, A. (Forth) follows from A satisfying the
extension axioms, and (Back) from PR being K-saturated and Remark 3.38 (2).
The 2nd statement follows from R =, 2 and Theorem 3.8. O

Theorem 3.47 (0-1 law). For an {E}-sentence ¢ and n > 0 let Pr,[p] be the proba-
bility that a graph chosen uniformly at random among those with universe {0,...,n -1}
satisfies . Then

lim,, Pr,[¢] € {0,1}.
Moreover, the random graph satisfies exactly those ¢ with lim,, Pr,[p] = 1.
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Proof. We claim lim,, Pr,[e,, x] = 1. Let n > m and ao,...,an-1 < n be pairwise distinct
and let G be a random graph on {0,...,n-1}. For a < n distinct from the a; let E, be the
event that a has an edge (in G) to a;,7 € X, and not to a;,j ¢ X. Then Pr[E,] =2". The
events E, are independent. Thus no E, occurs with probability (1 —27")"=™. That this
happens for some ag, . .., a,-; has probability < (”)(1-2"")». This bounds Pr,[-€m, x]
and tends to 0 (m fixed and n — o).

If the random graph satisfies ¢, then its theory implies it. By compactness, there are
finitely many extension axioms E such that any graph satisfying them, also satisfies ¢. As
lim, Pr,[A E] =1, also lim,, Pr[¢] = 1. If the random graph satisfies —~¢, then lim,, Pr,[¢] =
1 -lim, Pr,[-¢] = 0. Both statements follow. O



Chapter 4

Diagrams

Let L be a language and 2,8 be L-structures. For Ay ¢ A we let L(Apy) be the language
Lu{c, | ae Ay} for pairwise distinct constants ¢, ¢ L. We let 24, denote the L(Ay)-
expansion of 2 interpreting c, by a.

4.1 Algebraic diagrams

Recall from the preliminaries that 2 is embeddable into 28, symbolically 2 —, B, if there
is an embedding 7 : 2 -, B, i.e., an isomorphism from 2 onto some substructure of 8.

Definition 4.1. A formula ¢ is universal (existential) if it is logically equivalent to Y1)
(3z1)) for some quantifier free 1.

Definition 4.2. The algebraic diagram D,(2() of 2 is the set of L(A)-literals true in 4.
Roughly, the following states that the models of D,(2) are the extensions of 2.
Lemma 4.3. For an L(A)-structure €, the following are equivalent.

1. € D, ().
2. a v ct is an embedding from 21 into €1L.
3. There ezist B 2 and an isomorphism 7 :B = €1L that extends a  c.

Proof. 1 = 2: The map is injective: if a # o/, then —c, = ¢ € D, (), so & # ¢&. If e.g.

f € L is a binary function symbol and a := f*(ag,a1), we have to show f¢(cg ,ct)) = cg;
this follows from fcqyca, = co € Da(21).

2 = 3: Choose a set B’ disjoint from AuC' and a bijection 7 from B := B’UA onto C' that
extends a — ¢%. Define an L(A)-structure 98 with universe B such that 7: 98 =~ €1L: e.g.
define f2(b,0") := w1(fE(mw(b),w(V')). Since w(a) = ¢ we have m: B4 2 €, 50 B E Dy (A).
By 1= 2, the identity a — c2* = a is an embedding from 2 into B, i.e., 2 ¢ B.

3 =1 follows from B4 = D,(A) and 7: B, = €. O

The following is a general tool to construct extensions with certain desired properties.

38
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Lemma 4.4. Let L' 2 L be a language and T" an L'-theory. The following are equivalent.

1. A satisfies every universal L-sentence ¢ such that T' + .
2. T"u D, () is consistent.
3. There is B' =T" such that A < B L.
4. Bvery finitely generated substructure of A is embeddable into the L-reduct of some
model of T".
Proof. 1= 2: Assume T"u D,(2l) is inconsistent. By compactness there are @, ..., ¢y 1 €

D, () for some ¢ € N such that 7" + = Ao ;. Write this L(A)-sentence as 1(¢) where
¥(7) is a quantifier free L-formula and ¢ are constants outside L. We can assume they are
outside L’. Then T" + Ya1(z). Since A ¥ Yz (z), (1) fails.

2=3: given €' = T"uU D,(2), set €:=€"1L(A) and choose B 22 and 7:B = €L by
Lemma 4.3. Let B’ be the L’-expansion of 8 with 7 : 8’ ~ ¢ L.

3 = 4 is trivial. 4 = 1. Let T’ + VZy(Z) where ¢ is a quantifier free L-formula.
Assume 2 £ —t)[a] for some a. Then 2y := (a)* £ —¢p[a] since -1 is quantifier free. By
(4), g is embeddable into some € = T", say 7 : Ay 2 € € €1L. Then ¢, = —[n(a)], so
CE-y[r(a)], so € ¥ Y (x). Since € £ T" this contradicts 7" + Yz (). O

Exercise 4.5. In the above lemma, assume L’ \ L contains only relation symbols and 7"
is universal. Then the statements are equivalent to:

5. 2 has an L’-expansion that models 7".

Exercise 4.6. Every nontrivial Boolean algebra is embeddable into an atomless one.

4.1.1 Los-Tarski
Lemma 4.7. Let Ty, T be L-theories. Assume for all A8 &= Ty:

ACBET = A=T.

Then there exists a universal L-theory U such that To 0T is equivalent to Ty u U.

Proof. Let U be the set of universal L-sentences ¢ such that TouT + . It suffices to show
that every model 2 of To u U is a model of T. By 1 = 3 of Lemma 4.4, 2 embeds into a
model B of Tou T, say A =By cB. Then By =T by assumption, so A =T ]

Theorem 4.8 (Los-Tarski for theories). Let T be an L-theory. Then T is equivalent to a
universal theory if and only if for all L-structures 2A,5:

ACBET = AT

Proof. The forward direction is clear. For the converse apply Lemma 4.7 with T := @. [
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Theorem 4.9 (Los-Tarski for formulas). Let Ty be an L-theory and (%) be an L-formula.
The following are equivalent.

1. For all A,B = Ty and all tuples a from A of suitable length:

AcPBEpla] = AEplal.

2. There exists a universal L-formula ¥ (Z) such that Ty + (o(Z) < ¥ (Z)).

Proof. 2 =1:if B E p[a], then B = ¢[a] since B & Tp, then A & [a] since 9 is universal,
then A = p[a] since A= Th.

1 = 2: choose new constants ¢. It suffices to show T + (¢(¢) <> 1) for some universal
L u{c}-sentence 1. Our assumption implies the assumption of Lemma 4.7 for T":= {(¢)}
(and L u {¢} in place of L). Choose a universal L u {c}-theory U accordingly. Then
Tou U u{-p(c)} is inconsistent, so by compactness Ty U Uy U {-p(¢)} is inconsistent for
some finite Uy € U. Then Ty + (¢b - ¢(¢)) for ¢ := AUy. And <« is clear because
To+ (¢(¢) = x) for all y eU. O

Exercise 4.10. Formulate and prove a variant of the above for existential ().

4.1.2 Orderable and divisible abelian groups

We need the following result from algebra. Let 3 denote the additive group of integers,
and 3, the additive group of integers modulo n.

Theorem 4.11. Fvery finitely generated abelian group is isomorphic to
3 %30 %3
for some r k. ko,...,k._1 € N and primes pg,...,Dr_1.

The Prifer p-group 3,~ for a prime p is the subgroup of the multiplicative group on
C ~ {0} with universe Zy«~ := {c€ C | " =1 for some k € N}.

Lemma 4.12. 3,~ is a divisible abelian group and 3, —q 3p= for all k € N.

Proof. For k € N let &, be the cyclic subgroup of 3,~ of pFth roots of unity. Then 3, = &y,
SO 3,k —>q Jp. Further, Zp~ = Uy Gy. Let a € Z,~ and choose k such that a € Gj.. It suffices
to find for every prime g some b € Z,~ such that b7 = a.

Case q = p. Let b generate G, and let ¢:= bP. Then c has order p* and generates Gj.
Hence a = ¢! for some £. Then a = (b°)P.

Case g # p. Choose 2y, 21 € Z such that zop* + 21 = 1. Then a = a®?"a*4 = (a2)4. O

Theorem 4.13. Fvery abelian group is embeddable into a divisible abelian group.

Proof. Let 2 be an abelian group. By Lemma 4.4 it suffices to embed every finitely gener-
ated substructure of 2 in a divisible abelian group. These have the form in Theorem 4.11.
But every factor 3 embeds into the rationals, and every factor sz;i into 3pe. O
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This illustrates a natural use of Lemma 4.4. Here is a direct construction:

Exercise 4.14 (Divisible hull). Let 2 be an abelian group. Consider pairs (a,n) where
a € A,n>0. Declare (a,n) equivalent to (a’,n’) if n’a =na’; and let a/n be the equivalence
class of (a,n). Define a/n + a’/n' := (n'a + na)/nn'. This defines the divisible hull of 2.
Verify it is a divisible abelian group and a — a/1 embeds 2l into it.

Definition 4.15. An abelian group is orderable if it has an Lg, U {<} expansion that
satisfies theory of ordered abelian groups.

Theorem 4.16. An abelian group is orderable if and only if it is torsion-free.

Proof. Forward is easy: say a < 0 (omitting superscripts), then a < 0,2a < a,3a < 2a, .. .,
so na # 0 for all n e NN {0}. Conversely, let 2 be a torsion-free abelian group. Note we
ask for an expansion interpreting a relation symbol < that satisfies a universal theory. By
Exercise 4.5 it suffices to find a suitable expansion for every finitely generated substructure
of 2. These have the form in Theorem 4.11 with k£ = 0 (being torsion-free). Thus it suffices
to show 3F is orderable. This is easy, in fact, if 2,2l are orderable abelian groups, say with
orders <, </, then so is 2 x 2" - take the lexicographic order on A x A" (ag, a}) <ies (a1,a})
if ag < ay, or, ap = a; and af, <’ af. O

4.2 Model completeness

Definition 4.17. 2 is an elementary substructure of B and B an elementary extension
of A, symbolically 2 <98, if 2 ¢ B and for every L-formula ¢(z) and every a from A:

AEpla] <= BEplal.
Remark 4.18.

1. Equivalently, one can replace <= by = or < above: the missing direction follows
using - instead .
2. A<B if and only if A B and A, =B 4.

Exercise 4.19. Let 91,0 € 91 ¢ Q < R be the usual linear orders with universes {n € N |
n>0},N,Q,R. Which ¢ are <? Hint: recall Lemma 3.11.

Lemma 4.20 (Tarski’s test). For Ay ¢ B the following are equivalent.

1. Ay is the universe of an elementary substructure of 5.

2. For every L-formula ¢(x,y) and every tuple a from Ay of suitable length: if B E
pla,b] for some be B, then B E ¢[a,a] for some a € Ay.
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Proof. 1= 2:Let 2, < B have universe Ay. If B E ¢[a,b] for some b € B, then B = Jyp[a],
then 20 £ Jyp[a], then Ag = p[a,a] for some a € Ay.

2 = 1:(2) for the formulas y = y, fZ = y show Ay is nonempty and L-closed, so universe
of a substructure 2y € B. Call a () good if B E pla] <= Wy E ¢[a] for all a from Ap.
We claim all formulas a good. Atomic formulas are good since 2{y € B, and good formulas
are closed under -, A. We are left to show closure under 3y. So assume ¢(Z,y) is good and
let a be a tuple from Ay. By (2), B £ Jyp[a] if and only if B = p[a,a] for some a € Ay.
Since ¢ is good, this is equivalent to Ay E p[a,a], so Ao = Jyp|a]. O

Definition 4.21. An L-theory T is model complete if for all ,B = T
AcSB — A<B.
An L-formula ¢(z) is T-provably equivalent to an L-formula ¢ (Z) if T + (o(Z) < (T)).

Exercise 4.22. The theory of discrete linear orders without endpoints is not model com-
plete. The theory of dense linear orders without endpoints is model complete. Find abelian
groups 2 € B such that 2 is not existentially closed in B. Same for fields.

Exercise 4.23. T is model complete if and only if T'u D,(2) is complete for every A = T.
Theorem 4.24. Let T be an L-theory. The following are equivalent.

1. T s model complete.
2. (Robinson’s test) For all A,B =T, if A < B, then A is existentially closed in B: for
every existential L-formula o(&) and all tuples a from A of suitable length:

BEpla] = A= plal.

3. Fvery existential L-formula is T-provably equivalent to a universal one.

4. Fvery L-formula is T-provably equivalent to a universal one.

Proof. 1 = 2 is clear, and 2 < 3 is Theorem 4.9.
3 =4:an L-formula (%) is logically equivalent to one of the form

YZ03Yo -V Th-13Gk-1 V(T To, Yos - - - s Th—15 Y1)

for ¢ quantifier free. Using (3) replace 3719 by a universal formula x. Then replace
Vxp_1x by an existential formula x’ (apply (3) to the existential formula -=Vzy_;x). This
gives an expression of the above form with k decreased by 1. Proceed.

4=1:Let 2<*B be models of T. By Remark 4.18 (1), it suffices to show

B Epla] = A= pla]
for all L-formulas ¢(z) and tuples a from A. This clearly follows from (4). O

Remark 4.25. Assume 2 € B. Then 2 is existentially closed in 8 if and only if every
primitive L(A)-sentence true in B is true in 2A; being primitive means to be of the form
371y where v is a conjunction of literals. Indeed, every existential formula is logically
equivalent to a disjunction of primitive formulas.
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4.2.1 Existentially closed subfields

Recall, 2A[Z] denotes the polynomial ring over a field 20 with variables Z.

Proposition 4.26. Let A B be fields. Then A is existentially closed in B if and only if
for all k € N and all variable tuples T and all Py(Z), ..., Pe1(x),Q(Z) € A[z]:

Py(z)=0, ..., Bo1(Z) =0, Q(z) #0
has a solution in B, then it has a solution in A.

Proof. By Remark 4.25 it suffices to show that the truth of a primitive L g;,,(A)-sentence
is equivalent to the solvability of a suitable system, and vice-versa.

Every polynomial P(z) € 2[z] is equivalent to some L g, (A)-term tp(z) in the sense
that the functions @~ P(a@) and @~ t»*[a] are equal. Conversely, every such term ¢(%) is
equivalent to a polynomial P,(z) € A[Z].

Hence, a system as displayed has a solution in B (resp. ) if and only if B 4 (resp. A4)
satisfies the L pin,(A)-sentence

3z2(tp,(Z) =0A...Atp_ (Z) =0A=tg(T) =0).

Conversely, note that the theory fields proves (t=s < t+(-s)=0), (<t=0A-5=0 <
-t-s=0), for all Lg;,,terms t,s, and hence also for all Lg;,,(A)-terms ¢,s. Hence, the
theory proves every primitive L pg,,(A)-sentence ¢ equivalent to one of the form

AZ(to(T) =0A ... Atp_1(T) = 0 A=t (Z) = 0).
This sentence is true in B4 (resp. Ay ), if and only if B (resp. A) contains a solution of

Py(2)=0,..., Py (7) =0, Py () #0. 0

4.3 Elementary diagrams

Definition 4.27. 7 : A - B is an elementary embedding of 2 into B, symbolically 7 :
A -, B, if m:A 2B’ <PB for some B'. If there is such 7, then A is elementarily embedabble
into B, symbolically A —. *B.

The elementary diagram of 2 is D () := Th(2A4).

The following are analogous to Lemmas 4.3 and 4.4.

Lemma 4.28. For an L(A)-structure €, the following are equivalent.

1. €= D.(A).
2. aw ¢ is an elementary embedding from 2A into €1 L.

3. There exist B > A and an isomorphism 7 :B = €1L that extends a — .
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Proof. 1 = 2: by Lemma 4.3, a — ¢ witnesses 2 2 €, ¢ €1L for some €y, hence also
Ay = € = (Cp)®. But € = € as models of the complete theory D.(2(). Up to renaming
constants, € is (&y)¢, and € is (€1L)¢,. Hence €y < €1L by Remark 4.18 (2).

2= 3 and 3 = 1 are analogous to Lemma 4.3. [

Remark 4.29. 7:2 -, 9B if and only if for all L-formulas ¢(z) and all tuples a from A
of suitable length: A = ¢[a] <= B = ¢[n(a)].

Proof. Let € be the L(A)-expansion of B that interprets ¢, by m(a). Then the r.h.s. is
equivalent to (1) in the previous lemma, and the Lh.s. to (2). O

Lemma 4.30. Let L' 2 L be a language and T" an L'-theory. The following are equivalent.

1. A satisfies every L-sentence ¢ such that T + .
2. T"u Th(A) is consistent.

3. T"u D.(2A) is consistent.

4. There is 8" =T" with A < B L.

Proof. 1 = 2: by compactness, if 77 u Th(2l) is inconsistent, then 7" proves —p for ¢ a
finite conjunction of sentences in Th(2). Then ¢ € Th(A), so A # —¢.

2 = 3: by compactness, if T"uU D.(2l) is inconsistent, then T" proves - for ¢ € D ().
Write ¢ = 1(¢) for constants ¢ outside L and ¢(z) and L-formula. We assume L'nL(A) = @.
Then T" + Yz—)(Z) but 3z¢)(z) € Th(A). Hence T"u Th(2l) is inconsistent.

3=>4:let C=T"uD.(A). By Lemma 4.28, there are 8 > 2 and 7 : B = €{L. Define
an L’-expansion B’ of B such that 7: B’ = 1L .

4 =1 is trivial. ]

Exercise 4.31. 2[ =8 if and only if 2 -, € > B for some €.

Exercise 4.32 (Ultrapower embedding). Let F' be an ultrafilter on I # @ and consider
the ultrapower 21%.. The diagonal map d maps a € A to d(a) := fI' where f,: I - A is the
function constantly equal to a. Then d is an elementary embedding of 2 into L.

Exercise 4.33 (Definable ultrapower). A Skolem-function for ¢(z,y) (in A), say = =
(zo,...Tp-1), is a function f : A® - A such that for all a € A?, if A = Jyp[a], then
A = pla, f(a)]. Assume A has definable Skolem-functions: every ¢(z,y) has a Skolem-
function which is definable in 4.

Consider an ultrapower 2L, for I := A and a free ultrafilter /' on I. Show that the
set of functions from A to A that are definable in A4 is the universe of an elementary
substructure of L. It is called a definable ultrapower of 2 modulo F.

Lemma 4.34. Assume B is infinite and Ag € B. Then there exists A < B with Ag € A
and |A| = max{|Ao|, |L],Ro}.
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Proof. We define sets Ay € Ay € -+ of cardinality < x := max{|Ao|,|L|,Ro}. Assume Ay is
defined. For every n € N and a € A} and every L-formula ¢(Z,y) with B £ Jye[a] choose
b € B such that B = p[a,b]. Define Ay,; by adding all such chosen b to Ay.

There are Ry < £ many n € N, max{|L|,R¢} < £ many ¢, and |Ax|" < K many a, hence
k3 = k many b are added; thus |Ax| < |Ax| + K = k. Then A := U, Ay has cardinality
Ro - k = k. We verify Tarski’s test for A and B: assume B & p[a,b] for be B and a € A",
then a € A} for some k € N and Ay, contains some a with B £ ¢[a,a]. O]

<
<

Theorem 4.35 (Lowenheim-Skolem-Tarski). Assume 2 is infinite and k > |L| is an infinite
cardinal.

1. If k <|A|, then A has an elementary substructure of cardinality k.

2. If k2 |A|, then 2 has an elementary extension of cardinality k.

Proof. 1: choose Ay € A of cardinality x and apply the previous lemma.

2: By compactness, 7" := D () U{-cq = ¢5 | a, f < Kk, # B} is consistent; the ¢,’s are
pairwise distinct new constants. Let B = T”. The language of this model has cardinality
|L| +|A| + k = k, and k < |B|. By (1), there is B’ < B of cardinality x. By Lemma 4.28,
B'1 L is isomorphic to an elementary extension of 2. O

4.4 Directed systems
Definition 4.36. Assume J = (I,<?) is a directed partial order, i.e., it satisfies
Veydz(x <z Ay < 2).

Then (2;)ier = ()7 is an directed system if A; € 2A; for all 4,5 € I with ¢ <7 j; it is
elementary if 2; < 2; for all i, j € I with ¢ <7 j. A chain or w-chain is a directed system for
J a linear order, resp. the linear order on N.

The union U;2A; =22 of (2;); is the L-structure with universe A := U;e; A; (where A;
is the universe of 2;) that interprets every symbol s € L by s% := ;e s% (recall we view
functions as sets of ordered pairs)

Remark 4.37. The following imply that 2l is well-defined. Let R € L be an r-ary relation
symbol, and f € L an r-ary function symbol, and a = (ag,...,a,_1) € A"

1. a € Aj for some i € I: for j <r choose i; € I such that a; € A; ; since J is directed
there is i € I such that g, ..., 4,1 <7 4; then a € A.
2. if ae Afn A%, then f¥(a) = f%(a) and a € R¥% < ae R%.

Indeed: let k € I such that 4,7 <7 k; since 2;,2; ¢ A, we have f¥(a) = f*(a) =
f%(a), and a € R* < a€ R%* < aec R%.

3. fMAL = f% and R*n A7 = R%, that is, 24; € 2.
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Remark 4.38. If A is countable, say A = {ag,ay,...}, then 2 is the union of the w-chain
((ag, -+ an)*)nen. In general, let I be the set of finite nonempty subsets of A, and let
i <? j mean ¢ ¢ j. Then 2 is the union of the directed system ((i)*);c;.

Lemma 4.39 (Tarski). Let (;); be an elementary directed system and A :=U;A;. Then
A; <A foralliel.

Proof. We show that for all L-formulas ¢(Z) and all i € I and all a from A;:
Ak pla] <= A = olal.

Call a formula good if it satisfies this claim. The set of good formulas is closed under -, A
and contains atoms by Remark 4.37. We are left to show it is closed under Vy. Let ¢(Z,y)
be good, ¢ = Vyi, i € [ and let a be from A;.

If A = pla], then A = Y[a,a] for all a e A, so A; =p[a,a] for all a € A; since ¢ is good,
so A; = ¢[a]. Conversely, assume 2; = p[a] and let a € A. We have to show 2 £ v[a,a].
Choose j € I with a € A;, and, by directedness, choose k € I with 7,7 <7 k. The a,a are
from Ag. As 2; <2, we have 4y, = p[a], so Ay E Y[a,a]. As ¢ is good, A = Y[a,a]. ]

4.4.1 Chang - Los$ -Suszko

Definition 4.40. An V3-formula is an L-formula logically equivalent to one of the form
Vz3yy with ¢ quantifier free. An V3-theory is an L-theory containing only V3-sentences.
For an L-theory T, let Ty3 be the set of V3-sentences proved by 7.

Lemma 4.41. A = Ty5 if and only if A has an extension B £ T such that A is existentially
closed in *B.

Proof. Assume the r.h.s. and T + Vz3gy(z,y) for ¥ quantifier free. Let a be a tuple
from A. We have to find @’ from A such that A & ¢[a,a’]. This follows from existential
closure: since B & T, there is b such that B & v[a, b].

Conversely, let 7" be T together with the universal L(A)-sentences true in 2 4. We claim
T’ is consistent. Otherwise, by compactness, T'+ =) for some universal L(A)-sentence v
true in 2A4. Write ¢ = 1'(¢) for some L-formula ¢’(Z) and ¢ outside L. Then VZ-2'(Z) is
proved by T" and false in 2. But Vz-¢'(Z) is an V3-sentence, contradicting A = Ty3.

Let ' = T". By Lemma 4.3, there are 8 2 2 and 7 : B = B/1L with 7(a) = ¢¥ for
all @ € A. Thus B, 2 B’ models T’, and hence T. Further, B, satisfies the universal
L(A)-sentences true in 24, equivalently, 2 is existentially closed in 8. O]

Like the Los-Tarski theorem does for universal theories, the following characterizes
V 3-theories semantically.

Theorem 4.42 (Chang, Los, Suszko). Let T' be an L-theory. The following are equivalent.

1. T=Tys.
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2. If (A;)1 is a directed system of models of T, then UrA; = T.
3. If (An)n 18 an w-chain of models of T, then U, A, £ T.

Proof. 1 = 2: we claim U;%; & ¢ for every V3-sentence ¢ that is true in all ;. Say, ¢
is Vag-zp_13yo-ye1¥(Z,9) for quantifier free 1. Given @ € A*, we have to find b € A’
such that 2 & 1[a@,b]. Choose i € I such that a € A¥. As 2l; & ¢ there is b € A’ such that
2; = [a,b]. Then A [a,b] since A; €A and 1 is quantifier free.

2 = 3 is trivial. 3 = 1: given 2y = Ty3, we have to show 20y E T. We first construct a
sandwich: B =T and Ay > Ay such that

2y € By c AUy

Choose 2 € B, according to the previous lemma. By existential closure, (Bg), satisfies
all universal L(Ap)-sentences that are true in (24p) 4,, or, equivalently, proved by D.(2).
By Lemma 4.4, D,((B¢)4,) U De(2y) has a model. By Lemma 4.3, we can assume its

L(Ap)-reduct 2’ extends (Bg),- By Lemma 4.28, a = ¢ is an elementary embedding

from 2l into A’1 L. But this map is the identity (¥ = cSBO)AO =a), so Ag <AL =2A;.

This completes the construction of the sandwich. As 2, E Ty3 we get a sandwich 81,2,
with 2; in the role of 2y, and so on:

ﬂog%ogﬂlg%lgﬂgg%ggﬂg
Q[g < Qll < 9[2 < ng

AN

where all B,, satisfy 7. Then U, 2, = U,, B,. By (3), this structure satisfies T". By Tarski’s
Lemma 4.39, 1y < U, %A, so Ay =T as was to be shown. O

Exercise 4.43. The class of partial orders with minimal elements is not V3-axiomatizable.
Corollary 4.44. If T is model complete, then T =Ty3

Proof. By model completeness, chains of models of T" are elementary. By Tarski’s lemma,
Theorem 4.42 (3) follows. O

4.4.2 Ax-Grothendieck on polynomial maps

Let J = (I,<”) where [ is the set of positive naturals and ¢ <? j if i is a proper divisor of j.
Then J = (I,<7?) is a directed partial order.

Let p be a prime. From algebra we know that for every ¢ € I there is, up to 2, exactly
one field §, of size p’; moreover, §,: € §,i if i <7 j. In other words, (F,:); is a directed
system. It is also known from algebra that @I, = Ur S is algebraically closed.

Theorem 4.45. The field of complex numbers satisfies every ¥Y3-sentence that is true in
all finite fields.

Proof. Let ¢ be such a sentence. By Exercise 3.22 it suffices to show ACF, ¢ for all
primes p. Since ACF), is complete, it suffices to show §, &= ¢. Since ¢ is V3 it suffices to
show §,i E ¢ for all ¢ > 0. This follows from the assumption. O
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Let A be a field and &,/ > 0 be naturals. A function f: A* - A is polynomial if there
are polynomials Py(Z),..., Pp_1(Z) (with coefficients in A) such that for all a € A*:

f@a) = (Py(a),...,Pri(a)).

Corollary 4.46 (Ax-Grothendieck). Let k > 0 be natural. FEvery injective polynomial
function from C* into C* is surjective.

Proof. Assume f: CF — C* is an injective polynomial function that is not surjective. Say,
[ is given by the polynomials Py(Z),..., Pr-1(Z). Recall P; is equivalent to an L(C)-
term tp, () (Section 4.2.1). Let t;(Z,y;) be obtained by replacing the constants ¢,,a € C,
in tp (z) by variables y;. Let 3 collect all g;. For a tuple of variables z = (2o, ..., 2,-1) let
t(z,y) = z abbreviate A t;(Z,7;) = z; further, let T # ' abbreviate Vo, ~; = x}. Set

e(y) = Jzw'z(z+2 At(2,9)=2a 0T, 5)=2) v Vz3z {(Z,7) = 2.

Then the coefficients of the P;’s do not satisfy ¢(y) in €. Hence, € # Vyp(y). But this is
an V3-sentence that is obviously true in all finite fields — contradicting Theorem 4.45. [

4.5 Model companions

Let T be an L-theory. Let Ty be the set of universal L-sentences proved by T

Remark 4.47. Let T* be an L-theory. Then T* + Ty if and only if every model of T™*
embeds into a model of 7. In particular, T\ = Ty if and only if models of 7™ embed into
models of T" and vice-versa.

Proof. =: assume T* + Ty and let A* £ T*. Then A* £ Ty. By Lemma 4.4, A* -, B =T
for some B. <«: let A* = T*. We have to show 2A* £ Ty. This is clear by the r.h.s.:
A* -, B =T for some B. O

Definition 4.48. Let T be an L-theory. A model companion of T is a model complete
L-theory T™* with Ty =Ty. A model 2 of T' is existentially closed in T if  is existentially
closed in all extensions that model T'; the class of such models is denoted E(T).

Example 4.49. The theory of dense linear orders without endpoints is the model com-
panion of the theory of linear orders.

Indeed: it is model complete by Exercise 4.22; every linear oder 2l embeds into a dense
linear order without endpoints, e.g., Q x 2 for 9 the order of the rationals.

We shall see many natural examples of model companions in Section 6.3.1.
Lemma 4.50.

1. If T is a Y3-theory and T* is a model companion of T, then T* +T.

2. T has at most one model companion up to equivalence.
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Proof. 1. Let 2y = T*. Choose By =T with 2y € B,. Choose ; £ T* with B, c 24, etc..
Since T™* is model complete, Ay <A; <+, s0o U, A, ET*. But U, A, =U,, B, =T since T
is V3. As Ay < U, A, by Tarski’s lemma, 2y =T

2: Let T*,T* be model companions of 7. Then Ty = Ty = T, so T* is a model
companion of 7. By Corollary 4.44, T+ =T,;. By (1), T* +~ T". O

Theorem 4.51. Assume T is a ¥V 3-theory. An L-theory T* is a model companion of T if
and only if T* axiomatizes E(T).

Proof. =: We first show that every 2l = T* is in £(T"). By the previous lemma, 2 = T.
Let 2 B =T. We have to show that 2 is existentially closed in ‘B. Let B 4 = ¢ for ¢ an
existential L(A)-sentence. We have to show 4 = ¢. Choose B ¢ A* = T*. Then B4 ¢ A%,
Since ¢ is existential, 2% F ¢. By model completeness, 2 < 2(*. Hence 24 & ¢.

We now show that every B € £(T") models T*. Since 8 = T there is B c A = T*. By
the lemma, 21 = T". Hence B is existentially closed in 2. By Lemma 4.41, B = T};;. But
Ty5=T* by Corollary 4.44.

<: since structures in £(T") model T', we have T* + T'. That T* is model complete thus
follows from Robinson’s test. A model of T* embeds into a model of T, namely itself. A
model of T" embeds into a model of T* by the next lemma. ]

Lemma 4.52. If T is an V3-theory, then every model of T has an extension in E(T).
Proof. We claim that every 2 = T has an extension 2* & T such that

2% satisfies every existential L(A)-sentence ¢ that is true (+)
in some extension that models 7'

The claim implies the lemma as follows. Given Ao £ T, let A, := A5, A =2}, .... Then
A:=U, A, =T since T is V3. Assume A4 € B4 E ¢ where ¢ is existential. Choose n € N
such that ¢ is an L(A,)-sentence. Then (A,41)4, €S Ba, E . By (%), (Un41)a, = ¢. Since
© is existential and 2A,,; €2 we have A4 E .

To prove the claim choose a list (¢4 )acx Of all existential L(A)-sentences — for a suitable
cardinal k. Define a chain (214)aex Of L-structures as follows. Set 2y :=2(. For « a limit,
set Ay = Ugea Ap. For Ayuq choose an extension of 2, such that (Ay)a E TU{p,}; if there
is none, set Ay41 = Ae.

Set A* := Uner Ao- We show 2A* satisfies our claim. 2* =T because by construction all
2, model T and T is V3. To verify (*), let o € k and assume A% € B4 £ T U {p,} for
some B. Then (A,)a € Ba =T U{p,}. By construction, (UAns1)a =T U {ps}. Since @, is
existential and A,,; € 2%, we have ) & ¢,. O

Since T" and T\, have the same model-companions, we get for arbitrary 7"
Corollary 4.53. T* is a model companion of T if and only if T* axiomatizes E(Ty).

Example 4.54 (Existentially closed fields). Let T" be the theory of fields. Once you observe
in algebra that every non-constant polynomial over a given field has a root in some field
extension, you see that fields in £(T") are algebraically closed (see Proposition 4.26). Then
the above implies that every field has an algebraically closed extension. We shall see later
(Example 6.28) that, in fact, ACF is the model-companion of T, so axiomatizes (7).
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4.5.1 Groups and rings are not companionable

Proposition 4.55. The theory of groups does not have a model companion.

Proof. We use the following group theoretic result: if 2 is a group and a,b € A have the
same order, then a,b are conjugate in some group B 2 2.
Assume T™* is a model companion of the theory of groups 7. Then

T*u{-nc=0A-nd=0|n>0} -3z z+c+(-z)=d.

where ¢, d are new constants. Indeed: if 2 models the Lh.s., A1 Lg, € E(T) and ¢, 0* € A
have infinite order. By the result above, 3x = + ¢+ (-z) = d is true in some A B = T.
Since 1 L, is existentially closed in B1Lg,, we have = Iz x+c+ (-x) =d.

By compactness, there is ng such that 7 u {-nc = 0 A -nd = 0 | n < ng} proves
3z x+c+ (—x) = d. This is false: let B be a group with elements b, b’ of orders ng,ng + 1.
By Lemma 4.52 there is 8 ¢ € € £(T'), so € £ T*. Let ¢’ expand € interpreting c¢,d by
b,t’'. Then €’ satisfies ~nc=0A -nd =0 for all n < ng but not 3z x +c+ (-z) =d. O

In Section 6.3.1 we shall see that the theories of torsion-free and of ordered abelian
groups do have model companions, namely the theories of divisible such groups.

Proposition 4.56 (Cherlin). The theory of (commutative unitary) rings does not have a
model companion.

Recall that an element a € A of a ring 2 is nilpotent if a™ = 0 for some n € N; it is
idempotent if a? = a #0. We need an algebraic lemma:

Lemma 4.57. Let A be a ring and a € A. Then a is not nilpotent if and only if it divides
an idempotent b e B for some ring B 2 2.

Proof. <: if alb=b? then a™b” = b+ 0, so a™ # 0 for all n € N.
=: let B :=A[z]/((ax)?—ax) and b:= az mod ((azx)?-ax). Clearly, a|b=0? in B. We
claim b # 0. Otherwise there is P(x) := ¥, a;2% € A[x], say of degree d, such that in 2A[x]

ar = P(z) - ((ax)? - ax) = apa’s? - apax + a1a’z® — ajax® + - + agx®™? - agax®™
This implies —a = apa, aga® = aja, a1a® = asa,...,aq-1a> = aqa, aga® = 0, hence —a? =
aa, —a® = asa,...,—a%! = aqga,—a®? =0, so a is nilpotent. O

Proof of Proposition /.56. Assume T™* is a model companion of the theory of rings. Then
T u{-c"=0|neN}r Jay(z’=ar-2=0Ac-y=1)

by the lemma. By compactness, there is ng € N such that 7* u {-c® = 0 | n < ng} proves
the r.h.s.. and thus -¢" =0. This is false. ]

In Section 6.3.1 we shall see that the theory of integral domains does have a model
companion, namely ACF.
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Types

Let L be a language, T" an L-theory and 2 an L-structure.

5.1 Realizing types

Definition 5.1. A (partial) n-type of T is a set p = p(xq, ..., z,_1) of L-formulas ¢(zg, ..., 2, 1)
such that T'up is consistent, that is, there exists B = T and b € B™ such that B & p[b]; we
say b realizes p in B. A model where p is not realized is said to omit p. p is complete if
o(z) e p or =p(z) € p for all L-formulas p().

An n-type of A is an n-type of Th(2A). An n-type of A over X ¢ A is an n-type of 2Ay.
The complete n-type of a € A™ over X is

tpy(a/X) = {¢(Z) | ¢(z) is an L(X)-formula such that Ax = p[a]}.
By a type we mean an n-type for some n € N.
Remark 5.2. Let n e N.
1. An n-type p(z) of 2 is also an n-type of 2y for all X c A.
Indeed, by Lemma 4.30, p(Z) is consistent with D.(A) = Th(4) 2 Th(™Ax).
2. p(z) is an n-type of A over X if and only if Ay £ IT(po(Z) A Ape(Z)) for all £e N
and ¢o(Z), ..., 0(T) € p(T).

Indeed: < follows from compactness. =: by assumption, Th(2(x) is consistent with
¥ :=3T(po(Z) A Ae_1(Z)); since Th(Ry) is complete, Th(2x) 1, so Ax & 1.

3. Every n-type p(Z) of T is contained in a complete n-type.
Indeed: p(Z) € tpy(b) for b realizing p(7) in B T.

Exercise 5.3 (Types versus ultrafilters). Let n € N. Recall the n-th Lindenbaum algebra
£,(T) from Example 2.2 (4). There is a bijection from the set of complete n-types of T’
onto the set of ultrafilters in £,(7") given by

pe Fy={o(2)[T | () € p(2) }.

51
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Lemma 5.4. Let P be a set of types of . Then there exists B > 2 that realizes all types
in P; moreover, |B| < max{|A|,|P|,|L|}.

Proof. We first show that every n-type p(z) of 2 is realized in some elementary exten-
sion of 2. Indeed: for new constants ¢ the theory p(¢) is consistent with Th(2A). By
Lemma 4.30, p(¢) u D,(2A) has a model €, say d interpret ¢ in €. By Lemma 4.28, there is
7B 2 1L for some B > A. Then 771(d) realizes p(z) in B.

Given P, choose for every p(z) € P an own tuple of constants ¢?. As above, it suffices to
show that Upep p(c?)uTh(L) is consistent. By compactness, we can assume P = {py, ..., pi}
is finite. Choose 2 > 2 realizing pg, then 2A; > 2y realizing pq, etc.. Then 2, realizes all p;.

For the moreover-part, let B’ > 2 realize all types in P. By Theorem 4.35 there
is B < B’ that contains A and these realizations and has the claimed size. Further,
2A B < B and A < B’ imply A <B. ]

Examples 5.5.

1. Let 9,9 be the natural orders on Q and R. A cut in Q is pair (L, R) with L, R Q
such that Q = LU R and ¢ < ¢’ for all ¢ € L,q' € R. Let p( r)(x) be the set of
{<}u{c, | ¢ € Q}-formulas ¢, < xAx < ¢, for g€ L,q' € R. This is a 1-type of Q over Q
and Qg omits it. If L has no maximum and R no minimum, then Rg realizes it — R
is the order on the reals.

Indeed: given finitely many formulas ¢, <z Ax < ¢y from p(, r)() choose ¢ € Q
between max; ¢; and min; ¢/; then ¢ satisfies the given formulas in Qg, so the given
finite set is consistent with Th(Qg). If L has no maximum and R no minimum, then
inf R € R realizes p(z gy () in Rg.

2. Let 3 be the natural order on Z. Let p(xg, 1) contain the formula Jyg---Iy, x¢ < yo <
-+ < yp < xq for every £ € N. Then p(zg,z1) is a 2-type of 3 (over @). 3 omits it, in
3+3eg ((0,0),(1,0)) realizes it.

3. Consider the theory of ordered fields; write n for 1+---+1 (n times). Let p(x) contain
n < x for all n € N. Then p(z) is a 1-type of the theory that is omitted e.g. in the
ordered field of reals, and generally in archimedian ordered fields. Fields realizing
the type have infinitesimal elements, i.e., elements realizing the 1-type containing
O<xAn-x<1forall neN.

4. Let 2 be a field. Recall, we let { B)* denote the subfield generated by B ¢ A in
(Section 3.1.3). Let p(x) be the set of L(B)-formulas

tg=0 Vv = tg-at+-tt;-x+t5=0

where d € N, d > 0 and the t; are L(B)-terms.

Then p(z) is realized by exactly those a € A that are transcendental over (B)*. If
20 is infinite, then p(x) is a 1-type of A over B.

Indeed: note L(B)-terms correspond to polynomials over the ring (B)?; an element
that is not a root of any such polynomial, is not a root of any polynomial over the
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field ( B)*. Every finite subset of p(z)u Th(2p) is consistent because given finitely
many non-constant polynomials over { B)* we find a € A outside the union of their
roots, a finite set.

Exercise 5.6. Let k > Ry be a cardinal and n € N. If 2 is a countable L-structure with
at least k many complete n-types, then it has at least x many pairwise non-isomorphic
countable elementary extensions.

Exercise 5.7. The standard Lpg,g-structure 9T on N has 2% many complete 1-types.

Hint: for every set X of primes define a 1-type “x is divisible by the primes in X but not
by the primes outside X”.

Definition 5.8. Let x be a cardinal. 2 is k-saturated if for every X ¢ A with |X| < k every
1-type of 2 over X is realized in 2Ax.

Notation: for a = (ag,...,a,-1) € A" let (A, a) be the the L u{¢; | i < n}-expansion of A
interpreting constants ¢; ¢ L by a;.

We shall be mainly concerned with Ryp-saturation. Clearly, 2 is Rg-saturated if and only
if for all (finite) tuples @ from A the expansion (2, a) realizes all its 1-types.

Example 5.9. The rational order £ is Rg-saturated.

Proof. Let p(z) be a 1-type of (9, 7). By Lemma 5.4, there is a countable (Q',q) > (Q, )
realizing p(z), say by ¢/. Further, ¢ » ¢ € Ig(Q,Q) : Q' =z, Q (Lemma 3.11). By
Theorem 3.8, there is 7 : Q' 2 Q fixing . Then 7w (q’) realizes p(z) in (9Q,q). O

Exercise 5.10. Finite structures are Rg-saturated. Infinite @-structures are Rg-saturated.

Lemma 5.11. Let A be Rg-saturated. For every n € N and every tuple a from A, (2, a)
realizes all its n-types.

Proof. Assume the lemma holds for n-types, and let p(Z,z) be a complete (n + 1)-type
of (,a). Let p'(z) € p(z,x) be the subset of formulas in variables Z. This is an n-type
of (2, a), so realized, say by be A"

Let ¢ be the constants naming b in (2,ab) and consider p(¢,z). This is a I-type
of (A,ab). Indeed: let @o(E,x),...,0e1(C x) € p(¢,); then Iz A 0i(Z, ) € p'(Z) since
p(Z,7) is complete, so (A, ab) £ 3z A 0i(E, ).

If b realizes p(¢,z) in (2, ab), then bb realizes p(z,r) in (A, a). O

Theorem 5.12. Fvery L-structure has an Rg-saturated elementary extension.

Proof. Let 2 be an L-structure. By Lemma 5.4, there is an elementary chain 2 := A < 2{; <
Ay < -+ such that (A,,1)a4, realizes all 1-types of (2(,)4, for all n e N. Then B := U, 2,
is Rg-saturated: given a finite X € B and a 1-type p of B over X, choose n € N such that
X ¢ A,. By Tarskis’s lemma 4.39, A, < B, so p is a 1-type of 2, over X € A, so realized
in (An41)a,, say by a. By 4,41 B, a realizes p in By. O
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Exercise 5.13. Prove a version of the above for xk-saturation.
The following implies Lemma 3.20:
Remark 5.14. Every Rg-saturated 2l = ACF is “large” in the sense of Lemma 3.20.

Proof. Let B ¢ 2 be a finitely generated subfield of %A, say B = (B)* for finite B ¢ A.
Then A realizes the 1-type p(x) over B from Remark 5.2 (4). Any realization of it is
transcendental over 8. ]

5.1.1 Ry-saturation of ultraproducts

Theorem 5.15. Assume L is at most countable, (2;);en is a family of L-structures and F
a free ultrafilter on N. Then 2 :=[[p2; is Ry-saturated.

Proof. Let X ¢ A be at most countable, say listed by af’,al,... possibly with repetitions.
Write x as ([Tp i, al,al’,...). Then Ax is [1p(2A;,a0(i),a1(i),...). Thus, it suffices to
show that 2 realizes all 1-types p(z) of 2 (over @).

Let wo(x), p1(x),. .. list p(x) and set 1, (x) := Ajc,, i(2) for n € N. By Remark 5.2 (2)
we have 2 £ 3z, (x), so Yy, := {i | 2; & Jxp,(x)} € F by Los. Set

X, =Y, n{i|izn}.

Since F'is free, X,, € F'. Further Xg2 X; 2 X,2-and N, X,, = @.
For i € Xy let n(i) € N be maximal such that i € X,(;). Let a € []; A; be a function that
maps i € Xy to some a(i) € A; such that 2; = 1,;)[a(i)]. Then for all 7 € X,

Xogy € {712 & ¥ny [a(i)]}-

Indeed: if j € X,,(;) then n(j) > n(i), so A; & Pyy[a(f)] implies A; = iy [ald)].

Given n € N we have to show 2 = ¢,[af'], that is, by Los, {j | 2; & ¢,[a(j)]} € F. By
the above, it suffices to show that there exists i € Xy such that n < n(7). But if n(i) <n
for all i € Xy, then i ¢ X, ;.1 2 X, so X,, = @, contradicting X, € F. O

5.2 Homogeneity

Definition 5.16. Let 2,8 be L-structures. A partial function f from A to B is elementary
if tpy(a) = tpy(f(a)) for all tuples a from dom(f).
Let I.(2,B) be the set of finite such functions, that is,

[(A,B) = {a~ b| tpy(a) = tpy(b) }-
2l is Ro-homogenous if I.(2A,A) : A =, A, equivalently, (2, A) satisfies (Forth).
Remark 5.17.
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1. I.(2,B) # @ if and only if @ € I.(A,B), if and only if A = B.

2. If 9B is Ry-saturated, then I.(2A, ) has (Forth). In particular, Rg-saturated structures
are Rg-homogenous.

Indeed: given a b e I.(A,B) and a € A, then tpgy,)(a) is a 1-type of (B,b). Let
b e B realize it. Then (2, aa) = (B,bb), i.e., aa ~ bb € I,(A, B).

3. If A, B are Rp-saturated, then: A =B — A=z, 8.
Indeed, = follows from the previous two points, and < is Theorem 3.9.
4. If 2, B realize the same types and B is Rg-homogenous, I.(,B) + @ has (Forth).

Indeed, @ € I.(%A,B) as A B realize the same 0-types. Let tpy(a) = tpe(b) and
a € A. Choose ¢c from B with tpg(cc) = tpy(aa). Then tpg(C) = tpg(b). Since B is
Ro-homogeneous, there is b € B such that tpg(bb) = tpy(cc) = tpy(aa).

5. If A,*B are Ryp-homogenous and realize the same types, then 2 =, 8.

Corollary 5.18. A consistent L-theory T is complete if and only if any two Rg-saturated
models of T are partially isomorphic.

Proof. =: by Remark 5.17 (3). <«: given 2B = T, choose Ry-saturated elementary
extensions 2A*,B*. Then A* =, B* by assumption. By Theorem 3.9, 2 =20* =8* =8. [

Corollary 5.19. Assume A is countable and Ro-homogenous. If a,b are tuples from A
with tp 4(a) = tpy(b), then there is an automorphism m of A with w(a) = b.

Proof. By Remark 5.17 (4), a+ be I.(A,21) : A =, 2. Apply Theorem 3.8. ]
The following clarifies the relationship between saturation and homogeneity.
Proposition 5.20. For an L-structure 24, the following are equivalent.

1. A is Rg-saturated.
2. A is Rog-homogenous and weakly saturated: it realizes all its types.

3. A 1s Rg-homogenous and Rg-universal: B —. A for every countable B = 2.

Proof. 1= 3: by Remark 5.17 (2), 2 is Rg-homogenous. Let 8 = 2[ be countable, say listed
by bo,b1,.... By Remark 5.17 (1) and (2), @ € I.(*8,2) has (Forth). Choose successively
aop,ai, ... in A such that by = ag, boby = apas,... € I(B,2A). Then B —, A via b; - a;.

3 = 2: let p(Z) be a type of 2A. Choose a countable B = 2 realizing p(z), say by b.
Choose 7 : B —, A. Then 7(b) realizes p(Z) in 2A.

2 = 1: let p(z) be a 1-type of (2, a), say realized in (B,a) > (A,a) by b. Choose
éc € A realizing tpg(ab) in A. Then a — ¢ € I.(A,2A). Use (Back) to get a € A such that
aa — cc e I, (A, A). Then aa realizes tpyg(ab) in 2, so a realizes p(x) in (A, a). O
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Lemma 5.21. Let Lo, Ly be languages and L = Lon Ly. Let A be a countable Ly-structure,
and B be a countable Li-structure such that A1 L =B1L.

Then there exist countable elementary extensions 2A* > A and B* > B such that both
A*1L and B*1L are Rg-homogenous and A*1L and B*1L are isomorphic.

Proof. Set 2y =2, B, :=B. We construct elementary chains 2y < 2; <2y < -+~ and By <
B < B,y < --- such that for all n e N:

1. A, and B, are countable;

2. (a) for all ke N and a,a’ € AX and all a € A, if tpy (@) = tpy, (@), then there
exists a’ € A,y such that tpy ,(aa) =tpy . (a'a);

(b) every type realized in ®8,,1L, is realized in 2,,,1;

3. (a) for all k e N and b,b" € BE and all b € By, if tpy, ;1 (b) = tpy,;,(V'), then there
exists b’ € By,q such that tpg 7(00) = tpg 41 (V'D);

(b) every type realized in 2(,,1L, is realized in B,,,;.

Having 2,,,B,,, we construct 2l,,,1. In 2a we want (2,,1,a’) realize tpgy, 7,4 (a): this
is a type of (2,,a’) because (A,1L,a) = (A,1L,a’). In 2b we want 2.1 realize tpg (. (b)
for b from B,: this is a type of 2, because A,1L=A1L=B1L=28,1L.

All together, these are countably many (partial) types of (2(,),. Lemma 5.4 gives a
countable € > (2,,) 4, realizing them all. Set 2,1 := €1 Lo.

The construction 98,,,; is analogous. Given the chains, set 2* := U, A, B* := U, B,.
By Tarski’s lemma, 21 = 2y < 2A*. We claim 21*1L is Rp-homogenous. Let a — a’ €
I.(AL,2A*1L) and a € A. Choose n € N such that a,a’, a are from A,,. By Tarski’s lemma,
Py, 11(@) = tpy, 1 (@’). By 2a there is a’ € A,,,1 such that tpy ;. (aa) =tpy , (@'a’). By
Tarski’s lemma, tpy«;(@a) = tpye(a'a’), i.e., aa = a'a’ € (A1 L,A*1L).

We claim 2(* realizes tpy. 1, (b) for every b from B*: choose n € N such that b is from B,,.
Since tpy, 11, (b) = tpg«(£(b), by 2b, this type is realized in 2,1, so also in A*.

Analogously, 8*1L is Rg-homogenous and realizes all types realized in ,1L. Then
2A*1L =, B*1L by Remark 5.17 (5). Thus 24*1L = B*1L by Theorem 3.8. O]

Not all countable structures have Ry-saturated elementary extensions (see Exercise 5.10).
In contrast (for possibly uncountable L):

Corollary 5.22. FEvery countable L-structure has a countable Ry-homogenous elementary
extension.

We can now give an algebraic characterization of type equality.

Theorem 5.23. Assume 2 is infinite and let a,b be tuples from A. Then tpy(a) = tpy(b)

if and only if there are B > A and an automorphism 7 of B such that w(a) = b.

Proof. < is clear. =: for a unary function symbol f define the theory

T := Th(2A,ab) u “f is an automorphism wrt L and maps ¢ to d”,
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where ¢, d are the constants for @,b in (2(,ab) By Lemma 4.30 it suffices to show that T is
consistent. By compactness, we can assume that L is finite. Then Th(2,ab) has a count-
able model (/,a’b’). Then tpy,(a’) = tpy (b') because Th(A,ab) contains (p(¢) < ¢(d))
for every L-formula ¢(Z). By Corollary 5.22 we can assume that 2 is Xo-homogenous. By
Corollary 5.19, there is an automorphism 7 of 2’ with 7(a’) = b’. Then the expansion of
(,a't’) that interprets f by m models T ]

Exercise 5.24. Let x be an infinite cardinal and assume 2,8 are k-saturated. Let [
be the set of partial elementary functions f with |f| < x. Then I : A 2, B or [ = @. If
additionally 2 =B and |A|,|B| = k, then 2( = *B.

Exercise 5.25 (Uniqueness of ultrapowers). Assume the continuum hypothesis. Assume
L is countable and 2 has cardinality ®;. Let F, F” be free ultrafilters on N. Then 205 = 2},

5.3 Omitting types

Which types of a complete theory can be omitted? Trivially, finite types cannot be omitted,
or, similarly, types that are finitely axiomatized over the theory cannot be omitted. We
shall see that this is the only obstacle. Let T' be an L-theory.

Definition 5.26. A type p(z) of T is principal if there exists an L-formula () such that
T u{Y(z)} is consistent and T+ (¢Y(Z) — ¢(z)) for all p(Z) € p(T).
A type is free if it is not principal.

Exercise 5.27. The bijection from complete n-types onto ultrafilters in £,(7") of Exer-
cise 5.3 maps the principal complete types of T" onto the principal ultrafilters in £, (7).

Proposition 5.28. If T is complete, every model of T realizes all principal types of T

Proof. Let 2= T and let p(Z) a principal type, say witnessed by ¥ (Z). Since T is complete
and consistent with 3z¢(z), it proves it, so there is a in A such that 2 & ¢[a]. Then
A = pla] for all p(Z) € p(T), so a realizes p(T). O

Theorem 5.29 (Omitting types). Assume L is at most countable and P is an at most
countable set of free types of T'. Then there exists a model of T' that omits all types in P.

Proof. We first consider the case that P = {p(Z)} for an n-type p(z) of T. Let L':==LuC
where C' is a countable set of new constants. Let (g, 1,... list all L’-sentences, and let
Co, C1, - - . list C™. We construct a sequence of L’-sentences Yo, X1, - - - such that (xis1 = xi)
is valid and T'u{y;} is consistent for all i € N. Set x( := V& x = z and assume xo; is defined.

We define x9i:1: set xb..; := (X A ;) if this is consistent with T'u {x2;}, and otherwise
Xbir1 = Xi- In the first case and if ¢; = Jzyp(x) for some L'-formula 1(z), set xoi1 :=
(Xh;1 A(c)) for some constant ¢ € C' that does not appear in x5;; otherwise xai41 = Xb;.1-
It is straightforward to check that T'uU {x2;,1} is consistent.
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We define xo;49: write xo2i41 = X (¢, ¢) for x(z,7y) an L-formula, and ¢ constants from C'
distinct from ¢;. Clearly, Tu{3yx(x, )} is consistent. Since p(z) is free there is p(Z) € p(T)
such that T'u {3yx(Z,y), ~@(Z)} is consistent. We set X240 := (x2i+1 A =9(&;)). Again, it
is straightforward to check that T'U {xg;:1} is consistent.

Let 2 be a model of T":= T u{y; | i € N}, and consider Ay :={c®|ceC} c A. We use
Tarski’s test to verify Ay is the universe of an elementary substructure 2y < 2[. Since every
element of Ag interprets a constant, we can restrict attention to L’-formulas. So let a € A
satisfy the L/-formula ¢(x) in ; say Jz¢(x) = ¢;; then ; is consistent with 7. But 7"
proves X2;+1 and hence ¢(c) for some c € C. Thus, A E ¢[c*] and ® € Ay.

Thus, Ao = T". We claim 2l omits p(Z). Otherwise, there is j € N such that E?lo realizes
p(z) in Ap. But T” proves xa;.2 and hence -p(¢;) for some ¢(z) € p(7).

This finishes the proof for singleton P. For P = {pg, p1,...} proceed similarly using for
each 7 € N a list of tuples ¢, ¢, ... from C, of length according to p;. Modify xais2: add
~p(&) for some @(Z) € p;y: here, i = (ig,4;) is some surjection from N onto N x N. O

Exercise 5.30. If p(x) is a free type of 2, then there is an elementary extension of 2 with
infinitely many realizations of p(z).

Hint: it suffices to show that Th(2) u{p(c;) | i€ N} u{-¢; =¢;|i # j} is consistent. To
this end show that every ¢(z) € p(Z) is contained in infinitely many types of 2.

5.3.1 McDowell-Specker

Let L = LpjngU {<}. Peano arithmetic PA is the L-theory given by some base theory (like
Robinson’s Q) and induction for all formulas, i.e., the universal closure of

©(0,2) AVY(p(y,7) > o(y+1,7)) - ¢(z,T).

We write Jxz<y ¢ for Jx(z <y A p) and I*°xp for Yudz(u < z A ¢) for some u not free
in . It is known that PA proves the following version of the pigeonhole principle for every
formula p(x,y,z):

F°xIy<z p(x,y,z) - Jy<z3®xp(x,y,T).

Theorem 5.31 (McDowell-Specker). Every countable model 2 of PA has a proper ele-
mentary end extension, i.e., B > A such that BN A+ @ and a <® b for ae A,be B\ A.

Proof via omitting types. Let ¢ be a new constant, and consider the L(A) u {c}-theory
T :=D.(A)u{c, <c|aeA}. By Lemma 4.30 its models have L-reducts isomorphic to
proper elementary extensions of 2. It thus suffices to find a model of T' that omits

pa(x) ={x<c} u{-cw =x|a" € A}

for every a € A. Hence, it suffices to show that p,(x) is free. Assume it is principal, say
witnessed by v (x, ) where ¢ (x,y) is an L(A)-formula. Then T proves, for all a’ € A

(Zﬁ(%c) T < Ca)7 W(%C) = L= Ca’)'
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Since T u {¢(x,c)} is consistent, there is B = T and b € B satisfying ¢(x,c) in B.
We can assume 20 < B. Since B £ Jy>cyIr<e, Y(z,y) for all a’ € A, we have A E
Vz3y>z3x<c, Y (x,y), that is, A = I°yIa<c, ¥(z,y). By the pigeonhole principle, 2 =
Jx<c,3%y P (x,y). Choose ag <* a such that A = 3%°y ¥ (cq,, ).

We get the desired contradiction, showing that T'U{1(cq,,c)} is consistent. Otherwise,
by compactness, there is a; € A such that D.(A) u {c,, < ¢} + =1 (cqy,¢). Then D (A) +
(y > cay = —¥U(Caq,v)), contradicting the choice of ay. ]

Proof via definable ultrapowers. Recall Exercise 4.33. It is straightforward to check that
all models of PA have definable Skolem functions. Let B be the definable ultrapower of
20 modulo F (chosen below). 2( is isomorphic to the elementary substructure of 8 with
universe { fI' | a € A}; here, f, is the function constantly a. It suffices to find an ultrafilter
F on A such that for all a € A and all b<® fF there is a’ € A such that b= f7.

Let D denote the set of functions from A to A that are definable in 2(4. Note D x A
is countable. Let (fo,a0),(f1,a1),... list D x A. We set Xj := A and define unbounded
sets Xg 2 X7 2 -+, each definable in 4. Assume X; is defined. Consider the function
a — min{ fj(a),a;}. By the pigeonhole principle, it is constant on an unbounded subset
of X;, say equal to a; <* a;. Set X1 :={a e X;| fi(a) = a;}.

We choose for F' an ultrafilter containing every X; and verify our claim above. Assume
b<® fFforbe Biae A. Say b= fF for feD. By Los, X :={a| f(a) <*a} € F. Then a # 0.
Choose i € N such that f; = f and a;+*1 =a. Then a; <* a and X nX; € {a| f(a) = fz,(a)}.
Hence, f¥' = fF. O

5.4 Countable models

Assume L is countable and 7' is a complete L-theory with an infinite model, and hence,
without finite models. This section proves three results relating properties of the Linden-
baum algebras £,,(T") to (special) countable models of T'. In particular, we ask for ‘large’
countable models realizing many types (Rq-saturated ones), and ‘small’ countable models
realizing as few as possible — these are the following:

Lemma 5.32. For every L-structure 2 the following are equivalent.
1. A is prime: A -, B for every B =2A.
2. A is countable and atomic: every type realized in A is principal.

Proof. 1 = 2: by Lowenheim-Skolem-Tarski, Th(2l) has countable models, so 2 is count-
able. If @ realizes a free type p(z) in 2, Omitting Types gives a countable B = 2 that
omits p(Z). Then 7 : A -, B would imply that 7(a) realizes p(z) in B, so A 4. B.

2= 1: let B = A. We claim that (2, B) has (Forth). Let @+ be I.(A,B) and a € A.
Then (2A,a) = (°8,b), so tpaa (@) is a type of (%8,b). It is principal because tpy(aa) is.
By Proposition 5.28, it is realized in (8,b), say by b€ B. Then aa + bb € I.(A,B).

Let ag,aq,... list A; using (Forth) choose successively by, b1, ... in B such that ag —
bo, agay = boby, ... € I.(2A,*B); then A —. B for 7 via a; — b;. N
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Corollary 5.33. T has at most one prime model up to isomorphism.

Proof. Let A,B = T be countable and atomic. By the proof above I.(2,B) : A =, B.
Hence 21 = B by Theorem 3.8. ]

Theorem 5.34. T has a prime model if and only if for all n e N, £,(T) is atomic.

Proof. Let 2 = T be prime, so countable and atomic, and ¢(Z)/T be non-zero in £,(T).
Then T'u {3Zp(Z)} is consistent. Since T' is complete, T+ IT¢(Z), so A E p[a] for some
a e Am. Since p(Z) := tpy(a) is principal, so is the ultrafilter F}, in £,,(T") (see Exercise 5.27).
Let ¢(Z)/T be the atom determining it. Then ¢ /T < ¢/T.

Conversely, we show there is a countable atomic model of 7. For n € N such that
£,(T) is infinite, let F, be a free ultrafilter (Exercise 2.26). Then F), contains —~¢/T for
all atoms /T of £,(T). Then the set p,(z) of —p(z) for all atoms ¢/T is a subset of
the (complete) type corresponding to F,, according to Exercise 5.3, so is a (partial) n-type
of T. We show it is is free. Let ¥(Z) be an L-formula consistent with 7', i.e., ¥/T # 0.
Since £,(T) is atomic, there is an atom ¢(z)/T < ¥ (z)/T, i.e., T + p(Z) — ¢¥(Z). Then
T W (Z) - ~¢(Z) as otherwise p(Z)/T =0, contradicting ¢(z)/T being an atom.

By Omitting Types there is 2 = T that omits all these p,(z). We can assume 2 is
countable. To see it is atomic, let a € A®. If £,(T) is finite, all ultrafilters are principal,
so tpg(a) is principal. If £,(T) is infinite, then 2 omits p, (%), so A &= p[a] for some atom
o(z)]T of £,(T), so tpy(a) is principal. O

Theorem 5.35. T has a countable Ro-saturated model if and only if for alln e N, £,(T)
has at most countably many ultrafilters.

Proof. =: by Lemma 5.11 and Exercise 5.3. <: by Exercise 5.3 T has at most countably
many (n-)types (any n). By Lemma 5.4 there is a countable 2 &= 7" that realizes all types
of T = Th(2l) (recall T is complete). By Corollary 5.22 there is a countable B > 2 that is
Ro-homogenous. Note B realizes all its types. By Proposition 5.20, ‘B is Rg-saturated. [

By Corollary 5.18 and Theorem 3.8, T" has at most one countable Ry-saturated model
up to isomorphism. By Exercise 2.27 the previous two results imply:

Corollary 5.36. IfT has a countable Rq-saturated model, then it has a prime model.

5.4.1 Ryll-Nardzewski

Definition 5.37. Let x be an infinite cardinal. Then T is k-categorical if any two models
of T of size k are isomorphic.

Examples 5.38. By Corollaries 3.12 and 3.16 the theory of dense linear orders with-
out endpoints and the theory of atomless Boolean algebras are Rg-categorical. By Theo-
rem 3.46, the theory of the random graph is Ry-categorical.

Theorem 5.39 (Ryll-Nardzewski). The following are equivalent.
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1. T s Rg-categorical.
2. £,(T) is finite for all n € N.
3. All models of T are Rg-saturated.

Proof. 1= 2: if £,(T) is infinite, then, by Exercise 2.26, there is a free ultrafilter in £, (7).
By Exercises 5.3 and 5.27, T has a free n-type p(z). By Omitting Types there is a
countable model of T" that omits p(Z). By Lemma 5.4 there is a countable model of 7" that
realizes p(z). These two models are not isomorphic, so T' is not Rg-categorical.

2=3: let AT, meN, ae A™ and p(x) be a 1-type of (2A,a). By Proposition 5.28,
it suffices to show p(x) is principal. Let M € N be the size of £,,,1(T"), that is, up to T-
provable equivalence, there are M pairwise non-equivalent L-formulas ¢(yo, .., Ym-1,T)-
Every formula in p(z) can be written (¢, z) for an L-formula (7, z) and ¢ the constants
for a. Thus, up to equivalence in (,a), p(z) contains at most M many formulas. Let
(z) be their conjunction. Clearly, (2, a) £ Va(¥(z) - ¢(x)) for all p(x) € p(x).

3 = 1: by Corollary 5.18 and Theorem 3.8. O

Corollary 5.40. Let a be a tuple from A. Then Th(2l) is Rg-categorical if and only if
Th(2A,a) is Ro-categorical.

Exercise 5.41. Let A be a set and G a group of permutations of A. G is oligomorphic if
for all n € N the action (g,a) — g(a) of G on A" has finitely many orbits.

Show that T is Rg-categorical if and only if every countable model of T" has an oligo-
morphic automorphism group.

5.4.2 Vaught’s never two

Theorem 5.42 (Vaught). There is no complete theory in an at most countable language
with exactly two countable models, up to isomorphism.

Proof. Assume T is such a theory, say in the at most countable language L. By Exercise 5.6
it has at most countably many n-types, for all n € N. By Exercise 5.3, £,(7") has at most
countably many ultrafilters. By Theorem 5.35, T" has a countable Ry-saturated model 5.
By Corollary 5.36, T" has a prime model 2.

By Ryll-Nardzewski there is n € N such that £,(7") is infinite. As seen in the proof, T
has a free n-type p(Z). By Lemma 5.32, p(Z) is omitted in 2 and realized in B, say by
be B". In particular, 2 ¢ 8. By Corollary 5.40, T" := Th(%8,b) is not R-categorical. By
Ryll-Nardzewski, 7" has a countable model that is not Rg-saturated. Write this model as
(€,¢) for € and L-structure. Then € is not Rq-saturated, so € % B. Further, € # 2 because
¢ realizes p(Z) in €. Thus, 2,B, € are pairwise non-isomorphic models of T'. O

Exercise 5.43 (Ehrenfeucht’s example). Define T' to be the theory of dense linear orders
without endpoints plus an increasing sequence denoted by constants cg, ¢y, .... Show T is
complete and has exactly three countable models (up to %): the sequence is cofinal, or has
a supremum, or is not cofinal without supremum.
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Quantifier elimination

Let L be a language and 2,8, € be L-structures.

6.1 Craig interpolation

Theorem 6.1 (Craig’s interpolation theorem). Let Lo, Ly be languages, o(Z) an Ly-
formula and p1(Z) an Ly-formula. If the implication (po — 1) is valid, then it has an
interpolant: an Lo N Li-formula () such that both (pg — ) and (¢ - p1) are valid.

Proof. Replacing z by constants we can assume (g, p; are sentences. We can further
assume Lo, L; are finite. Write L := Lon L;. Recall Lemma 3.29 and write 7 for Tﬁﬁ where
a is the empty tuple. For k£ > 0 set

Y T§1L'

A=po

where 2 ranges over Lg-structures. Note (pg — 1) is valid. By compactness, it suffices to
show {¢ | k> 0} - 1. Let B be an L;-structure satisfying all ¢;. By Léwenheim-Skolem-
Tarski we can assume that B is at most countable. We have to show B & ¢;.

For every k > 0 choose an Lg-structure 2 = ¢g and B = T;§ML. By Lemmas 3.28 and
3.29, B1L =, A 1L. Since B E T§1L, we have A, 1L E T§1L. But k was arbitrary and
(tx = 1be) is valid for k > £> 0 (because (7§ — 7¢) is valid for all € by Lemma 3.29). Thus,

{@o}u {Tgw | k>0}

is consistent by compactness. Let 2 be an at most countable model of this Lg-theory.
Then 1L =, B1L for all k>0, so A1L = B1L (Remark 3.26 (1)). Then there exist
2A* > A and B* > B such that AL =2 B*1L: if A is infinite, then so is B and we apply
Lemma 5.21; if 2 is finite, then A1 L = B1L follows from A1 L = B1L (recall Exercise 3.31).
Say, m: A*1L = B*1L. Define an Ly uU Li-expansion € of B* such that 7 : A* = €1Lj.
Since 20 < A* we have 2A* £ ¢g, so € £ . Since (py = 1) is valid, € = ;. Since
B <B* = €1 L we have B E ;. O

62
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Corollary 6.2 (Robinson’s joint consistency lemma). Let Lg, Ly be languages, Ty an Ly-
theory and Ty an Li-theory. If TyuT} is inconsistent, then there exists an Lon Ly-sentence
¥ such that Ty + ¢ and T} + —1).

Proof. By compactness, Xy uU X; is inconsistent for some finite Xy ¢ Ty, X7 € T;. Then
(A Xo - - AXjy) is valid. An interpolant satisfies our claim O

Corollary 6.3 (Beth’s definability theorem). Let R € L be a relation symbol and T an
L-theory. Assume T implicitly defines R: every L N {R}-structure has at most one L-

expansion to a model of T. Then T explicitly defines R: there is an L~ {R}-formula ¢(Z)
such that T + (RT < ¢(T)).

Proof. Let Lo be L plus new constants ¢ and Ly := (LoN{R})U{R'} where R’ is a copy of R.
Let T" be obtained from T by replacing R by R'. Let Ty := Tu{Rc} and T :=T"u{-R'c}.
Since T implicitly defines R, TouT] is inconsistent. Choose ¢ according to joint consistency.
Then ¢ = p(¢) for some L \ {R}-formula ¢(z). Then Ty + ¢ implies T + (RZ - ¢(Z)).
And T + =% implies T + (=R'Z —» -p(Z)), so T + (p(Z) - Rx). O

Exercise 6.4. Formulate and prove a version of the above for a function symbol.

6.2 Expressivity of first-order logic

Infinitary logic extends the syntax of first-order logic by declaring A ® an infinitary L-
formula if ® is a nonempty set of infinitary L-formulas. Such a formula is declared true in
an L-structure 2 under an assignment 5 in 20 if 2 = ¢[S] for all ¢ € . We write V @ for
- A =P where =P := {-p | p € D}.

For an L-theory T' and an infinitary L-formula ¢, T'+ ¢ means 2 = p[3] for all L-
structures A = 7" and all assignments S in 2.

Lemma 6.5. Let T' be an L-theory, ¢ an L-formula, I a nonempty set and for every i el
let ° be a nonempty set of L-formulas. Assume

Tr@< Vig NP
Then there exist a finite @ # Io € I and for every i € Iy a finite @ + ) € & such that
T+ <o Vi, NP

Proof. Let i € I. By assumption, T'U &/ + . By compactness, T'U @} + ¢ for some finite
@+ @i c @' Hence T + ¢; - ¢ for ¢; := \ P},

It thus suffices to show 1"+ ¢ = V., ¢; for some finite @ # Iy ¢ I. But this follows
from compactness: by assumption, T'U {¢} U {-¢; | i € I} is inconsistent. O

Definition 6.6. Let n € N and ® be a set of L-formulas ¢(xq,...,2,-1). The ®-type of
aeA" in A is

D-tpy(a) = {p e duU-P|AE p[a]}
For @ the set of atomic (quantifier free) L-formulas, ®-tpy(a) is the atomic (quantifier
free) type of a in 2.
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Remark 6.7. Let () be the set of Boolean combinations of formulas from @, i.e., the
smallest superset of ® closed under -, A. Then for all a € A®,be B™:

D-tpy (@) = -tpy(b) == (P)-tpy(a) = (P)-tpy(b).
Exercise 6.8. The following are equivalent:

1. @ in A has the same atomic type as b in 8.
2. @ in 2 has the same quantifier free type as b in 8.
3. There exists 7 : (@) = (b)® with 7(a) = b.

Moreover, given a, b there is at most one 7 as in (3).

Lemma 6.9. Let T be an L-theory, ¥ (&) an L-formula and ® a set of L-formulas ¢(T).
Then 1(Z) is T-provably equivalent to a formula in (®), i.e.,

TrHY <@
for some @ € (®), if and only if for all A,B = T and all a,b:
if a € Y(A) and P-tpy(a) = P-tpy (), then be (B).

Proof. Assume T + 1) < ¢ for some ¢ € (®) and P-tpy(a) = P-tpy(b) where A, B = T.
Then (®)-tpy(a) = (®)-tpy(b). If @€ p(A), then a € p(A), so ¢ € (®)-tpy(a), so B & @[b],
so be(B). Conversely, assume the r.h.s.. By Lemma 6.5 it suffices to show

T ¥(z) © V{AD-tpy(a) | 2= T,ac (@)}

Let B = T and b e B*. If b € (B), then AP-tpy(b) is a disjunct of the r.h.s..
Conversely, if b satisfies the r.h.s., there is % = 7" and @ € (%) such that ®-tpy(b) =
O-tpgy(a); by assumption, B = [b]. O

Theorem 6.10 (Hauptsatz on expressivity). Let T be an L-theory and for every n € N let
O, # @ be a set of L-formulas p(xo,...,x,1). The following are equivalent.

1. Every L-formula ¥(xq,...,x,_1) is T-provably equivalent to some @ € (®,).
2. If A, BT, neN and ae A" has the same ®,-type in A as be B" in B, then

tpy (@) = tpy (b).
3. If A B =T are Ro-saturated, then I =@ or I:2=,B where

I=J{a~b|ac A" beB" ®,tpy(a) = ©ptpy(B)}.
neN
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Proof. 1 < 2 follows from the previous lemma: note tpg (@) = tpg(b) if and only if tpy(a) <
tpe(b). For 2 = 3 note (2) implies I = I.; apply Remark 5.17 (1) and (2).

3 = 2: by Theorem 5.12 it suffices to verify (2) for Rg-saturated 2,B. The assumption
of (2) means @ = be I. By (3), (%,a) =, (%B,b), so (%,a) = (B,b) by Theorem 3.9, i.e.,
tpy(a) = tpy (D). O

Exercise 6.11. Let I be the set of @+ b such that @ has the same atomic type in A as b
in B. Show: [: Az, B < I (A,B): A=z, B.

Exercise 6.12 (Application to discrete orders). For k € N write a formula 0, (z,y) such
that for every discrete linear order without endpoints 2l and all a,b € A:

Ak opla,b] <= d*(a,b) <k

(notation from Section 3.2.1). Let ®( be the set of all sentences, and for n > 0 let ®,,(z) be
the set of all formulas x; < ;, dx(2;, x;) where k € N and 4, j < n. Verify Theorem 6.10 (3).

6.3 Quantifier elimination

Let T be an L-theory.

Definition 6.13. T eliminates quantifiers if every L-formula is T-provably equivalent to
a quantifier free L-formula.

Remark 6.14. Assume T eliminates quantifiers. If n > 0 and ¢ = ¢(xq,...,2,-1) is T-
provably equivalent to ¥ = ¥(Z,9o,--.,Ym-1), then also to (z,xg,...,x9) — so we can
assume the formulas have the same free variables. For n =0 and an L-sentence ¢, we can
write ¢ = p(xo) and get a T-provably equivalent quantifier free formula 1) (). Then ¢ is T-
provably equivalent to Vg (xg). It follows that every L-formula is T-provably equivalent
to a universal L-formula, so T" is model complete by Theorem 4.24.

Exercise 6.15. Assume T eliminates quantifiers. Let C be a set of constants. Show
that T', viewed as an L u C-theory, eliminates quantifiers.

Definition 6.16. A simply existential L-formula has the form 3xp for ¢ a conjunction of
literals.

Lemma 6.17. T eliminates quantifiers if and only if every simply existential L-formula is
T-provably equivalent to a quantifier free L-formula.

Proof. The set of formulas T-provably equivalent to a quantifier free formula is clearly
closed under A,-. It thus suffices to show that Jz¢ for quantifier-free ¢ is T-provably
equivalent to a quantifier free formula. Write ¢ as V,;; for ¥; conjunctions of literals.
Then Jzy is logically equivalent to V;3dx1);. Each Jzv; is T-provably equivalent to a
quantifier free y;. Thus, 3z is T-provably equivalent to \/; x;. ]
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We first treat a special case.

Proposition 6.18. Assume L is a finite relational language and T is complete with an
infinite model. Then T eliminates quantifiers if and only if there exists A = T with
Top (A, 20) : A =, A, If s0, then T is Ro-categorical.

Proof. If T eliminates quantifiers, then it is ®y-categorical by Ryll-Nardzweski: for fixed 7,
by assumption on L, there are only finitely many pairwise non-equivalent quantifier free
formulas in . Let 2 = T be countable. By Corollary 5.22 and Rg-categoricity, 2 is
Ro-homogeneous, i.e., [.(A,A) : A 2, A. By quantifier elimination, Ig; (A, 2A) = I. (A, 2A).

Conversely, assume [g, (2, 2() : A 2, A. Since T is complete, it suffices to show every
formula ¢(Z) is in 2 equivalent to a quantifier free formula. For a tuple a from A let v;(Z)
be the conjunction of all literals satisfied by @ in 2l - these are finitely many by assumption
on L. Then ¢(7) is in A equivalent to the quantifier free formula

Y(T) = \/ Ya(T)

acp(A)

Indeed, p(2A) € ¥ (A) is clear. Conversely, if b € 1)(21), choose a € ¢(21) such that A & 5 [b].

Then @+ b € I (A, ). By assumption, (2,a) =, (2A,b), so (2, a) = (A, b) by Theorem 3.8,

so A E p[b]. O
Theorem 6.19 (Hauptsatz on quantifier elimination). The following are equivalent.

1. T eliminates quantifiers.

2. If A,B = T, and a,b are non-empty tuples of the same atomic type in A, B, then
tpy (@) = tpy (B)

3. IfAB ET are Ro-saturated, then I, (A, B) =& or Ig(A,B): A =, B.

4. If AT and €< A, then T'u D,(C) is complete.

5. If A,B are models of T with a common substructure € € A, B, then every simply
existential L(C')-sentence which is true in ¢ is also true in Be.

Proof. Let ®y be the set of L-sentences and for n > 0, let ®, be the set of atomic L-
formulas in the variables x, ..., z,. Then (1), (2), (3) are equivalent to the corresponding
statements of Theorem 6.10 (recall Exercise 6.11). Hence, (1)-(3) are equivalent.

1 = 4: we claim that every B = T'u D,(€) models Th(). By Lemma 4.3, we can
assume € € B. Let Ax & p(¢) for p(z) and L-formula. Choose a T-provably equivalent
quantifier free ¢o(Z). Then €¢ E vo(€), so B = po(c¢), hence B = p(¢) since B ET.

4 = 5: note A¢x = B because both structures model T'u D, (€), complete by (4).

5 = 1: by Lemma 6.17 is suffices to show that every simply existential p(z) is T-
provably equivalent to a quantifier free formula. We apply Lemma 6.9: assume A, B = T,
a € p(2A) and b has the same atomic type in B as @ in A. We have to show b € ¢(B). By
Exercise 6.8, there is 7 : (@)% = (b)® with 7(a) = b. We can assume 7 is the identity, so
b=a and €:= (a)* cB. By (5), A F ¢[a] implies B & p[a]. O
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The following clarifies the relationship of quantifier elimination and model completeness
(cf. Definition 3.39).

Definition 6.20. T has amalgamation if for all 2,28 B’ = T with 2 € B,B’ there exist
CeET and 7:B -, € and 7’ : B’ -, € such that 714 = 7’1 A.

Proposition 6.21. T eliminates quantifiers if and only if T' is model complete and Ty has
amalgamation.

Proof. =: let ,B8,B' =T, with A ¢ B, B’. By Lemma 4.4, there are extensions ’B BT
of BB’ By Theorem 6.19, T'u D (Ql) is complete. Hence, %A = %’ By Exercise 4.31,
there is 7 : %A =, Cy = ‘B;l for some L-structure €. Let 7’ : %’ —. €4 be the identity.
Then 7(a) = 7(c24) = ¢5* = a = 7'(a) for every a € A.

<: We verify Theorem 6.19 (4). Given 2 < B = T we show every model of T'u D, (1)
is =B 4. By Lemma 4.3 the L-reduct of such a model is isomorphic to some B’ = T with
2 ¢ B’. By amalgamation, there are embeddings 7,7’ of B,2B’ into some €’ £ T\, such
that 71 A = 7/1A. By Lemma 4.4, € has an extension € & T. Then 7,7’ are embeddings
into €. Since 7' is model complete, 7 and 7’ are elementary. Let Cy € C be the image of 7
and note m: B4 -, €, and 7" : B’ -, €. Thus By =&, =B,. O]

Exercise 6.22. If Ty has amalgamation, then also T'.

Exercise 6.23 (General Nullstellensatz). Assume 7" has amalgamation. Let 2 =T and ¢
be an existential L(A)-sentence. Let A ¢ € e E(T). Then €4 E ¢ if and only if there exists
AW =T with B4 E= .

6.3.1 Examples
We first give a direct argument without using Theorem 6.19.

Example 6.24. The theory of divisible ordered abelian groups eliminates quantifiers. It
is the model companion of the theory of ordered abelian groups.

Proof. By Lemma 6.17 is suffices to show every simply existential formula is (provably
in the theory) equivalent to a quantifier free one. Let Jyp(y,Z) be a simply existential
formula. We extend the notation mz to m € Z to mean —nx if m = —n for n e N.

Write ¢(y,z) as a disjunction of conjunctions of atoms of the form

O=my+t, O<my+t

where m € Z and ¢t = t(z) is a term. This can be done: —tg = ¢; is equivalent to (0 <
to—t1 VO <ty —tg) and —tg < t1 to (0 =tg—t; vO<tg—ty); further, for every term ¢(y, )
the theory proves t(y,z) = my +t'(z) for a certain m € Z and a term t'(Z).

We can thus assume ¢(y,Z) is a conjunction of such atoms. Let ¢'(y,Z) be the sub-
conjunction of such atoms with m # 0. It suffices to show Jy¢/(y,7) is equivalent to a
quantifier free formula (7).
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Assume an atom 0 = my + ¢ appears, say with m > 0 (the case m < 0 is similar) let
¥ (Z) be obtained replacing, informally speaking y by —t/m, i.e., every 0 = m'y +t' by
0=-m/t+mt" and every 0 < m'y +t’ by 0 < —m/t + mt’.

Otherwise, ¢'(y, ) is a conjunction of atoms 0 < my + ¢. Informally, such y has to be
> —t/m for the positive m, and < —t/m for the negative m; it exists if and only if for every
positive m and every negative m’ we have —t/m < —t/m/, i.e., m't < mt. Let ¢)(x) be the
conjunction of these atoms.

2nd statement: an ordered abelian group embeds into a divisible one. Indeed, order
the divisible hull of 2 (Exercise 4.14) setting a/n < a’/m if and only if ma <* na'. O

Exercise 6.25. The theory of divisible torsion-free abelian groups eliminates quantifiers.
It is the model companion of the theory of torsion-free abelian groups.

The back and forth systems of Sections 3.1.1-3.1.3 imply quantifier elimination:

Example 6.26. The theory of dense linear orders without endpoints eliminates quantifiers.
It is the model companion of the theory of linear orders.

Proof. Lemma 3.11 verifies Theorem 6.19 (3) or Proposition 6.18. 2nd statement: Exer-
cise 4.49. [

Example 6.27. The theory of (nontrivial) atomless Boolean algebras eliminates quanti-
fiers. It is the model companion of the theory of nontrivial Boolean algebras.

Proof. Lemma 3.15 verifies Theorem 6.19 (3). 2nd statement: Exercise 4.6. O

Example 6.28. ACF eliminates quantifiers. It is the model-companion of the theory of
integral domains (or fields).

Proof. We verify Theorem 6.19 (3). Let 2,8 £ ACF be Rg-saturated. If A, B have
distinct characteristic, then Ig;(2A,B) = @. Otherwise g, (A,B) : A =, B by Lemma 3.18
and Exercise 3.19 — recall 2, B are “large” by Remark 5.14.

2nd statement: an integral domain embeds into its quotient field, and a field embeds
into an algebraically closed one (Example 4.54). [

6.3.2 Quantifier elimination in Fraissé limits

Corollary 6.29. Assume L is a finite relational language and KC a Fraissé class of (finite)
L-structures. Then the theory of the Fraissé limit of K is Rq-categorical and eliminates
quantifiers.

Proof. Let 2 be the Fraissé limit of K. Then Ig (2, 2A) : A =, A by Remark 3.38 (2)
and (4). Apply Proposition 6.18. O

This provides an alternative proof that the theory of dense linear orders without end-
points eliminates quantifiers (recall Examples 3.43). For atomless Boolean algebras we
generalize the above to languages with function symbols:
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Theorem 6.30. Assume L is finite and K is a Fraissé class of finite L-structures such
that for all n € N there are, up to isomorphism, only finitely many structures in I that are
generated by n elements. Then the theory of the Fraissé limit of K is Rg-categorical and
eliminates quantifiers.

Proof. For every n € N there are, up to , only finitely many (&, %) with & € K and k ¢ K"

and R = (k)®. It is not hard to write an L-formula 94 ;(7) such that for every L-structure
B and b € B" we have B k ¢ ;[b] if and only if there is f: (b)* = & with f(b) = k. Note
there is at most one isomorphism with f(b) = k. Further, ¥z = ¢ o if (R k) = (R, k'),
so there are only finitely many such formulas.

Let 2 be the Fraissé limit of K and ¢(x,...,2,-1) with n > 0 is an L-formula. Then
() is in A equivalent to the quantifier free formula

V  aya().
acp(2)

Indeed, if b € Yz 4(A) and @ € p(A), then there is f : (a)® = (b)* with f(a) = b; by
ultrahomogeneity, there is an automorphism of 2 extending f; hence b€ p(2).

By Remark 3.38 (3) we are left to show every B = 2 has skeleton K and is K-saturated.

Sk(B) = K: let & € K and choose k generating it; then 2 and hence B satisfies
3z 7(7), so R e Sk(B). Conversely, let be B". With 2 also B satisfies YZ V(a1 ¥ 1(7)
where (£, k) ranges over pairs as above with k € K™. Hence (b)® = & for some £ € K.

KC-saturation: let fy : Ry =4 B and & € & € K. Choose ky generating & and k;
such that kok; generates 8. Note f : Ry —, B means by = fo(ko) satisfies 1g, (%) in
B. It suffices to find by such that byb; satisfies ¥g, f 7, (Z,7) in B: then we get fi: £
(bob1)® € B with fi(kok1) = boby; such f; extends fp. But such a by does indeed exist: 2 is
KC-saturated, so 2 and hence B satisfy Vjﬂy(@bﬁm,;o(it) - @/Jﬁlﬁo,—ﬂ(f,g)). O

Corollary 6.31. The theory of the random graph eliminates quantifiers.

6.4 Applications to algebraically closed fields

Let 2 be an algebraically closed field, Z = (zo,...,z,-1) a tuple of variables and A[Z] the
polynomial ring over 2.

Recall the correspondence ¢t — P, and P ~ tp between Lp;,,(A)-terms and polynomials
in A[z] in the proof of Proposition 4.26.

6.4.1 Hilbert’s Nullstellensatz
We need the following result from algebra:
Theorem 6.32 (Hilbert’s basis theorem). Every ideal of A[Z] is finitely generated.

Theorem 6.33 (Hilbert’s Nullstellensatz - weak form). Every proper ideal I of A[Z] has
a common zero in A, i.e., there is a € A® such that P(a) =0 for all P(z) € I.
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Proof. Let J be a maximal ideal extending I. Let B be an algebraically closed extension of
the field A[z]/J (Example 4.54). Setting b; := x; mod .J we have P(b) = 0 for all P(Z) € J.
Let Jy be a finite generator of J (Theorem 6.32). Then B & 37 Apcy, tp(Z) = 0. Since A € B
we have 2 <8 by model completeness (Remark 6.14). Hence 2 & 3T Apey, tp(Z) = 0. But
if P(a) =0 for all P(Z) € Jy, then P(a) =0 for all P(z) € J. O

Theorem 6.34 (Hilbert’s Nullstellensatz - strong form). Let J be a proper ideal of A[Z],
P(z) € A[z] and assume P(a) = 0 for all a € A™ such that for all Q(z) € J we have
Q(a) =0. Then there is k € N such that P(Z)* € J.

Proof by Rabinowitsch’s trick. The ideal generated by Ju {(1-y-P(Z))} does not have a
common zero in 2. By the weak form,

1=Qo(z,y)  Po(Z) + -+ Qea(7,y) - Pra(T) + Qu(Z,y) - (1 -y - P(T))

for certain P;(Z) € J and Q;(Z,y) € A[Z,y]. Work in the field of rational functions (z,y)
and plug 1/P(z) for y:

1=Qo(z,1/P(2))  Po(Z) + -+ Qo1 (Z,1/P(Z)) - Pr-1 (7).

Choose k € N large enough such that Qi(z) = Q:(z,1/P(z)) - P(z)* € A[z] for all i < .
Multiplying the equation gives P(Z)* € J because

P(z)" = Q(7) - Po(T) +++ + Q1 (T) - Peer (7). O
6.4.2 Definability versus constructibility
For E cA[z] and X ¢ A" set

V(E) = {aeA"|P(a)=0 for all P(z) ¢ E},
I(X) = {P(z)eUz]|P(a)=0for all ae X}.

Clearly, X ¢ V(I(X)) and E ¢ I(V(FE)). Sets of the form V(E) are Zariski closed. 1t
is straightforward to check that I(X) is a radical ideal of of A[z], i.e., P(Z)* € I implies
P(z) el for all keN and P(Z) € A[z].

Remark 6.35. By Theorem 6.34, J = I(V(J)) for radical ideals J.

Further, for Zariski closed X, we have X = V(I(X)). In particular, X — I(X) is
injective on Zariski closed sets X. Zariski closed sets are closed under n,u. Indeed, one
easily checks X n X' =V ([(X)+I(X")) and X u X' =V(I(X)nI(X")).

Proposition 6.36. For n € N the Zariski closed subsets of A™ are the closed subsets of
some topology on A™.
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Proof. Let X + @ be a set of Zariski closed sets. We have to show that N X" is Zariski closed.
Assume otherwise and let Xy € X. Since Xy # NA there is X € X such that X, ¢ X. Set
X = Xon X. Continue to get Xo 2 X7 2 Xo 2 ---. Then I(X;) ¢ I(X;) ¢ ---. Then the
ideal U,, I(X,,) is not finitely generated. This contradicts Theorem 6.32. ]

Theorem 6.37. Letn e N. A set X € A" is definable in 2 4 if and only if it is constructible,
i.e., a Boolean combination of Zariski closed sets.

Proof. =: an atomic L p;,,(A)-formula is equivalent to ¢(z) = 0 for some Lp;nz(A)-term
t(z), so defines V(P (z)) in 2A4. By quantifier-elimimation, every definable (in 24) set is
a Boolean combinations of such sets, hence constructible.

<: it suffices to show that every Zariski closed X is definable in 2(4. But X = V(I/(X))
and, by Theorem 6.32, I(X) is generated by a finite set E of polynomials over 2. Then
X =V/(FE) is defined by the conjunction of tp(z) =0 for P(z) € E. O

Corollary 6.38 (Chevalley’s theorem). The image of a constructible set under a polyno-
mial function is constructible.

Proof. Let X ¢ A™ be constructible, and f: A” - A™ be a polynomial function, say given
by Py(Z),...,Pn-1(Z). By Theorem 6.37 there is an Lpg;,,(A)-formula ¢(z) such that
©(2) = X. Then f(X) is constructible because it is defined by

Hf(@(f)/\/\z(myi:tl’i(a_:))' -

The following mentions a concept that is central to the development of model theory
beyond the limits of this course.

Corollary 6.39. 2l is strongly minimal: a subset of A is definable in A4 if and only if it
1s finite or cofinite.

Proof. A finite {ag,...,a,-1} € A is defined by V,., x = ¢,,. Conversely, a definable subset
of A is a Boolean combination of sets V(P (x)) with P(z) € [x]; but V(P(x)) is finite. O

6.4.3 Types versus prime ideals

Let B ¢ 2 be a subfield. We need an algebraic lemma:

Lemma 6.40. For every prime ideal I of *B[Z], there is a prime ideal J of A[Z] with
JnB[z]=1.

Proof. Let I =2[Z]-1 be the ideal generated by I in A[Z]. Let G' € A be a basis for 2 as
a vectorspace over B with 1 € G. Then every @) € 2[Z] can be uniquely written ¥ o Py - g

with P, e B[z], finitely many # 0. If Q € I, all P, are in [. If additionally P € B[z], all P,
with g # 1 are 0, so Q € I. Hence, I nB[z] = 1.
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Hence there exists ideals J of A[Z] that are disjoint from I = B[Z] \ I. By Zorn’s
lemma there is a maximal such ideal J. We are left to show that J is prime.

Given P, P’ ¢ J, we show PP’ ¢ J. By maximality, the ideals generated by Ju{P} and
Ju{P'} intersect I. Hence there are Qo, Q) € J and Qy, Q) € A[Z] such that Qy+Q,-P el

and Qf + Q) - P’ € I. Since [ is prime, I is closed under multiplication, so contains
QoQo+ Qo P+Q1Qo P+ Q1Q1- PP =Qy+Qf - PP’
for suitable QU € J,Q € A[Z]. As JnI =@, we have PP ¢ J. ]

Theorem 6.41. Let n € N. There is a bijection from the set of complete n-types p = p(x)
of A over B onto the set of prime ideals of B[Z] given by

pr 1= {P(x) | tp(z) =0ep}.

Proof. 1t is straightforward to check that I, is a prime ideal. Injectivity: if I, = I, then
p,q contain the same quantifier free formulas; by quantifier elimination, p = q.
Surjectivity: let I be a prime ideal of B[Z]. Choose J according to the previous lemma.
Let € be an algebraically closed field extending the quotient field of A[z]/J. For i < n set
¢; == x; mod J. By model completeness, 2 < €, so p(&) := tpe(¢/B) is an n-type of A
over B. For P(Z) € B[Z], p contains tp = 0 if and only if P(¢) = 0 in €, if and only if
P(z) e J,if and only if P(z) e I. Thus, I, = 1. O

6.5 Applications to real closed fields

6.5.1 Background in real algebra

Definition 6.42. A field %A is formally real if -1 is not a sum of squares in 2. It is real
closed if no proper algebraic extension is formally real. A real closure of 2 is an algebraic
field extension that is real closed.

Remark 6.43. Every formally real field has a real closure (apply Zorn’s lemma).
We need the following result from real algebra:
Theorem 6.44 (Artin-Schreier). Let 2 be formally real. The following are equivalent.

1. 2 is real closed.

2. For every a € A, a or —a is a square in A and every polynomial in A[z] of odd degree
has a root in .

3. The field extension A(\/-1) is algebraically closed.

Definition 6.45. The theory RCF of real closed fields is the theory of ordered fields plus,
for every n € N, the universal closures of

Wy(r=y v-z=9%), ~ai++22=-1, Fy2® M+ a9, -y ++21-y+120=0.
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We write a model of RCF as (2, <) where 2 is a real closed field. This abuse of
notation is justified because the order <% is uniquely determined by 2A:

Lemma 6.46. A real closed field has a unique expansion to an ordered field.

Proof. Assume 2 is real closed. We first claim that at most one of a, —a is a sum of squares
in A. Indeed, if a,b € A are sums of squares, then so is a/b = (a/b?) - b.

We define the order setting a <% b if and only if a # b and b - a is a square in 2. This
defines a linear order: for transitivity of <%, assume b—a and c-b are squares; then c—a is
a sum of squares, so a — ¢ is not a (sum of) square, so ¢ - a is a square. The other axioms
are trivial, so the expansion is an ordered field. Since in ordered fields squares # 0 are
positive, uniqueness follows. [

Lemma 6.47. Assume 2 is real closed, a,be A, P(x) € A[x] and P(a) <0< P(b). Then
there is a < ¢ < b such that P(c) = 0.

Proof. By Theorem 6.44, (v/~1) is algebraically closed. This implies that every Q(z) €
2[x] is a product of polynomials of degree 1 or 2. Indeed, in 2A(v/~1) write Q(z) as
a product of (X —¢) where ¢ = ¢y + ¢;7/—1 for some cy,c; € A; since A(v/~1) has an
automorphism fixing A and mapping v/—1 to —v/~1, also ¢ := ¢y — ¢17/—1 appears; hence,
@ is the product of (z—c) with ¢; =0 and (z —c¢)(z—¢') with ¢; #0. But (z-c¢)(z-¢') =
2?2 = 2cow + & + 2 is in Alx].

Let P(x) accord the assumption. We can assume P(x) is irreducible (since some factor
has to change signs). Then P(z) has degree 1 or 2. If P(x) is x —¢, then a < ¢ < b. If
P(z) is 2% = 2cox + ¢ + ¢ with ¢; # 0, then P(z) = (x - ¢0)? + ¢2 > 0 for all values of ,
contradicting P(a) < 0. O

We need another result from real algebra. Omitting superscripts, we write an ordered
field A" as (A, <) for A := A1 Lgin,.

Theorem 6.48. Let (2, <) be an ordered field. Then there is a real closure B of A such
that (2,<) ¢ (B,<®). Moreover, for every real closure B’ of 2 with (2,<) c (B’,<%")
there is an isomorphism from (B,<%) onto (B',<%®') that fires A.

6.5.2 Quantifier elimination and Tarski-Seidenberg

Theorem 6.49. RCF eliminates quantifiers.

Proof. We verify Theorem 6.19 (5). Let (2A,<%),(8B,<®) £ RCF, (€,<) a common sub-
structure, and Jyp(z,y) be a simply existential formula. Then € is an integral domain.
We can assume € is a field — note the order extends uniquely to the fraction field. Let
¢’ be the relative algebraic closure of € in 2f: its universe consists of the elements a € A
that are algebraic over €. Theorem 6.44 implies that € is a real closure of €; the unique
order <¢ agrees with <%, so extends < on C. Let €” be defined analogously within 9B, in
particular, <& agrees <® and extends < on C. By Theorem 6.48, (€’,<%), (€”,<%") are
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isomorphic substructures of (2A,<%),(25,<?) and the isomorphism fixes C. We can thus
further assume that € is a real closed field.

Assume 2( E ¢[¢,a] for ¢ from C and a € A. We have to find b € B such that B & ¢[¢, b].
If a is algebraic over € then a € C' ¢ B, and we can choose b := a.

Assume a is transcendental over €. We have a closer look at ¢. The theory of ordered
fields proves (=t =t' < (0<t-t'vO<t'—t)) and (=t <t" < (t =t'v0<t'—t)). Hence
©(Z,y) is equivalent to a disjunction of conjunctions of atoms of the form ¢ = 0,0 < ¢ for
terms ¢ = t(Z,y). Choose such a disjunct satisfied by ¢a. Since a is not algebraic over €,
all atoms ¢(z,y) = 0 in this disjunct are trivial in that P,(¢,y) is the zero polynomial.
Deleting the equations, leaves a conjunction of 0 < t;(z,y) for certain terms t;; let P;(y) :=
P, (¢,y) € €[y]. We have to find b € B such that P;(b) >0 for all 7.

Let ¢g < -+ < ¢p—1 list the roots of the polynomials P;(y) in € (equivalently, in 2 or B).
Assume ¢; < a < ¢j41 (the cases a < ¢y and ¢, < a are similar). By Lemma 6.47, Pi(y) >0
for all y between ¢; and ¢;,1. Set b:=(¢j+¢j41)/2€ C € B. O

As in the previous section we get an algebraic characterization of definable sets:

Exercise 6.50. Let (A, <*) = RCFand ne N. X ¢ A" is definable in (2, <%) 4 if and only
if it is semi-algebraic: a Boolean combination of sets {a € A" | P(a) <* 0} with P(Z) € A[Z].

In particular, for n = 1, a subset X ¢ A is definable in 24 if and only if it is a finite
union of points and open intervals. This means that 21 is o-minimal.

Corollary 6.51 (Tarski-Seidenberg). Let (%4, <*) = RCF. If X ¢ A™*" is semi-algebraic,
then so is {ae A™|3be A": (a,b) € X}.

6.5.3 Hilbert’s 17th problem

Lemma 6.52. Let A be a formally real field and assume a € A is not a sum of squares
in A. Then some real closed extension B of A satisfies a <® 0.

Proof. Tt suffices to show that the field extension 2A(\/-a) is formally real: then a real
closed B 2 A(\/-a) satisfies 0 <® —a since —a is a square in B. Otherwise, \/-a ¢ A and

-1= Zz(az + bi\/ —a)2 = Zz(af + 2aibi\/ -a — b?a)
for certain b;,a; € A. Since \/=a ¢ A the 2a;b;v/=a cancel, so -1 =3,a? -ay;b?. Then

Yiai+ 1l Yial Y07+ %0
a = =
>, b2 (X;07)?

is a sum of squares — contradiction. O]

The following answers Hilbert’s 17th problem.

Theorem 6.53 (Artin). Let 2 be a real closed field and f(Z) € A(Z) be a rational function.
If 0 <® f(a) for all tuples a from A, then f(Z) is a sum of squares in 2A(T).
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Proof. 1t is not hard to verify that 2((z) is formally real. Assume f(Z) is not a sum of
squares in 20(Z). By the lemma, there is some real closure B of 2(Z) such that f(z) <® 0.
Write f(z) = P(z)/Q(z) for polynomials P(z),Q(Z) € A[z]. Set

“f(®)<0” = (tp(z) <0A0<ty(z)) v (0<tp(T) Atg(x) <0).

Then (B,<®)4 £ I2¢f(Z) < 07 witnessed by T viewed as elements of A(Z). But 2 ¢
A(z) € B, so (A,<*) ¢ (B,<P) by uniqueness of the order. By model completeness,
(2, <) 4 < (B,<B)a, 50 (A, <) 4= IZ“f(Z) <0”. Thus, f(a) <* 0 for some a from A. [
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