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Chapter 1

Introduction

Motivation and Terminology

We consider a normed vector space (V,|-||) for K C V nonempty. We are given a function
f:K—R.

Our goal is to solve min{f(x) ‘ x € K}. We sometimes write:

minimize f(x)

(1.1)

s.t.: x e K.

An optimal solution of ([1.1)) is called global minimum.

Definition 1.1. x* € K is a global minimum of f over K, if

f(x) > f(x*) for all x € K.

If
f(x) > f(x*) for all x € K, x # x¥,

we speak of a strict global minimum. Global maxima are defined analogously.

e infinite dimensional optimization (e.g., V is a function space, L; or L, space.),
e finite dimensional optimization (V = R"),
e continuous optimization (int(K) # (),

e discrete optimization (K C Z™").

Examples and Applications

Example 1.2 (Optimal Supply). The goal is to buy an amount M of a certain commodity.
We have the offers of n suppliers, where every supplier i € M has a maximum supply of
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M, units of the commodity. The prices of the i-th supplier are given by a function fi(x;).

n
min Z fi(Xi)
i=1

n
s.t. :in =M
i=1

ngigMi,izl,...,n.

Example 1.3 (Regression). An experiment shows the following data (ti,yi),i=1,..., m.
The hypothesis class under which this data is generated is given by a parameterized
function f(t,p). The goal is to choose parameters p in order to minimize the resulting

error measured as:
m

D (yi—f(t,p)?

i=1

A more general least-squares problem is given as:

Example 1.4 (Optimal control). We search for a control function that steers a car with
minimal “effort” in a given time frame [0, t¢] from A to B. We use Newton'’s laws describing
where s(t) denotes the location at time t, v(t) the speed at time t and a(t) denotes the

acceleration:

Suppose we are in dimension 1 and there is a straight line between A nach B of length
d. The coordinate of A is normalized to s = 0 and s = d for B. We need to satisfy
S(O) = 0>V(0) = 0) S(tf) = d,V(tf) =0.

The control function corresponds to a(t), where a positive sign is acceleration and negative
sign is slow down. The effort accumulates quadratically in a:

r a(t)?dt

0

We obtain the following optimal control problem:

Current Version: January 28, 2026.



1.3. Finite Dimensional Optimization | 9
V(O) = O,V(tf) =0.

Finite Dimensional Optimization

In this lecture, we consider only finite dimensional problems, that is, V := R™.

The set of points in K that attain the minimum is denoted by arg min(f, K). We get

o = min{f(x) : x € K} & argmin(f,K) ={x € K ] f(x) = o}

f(x)

0 21 2 3

Figure 1.1: f attains on K = [0, 3] its global minimum at x* = 3. There is a further local
minimum at z.

Definition 1.5. A point x* € K is a local Minimum of f over K, if there is p > 0 such
that

f(x) > f(x*) for all x € KN By(x*),

where
Bo(x) ={y eR" | |[x—y| < p}

denotes the open ball around x with radius p > 0. If

f(x) > f(x*) for all x € KN By(x*),x # x¥,

we speak of a strict local minimum.

Usually K is represented via functional inequalities or equalities. In this case, we obtain:
K={xeR"|hx)=0, ielh={1,...,m}, g(x) <0, jelb={1,...,p}}, (1.2)

where all functions satisfy f, hi, g; € C?forallicIy,jcls.
We obtain the following classes of optimization problems:

e unrestricted optimization: m =p =0
e restricted optimization: m > 0 oder p > 0

e linear optimization: f linear, gj, h; affin linear
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e quadratic optimization: f(x) = xTAx + bTx + ¢, g;, h; affin linear

e convex optimization: f convex, g; convex, h; affin linear

e [,-problems: the function f has the form

with smooth functions f; and weights w; > 0.

e minimax problems: f has the form
f(x) = max{fi(x),i1=1,...,m}
with smooth functions f;.
The following questions are the key drivers for the content of this lecture:

e When do optimal solutions exist?

Are they unique?

Can we derive useful necessary and sufficient optimality conditions?

What about algorithms for solving such problems?

What is the dependence of optimal solutions on problem parameters?

We recap a fundamental result due to Weierstrass.

Theorem 1.6 (Weierstrass). Let K C R™ be nonempty and compact and f : K — R
continuous. Then, there is x* € K with

f(x*) < f(x) for all x € K.

Proof. As f is continuous, the image f(K) of the compactum K is bounded in R and the
infimum
A :=inf{f(x)|x € K} e R

exists. Hence, there is a sequence x, € K,n € N with
lim f(xn) = A.

n—oo

As xn,m € N is bounded, we can use the theorem of Bolzano/Weierstrass giving a conver-

gent subsequence x,,,k € N with

. Lok
lim x,, =:x" € K.
— 00

Current Version: January 28, 2026.



1.4. Differentiable Classic Optimization | 11

Figure 1.2: The red arcs represent feasible directions in Dy /(x*).

With continuity of f we get
f(x*) = lim f(xn, ) =A.

k—o0

Thus, f attains at x* its minimum over K . ]
Differentiable Classic Optimization
1.4.1 Variational Inequalities

Definition 1.7 (Feasible Directions). Let x € K C R™ with K # (). The vector d € R™ is
a feasible direction at x, if there is & > 0 such that x + od € K for all 0 < o < «.

We denote by Dg(x) the set of feasible directions at x. It is easy to see that Dg(x) is a
pointed cone containing 0 (cf. , hence, D (x) is known as the cone of feasible directions.

Slope g’(0) >0

QIf--------
Q

For continuous optimization problems (1.1) we obtain the following necessary optimality
conditions.

Theorem 1.8 (Variational Inequality). Let K € R™ and f : R™ — R be continuously
differentiable. Let x* be a local minimum of f over K and d € Dy (x*). Then

VE(x*)Td > 0.

Proof. Since d € Dg(x*), there is & > 0 such that x*(«) :=x*+ad € Kforall 0 < a < «.
We define a 1-dimensional function g(«) := f(x*(«)). For a local minimum x* (w.r.t.
B,(x*)), we have

g(a) > g(0) for all & € [0, min{p, &}],
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where
p :=sup{a > O[x" + aed € B, )5 (x")}.
Thus,
i 909 =90 _
x—+0 X
With the differentiability of f we get
—g(0
0< lim 9le) = 9(0) _ g’(0) = Vf(x*)7d.
x—+0 X

O

Theorem 1.9. Let K CR™ and f : K — R be continuously differentiable. If x* € int(K)

is a local minimum of f over K, then:
Vi(x*) =0. (1.3)

In particular, we have ([1.3)) for every local minimum of an unconstrained optimization

problem.

Proof. With Theorem [1.8] we get for every d € Dx(x*): Vf(x*)Td > 0. With x* € int(K),
we get Dy (x*) = R™. O

Remark 1.10. Note that the concept of feasible directions of Definition is not
useful for sets given my algebraic manifolds. Here, we need curved directions leading to

concepts of the tangent cone and linearized cone that we will see later.

1.4.2 Convex Optimization

We consider now a differentiable convex function f over a convex set K C R™.

Definition 1.11. A set K C R" is conveg, if for all x,y € K the segment between x and
y lies in K, that is,
A+ (1—A)y € Kfor all A € [0,1].

Figure 1.3: Left: convex set. Right: non-convex set.

Current Version: January 28, 2026.



1.4. Differentiable Classic Optimization | 13
Definition 1.12. Let K € R™ be convex. A function f : K — R is convex, if for all
x,y € K and A € [0, 1] we have:

f(Ax + (1 —A)y) < Af(x) + (1 —A)f(y). (1.4)

f is strict convex, if for all x # y and A € (0,1) the above inequality is strict. The
function f is called (strictly) concave, if —f is (strictly) convex.

Theorem 1.13. Let K C R™ be convex, and let f1,fy : K — R be convex functions and
let o« > 0. Then, the functions «fq, f; + fo and max{f{, fo} are convex over K.

Proof. Exercise. O

Differences, products and minima of convex functions are not always convex!
Definition 1.14. Let K C R"™ be convex, and f: K — R. The set
Epi(f) ={(x,x) e Kx R : f(x) < o}
is the epigraph vof f. For f € R, we term the set
L(f,B) ={x e K: f(x) < B}
lower level set of f with level {3.

Theorem 1.15. Let KCR™ and f: K — R. Then:
1. f is convex & Epi(f) is convex.

2. fis convex = L(f, 3) is convex for all p € R. The reverse need not be true.

Proof. Exercise. O

For convex differentiable functions we obtain the following characterization:

Theorem 1.16. Let f: R™ — R and f € C!. Then:

1. f is convex over the convex set K C R" iff for all x,y € K:

fy) > f(x) + VF(x)T(y —x). (1.5)

2. f is strict convex = ([1.5) is strict for all x # y € K.

Proof. We first show & for the first statement. Assume (1.5) holds for all x,y € K.
Choose arbitrary x,y € K and A € (0,1). With convexity of K we get

z=MA+(1—-ANyeK (1.6)
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Figure 1.4: Illustration of inequality T«(y) represents the tangent plane of f in x and
we have Ty (y) < f(y) for all y € K.

With (1.5)), we get for x,y,z € K:

f(x) > f(z) + (x — 2)TVH(z) (L.7)
fly) = f(z) + (y — 2)TVf(z). (1.8)
Multiply with A and with (1 —A), add both inequalities and obtain:
M(x) + (1= NFy) > f(2) + ((AMx —2) + (1 =Ny —2)) ' VH(z)
— f(z) + (?\x T (=AW — z))TVf(z)

= f(z).

With ([1.6)), the second expression of the second equation is 0. Thus, f is convex.
=: Let f be convex. We choose x,y € K and define P : R — R as

Y(A) = (1 = A)f(x) + Af(y) — f((1 —A)x + Ay).

With convexity of f we get for all A € [0,1] that P(A) > 0. Moreover P(0) = 0. We
compute the derivative of { at 0 and get

o< tim PO o) ) 4 1(y) — VHGOTY ).

The second statement is easy.

We obtain a sufficient optimality criterion for convex optimization problems.

Theorem 1.17. Let K C R™ be convex and let f : K — R be a differentiable convex

function. Then, every local minimum of f over K is also a global Minimum.

Proof. Let x* be a local minimum. With Theorem we get for every d € Dy (x*) the
condition Vf(x*)Td > 0. Because K is convex, for any y € K, we get x* + A(y — x*) =

Current Version: January 28, 2026.



1.4. Differentiable Classic Optimization | 15
Ay + (1 —A)x* € K for all A € [0, 1]. Hence, y — x* € Dg(x*). We get

fly) = f(x") + VI T(y —x*) = f(x7),

where the first inequality follows from Theorem [1.16| and the second one from the varia-

tional inequality. O
For unrestricted convex problems, we get the following implication.
Corollary 1.18. Let f : R™ — R be a differentiable convex function. Then, every

x* € R™ with Vf(x*) = 0 is a global minimum of the associated unrestricted optimization
problem.
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Chapter 2

Convexity and Separating Hyperplanes

Convex Sets and Cones

Definition 2.1. 1. For M C R™ we define

co(M) :=n{K D M|K convex}

as the convex hull of M. For x°,...,x* € R™ we define

co(x%,...,x*) = co({x%,...,x ).
This set is known as the simplex spanned by the points x°,...,x%. If x} —
x%,...,x¥ —x0 are linearly independent, then the simplex is non-degenerate.

2. A subset K C R™ is a cone (pointed at 0), if for all x € K the half-ray through x
lies in K, i.e.
oax € K for all o > 0.

3. Let K C R™ and x € K. The cone

K(x) = {a(y = x)ly € K, > 0} = | J (K = x)

>0
is termed the conic hull of K w.r.t. x.
See Fig. [2.1] for an illustration.

—
x Y

x Y K co(K)

—

K

Figure 2.1: The first set is convex. The second heart is non-convex and the dashed set
represents the convex hull.

17
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Definition 2.2. Let a € R™\ {0} and b € R.

1. The set H ={x € R™ : aTx = b} is called hyperplane.
2. Thesets H- ={x e R": a™x < b} and H" ={x € R™: aTx > b} are Halfspaces.

3. Let A be a real-valued m x n matrix and b € R™.
K = {x € R"YAx < b} is a polyhedron and K = {x € R"MAx = b,x > 0} is a
polyhedron in standard form.

Figure 2.2: Left: convex cone. Right: non-convex cone.

Convex Combinations

Definition 2.3. Let x!,...,x* € R™ und A, ..., Ax € Rog with A; + -+ + Ay = 1.

e The vector Z]f:1 Aix! is called convex combination of x!,...,x¥.

Theorem 2.4. 1. The intersection of convex sets is convex.
2. BEvery polyhedron is convex.
3. A convex combination of a finite points of a convex set lies in the respective set.

4. The convex hull of a set K C R" is the set of all finitely generated convex com-

binations of points in K. The set of convex combinations of a finite point set is

convex.

Proof. : Let Xi,i € 1 be convex sets and define X := Njc1X;. For x,y € X we have
x,y € Xj for all i € I, hence Ax + (1 —A)y € X; for all i € I and, hence, Ax+ (1 —A)y € X.

Current Version: January 28, 2026.



2.2. Convex Combinations | 19

: A polyhedron is the intersection of finitely many convex halfspaces.

: We prove via induction over k, that every convex combination of k points in X lies
in X. For k = 1 the statement is trivial and for k = 2 the statement follows from the
convexity of X. For the step k — 1 — k consider a convex combination puix! + - - - pyx®. If
u; = 0 for some 1 € {1,...,k} we can use the induction hypothesis, hence, we can assume
w.l.o.g. that u € (0,1). Define

k—1
M1 Hk—1
v, = oo, Vo1 = >0, vy = 1.
1 — 1I—px ;

Set
k-1
Yy = Z \/1Xl
1=1
and observe that y € X follows by the induction hypothesis. We get
x = (1— )y + mx* € X,

because the case k = 2 was shown already.

: Let L be the set of convex combinations of points in K.

L C co(K): With the set co(K) is convex, hence, all convex combinations of points in
co(K) lie again in co(K). With the definition of the convex hull, we get K C co(K), thus,
L C co(K).

co(K) C L: Let x,y € L with

k 1 k 1
X = Zoqx1 and y = Z B;y’, where «, 35 > O,Zoq = 1,Z B; = 1.
i=1 j=1 i1 j=1

For A € [0, 1] we get
k . 1 .
z=M+(1—-A)y :Z7\061X1+Z(1—7\)f3j91,
i=1 j=1

and thus z € L because

0<Ax; <1Vi, 0<(1—-A)B5<1Vjand

k 1 k 1
DA+ ) (1-=ABj=A) ai+(1—-A)D Bj=A+1-A=1,
i=1 j=1 i=1 j=1

which shows that z is a convex combination of points in K. Thus L is convex. Obviously

K C L, since every xP € K can be written as

X = A with A, =1 and Ay =0 for i # p.
j€J
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Per definition we get co(K) C L, because L is a convex set containing K. ]
Corollary 2.5. The set of convex combinations of x,...,x* € R™ is the smallest (w.r.t.
inclusion) convex subset of R™, which contains x!,...,x¥.

Proof. Let X be the set of convex combinations of x!,...,x* € R". Define

Y :=co(x!,...,x") = ﬂ C. (2.1)
CCR™
C convex
x1,...x*)ce

Y ist well-defined because R™ is one candidate C. With Theorem [2.4{|1}) Y is convex as
intersection of convex sets. Y is also the smallest convex set containing x!,...,x*. Since
X is convex (see Theorem [2.4[4) we get Y C X. Let x € X. With the definition of X we
get x = Zl-le Aix'. As by assumption x!,...,x* € Y we get with Theorem ), that
x €Y. O

Theorem 2.6 (Charathéodory). For K C R™, co(K) is equal to the set of all convex
combinations which require at most (n + 1) points of K.

Proof. Let x € co(K). With Theorem there are x!,...,x* € K with

k k
x=) Ax'mit\;>0foralli=1,...,kand » A =1
i=1

i=1

If k <n+1 we are done. If k > n + 1, then we show that for the representation of x we
can ignore one of the k points: Define the (k —1) vectors y' = x! —x¥,i =1,...,k—1. For
k > n + 1, the points y* are linearly dependent, i.e., there are «,..., x_; with o5 #0
for at least one j € {1,...,k — 1} with

k—1 )
2oy’ =0
i=1

k—1
(:)Z ai(x*—x5) =0
i=1

k—1 k—1
= Z O(iXi +(— Z Oq)Xk =0.
i=1 i=1

With o = — Z]f;ll o we get

k k
Zoqxizoand Zoqu.
i=1 i=1
Because o; # 0 for at least one j € {1,...,k — 1}, the following value is well-defined:

Current Version: January 28, 2026.



2.3. Separating Hyperplanes | 21

A A
ip =arg min {—Iocl >0} =—2.
ooy K} Kig
We get
A A
Ai— 2 >0Vi and Z?\ — O =1.
0‘10 i=1 lo
Moreover .
x—m =3 (o Do) = 3 e
i=1 i=1

Ay
Here, we have A, — &, > = 0, and, hence, x can represented as a convex combination of
0

at most k—1 pomts. ]

Separating Hyperplanes

\

Figure 2.3: Illustration of the (strict) separation of two disjoint convex sets.

Definition 2.7. Two sets K1, Ko C R™ are called separable, if there are ¢ € R and row
vector A € R™, A # 0 with

Ax < ¢ <Ay for all x € K,y € Ks.

The hyperplane H = {x € R™Ax = c} is called separating hyperplane (cf. Fig. ; The
sets K1, Ky are strictly separable via H, if K; UK5 is not contained in H. The hyperplane

H defines two halfspaces

T={xeRYAx >c}, H ={x € R"Ax < c}.

The sets K1, K, are separable, if either K; C H", Ky C H™ or K; C H,Ky C H™.
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Ki

Figure 2.4: The two sets K;,Ky C R? are separable but not strictly. The separating
hyperplane is given as H = {x € R?|xy = 0}.

AT =%0—Yy
X0+H

Xo

Figure 2.5: Illustration of the proof of Theorem If xo =y then H +y is a separating
supporting hyperplane.

o
Theorem 2.8. Let K C R™ be a non-empty, convex set an let y ¢ K := int(K). Then,
{y} and K are separable, i.e., there is a row vector A € R™ \ {0} with

Ay < Ax for all x € K.
o [¢]
If K # () then {y} and K are strictly separable and we get

o
Ay < Ax for all x € K.

Proof. 1. Case: y ¢ K, where K denotes the topological closure of K. With x| we denote
as usual the Euklidian norm. Set

d := inf ||x —y|| > 0.
xeK

The function f(x) := ||y — x|| is continuous and attains on K N {x € R"|||x —y| < 2d} its
minimum (Theorem of Weierstrass). As K is closed, there is xo € K with d = ||y — xo|.
With convexity of K one can further show that the point xq is unique (cf. Fig. .
We show A := (x¢g — y)T # O satisfies the conditions of the theorem. Let x € K. With
convexity of K we get

xo+ o(x — %) EK fiir 0 < o < 1.
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2.3. Separating Hyperplanes | 23
Hence,
Ixo + &(x —x0) — y|I* > [Jxo — y|®

and therefore
20(xo —y)T(x — x0) + o lIx — X0H2 > 0.

Division by« > 0 yields for « | 0
(xo —Y)T(x —xo) > 0
and therefore we get using AT = (xg —y) and d = ||A||
Ax > Axg = Ay + d? > M.

Thus, H := {x € R"[Ax = Ax¢} is a hyperplane separating {y} and K.
— o
2. Case: y € 0K =K —K.
For y € 0K there is a sequence {yy}, yx ¢ I_<, with y = limy_,0 Yx. For yx we can choose
according to Case 1. a row vector Ay # 0 with

MYk < Agx for all x € K.

W.l.o.g. we can set |A¢| = 1 and hence we can assume that the bounded sequence {Ay}
converges with A = limy_,, Ay, ||[A|| = 1. Taking the limit on both sides yields

Ay < Ax for all x € K.

The statement .
Ay < Ax for all x € K

follows immediately. O

In case y € 0K we call the hyperplane supporting. From the separating hyperplane
theorem [2.8] we get:

H

Figure 2.6: Separation of a convex cone via a hyperplane through 0.



24 | Chapter 2. Convexity and Separating Hyperplanes

Theorem 2.9. Let K C R™ be a non-empty convex and closed cone and suppose y ¢ K.
Then, there is A € R™\ {0} with

Ay < 0 < Ax for all x € K.

Proof. With K = K there is — using the first statement of Theorem — a row vector
A € R™\ {0} such that for all x € K we have Ay < Ax. From 0 € K we get Ay < A0 = 0.
Suppose there is x € K with Ax < 0. Then,

Alox) = a(AX) = o300 —00,
contradicting boundedness of AK via Ay from below. Thus, we get

Vx € K: Ay < 0 < Ax.

We get as an implication the following theorem of the alternatives:

Theorem 2.10 (Lemma of Farkas). Let B a k x n matrix and d € R*. Then, exactly
one of the following statements is true

1. Bx = d,x > 0 admits a solution x € R".

2. AB > 0,Ad < 0 admits a solution A € Rk,

Proof. The cone
K :={Bx|x > 0} C R®

non-empty convex and closed. Exactly one of the statements is true
(a) deK.
(b) d ¢ K.

Statement (a) is statement ((I}) of the theorem. In case (b) we get with Theorem [2.§| the

existence of some A € R with
Ad <0 < Az for all z € K.

Also ABx > 0 for all x > 0, i.e.,, AB > 0. This is Statement of the theorem. Note
that (a) and (and (b) and ) are equivalent, and, thus, and cannot be true

simultaneously. O
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Chapter 3
Nonlinear Optimization under Con-
straints

The Problem

We are given f : R™ — R and a subset S C R™. The general optimization problem has the

form:

min {f(x)x € S}. (3.1)

Recall that maximization

max {f(x)|x € S}
is equivalent to minimization
min {—f(x)|x € S}.

Definition 3.1 (Local Minimum). X € S is called local minimum of (3.1)), if there is an
open neighbourhood U C R™ of x with

f(x) < f(x) for all x € SN U.

x € S is called strong local minimum of (3.1)), if there is an open neighbourhood U C R™
of X with

f(x) < f(x) forallx e SNU,x #X.

Definition 3.2 (Global Minimum). X € S is a global minimum of (3.1)), if

f(x) < f(x) for all x € S.

25
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x € S is strict global minimum of (3.1)), if

f(x) < f(x) for all x € S,x # X.

Usually S is described by functional equations and inequalities. A general form reads as

S:={x € R"g(x) € K}, (3.2)

where g : R — R™ and K C R™ is convex. The problem ([3.1)) then reads as

min {f(x)|g(x) € K}. (3.3)

Let k be the dimension of the affine hull of K € R™, (0 < k < m). W.l.o.g., we can replace
K with
(o]
K X {Om_i}, K € R¥, K # 0.

Accordingly, we can replace g = (g1,...,gm)T with
g:=1(91,---,9x)T und h := (gx+1,---,9m)"-

(o]
The feasible set S is represented via a system of inclusions and equalities g(x) € K, K # ()
and h(x) = 0:

o
S :={x € R"g(x) € K,h(x) = 0,K # (}.
The problem (3.3]) is then equivalent to
X (o]
min {f(x)|g(x) € K, h(x) = 0,K # (}. (3.4)

Formulation for the Standard Cone
If we choose in ([3.4]) for K the standard cone
K:=Rf ={x e R¥|x; <0,i=1,...,k},

we get the standard problem of nonlinear optimization:
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min {f(x)|g(x) < 0,h(x) =0} (3.5)

The inequalities g(x) < 0 need to be component-wise valid. Equivalently

min f(x)
s.t.: (3.6)
gi(x) <0,1i=1,...,k '

gi(x) =0, j=k+1,...,m

For k =0, i.e. g(x) =0 the problem is only meaningful if m < n. Sign-constraints

or variable bounds

are modeled as inequalities.
We study differentiable optimization problems, thus, f and g are assumed to be continu-

ously differentiable in an open neighbourhood of x. The first derivtives f'(x) or g’(x) at

F(x) = ( of (»‘c),...,af(%))

Txl 0Xn

X are given as

and the m X n-matrix

88 (%) 3% (x)
g'(x) =
S ®) o (9]

We will derive in the following necessary and sufficient optimality conditions for the stan-

dard optimization problem.
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Chapter 4

Tangent Cone and Regularity

In order to set up a theory of necessary and sufficient optimality conditions we introduce
the tangent cone T(S,x) of aset S C R™ at X € S.

Example 4.1. Let S =R™ and consider
min{f(x)|x € S}.

Let X be a local minimum of f over S, see Fig. By definition of a local minimum
of f if we move away from X along a feasible direction the objective may not decrease.
Suppose we speak of linear feasible directions d € R™ at x € S, that is, there is & > 0 with
x=Xx+ad e S for all x < «.

Figure 4.1: Example of a local min. at x = 0.

(o] -
For x € S, every d € R" is a feasible direction. For x € S the concept of linearly feasible

directions is not enough.

Example 4.2. Let S ={x € R?x? + x = 1} and consider

min{2x; + x3|x € S}.

29
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/| N

N /

o
Here S = () and for no X € S, there is @ > 0 with x =X + «d € S for all &« < &. Hence, we

need a more general concept: infinitesimally feasible directions at x.

Motivation of the Theory

minimize f(x)
s.t. hi(x) =0, 1€{1,...,k},
gj(x) <0, je{k+1,...,m} (4.1)

with x € R"and smooth functions f,h;, g; for all i,j. Notation: h = (hy,...,hy),g =
(ngrl: ey Qm)

Figure 4.2: Illustration of S.

Let us now explain the idea of infinitesimally feasible directions. Consider the case h(x) =
0 as in Fig. Under some assumptions (regularity as introduced later) the tangent
plane Ty, (x) ={v: Vh(x)T - v = 0} conaints the set of infinitesimally feasible directions at
x (proof later).

Consider f(x1,x3) = —x1 — Xg with —V{(x1,%x2) = (1,1).

The intuition is as follows: Suppose there is a force tracking x with a rope along the
hypersurface h(x) = 0 in the direction of the gradient —Vf(x). The rope tracks the
moving point continuously along h(x) = 0 in the direction of the force —Vf(x). Note
that there are two forces acting: the rope tracks x along the descent direction —Vf(x)
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X2, X2,

X1 X1

Figure 4.3: The set S is defined via h(x) = 0. The tangent plane is illustrated for y and
X.

—VAf(y)
h(x) =0 —Vi(x) h(x) =0

—Vh(x)

X1 X1

Figure 4.4: Gradients of h and f in a local minimum.

of f and the force —Vh(x) keeps x on the hypersurface. The movement will stop if the
forces —Vf(x) and Vh(x) act in opposite direction and an equilibrium of the two forces
is reached.

Formally, for a local minimum at x for any movement from X along v for some v in
the tangent plane, Vf(X)Tv may only be nonnegative, that is, Vf(x)Tv > 0. As with
v € Th(X) we get —v € Tn(x) we follow Vf(X)Tv = 0. Hence, Vf(x)T and Vh(x)T are
linearly dependent (without proof) and in x we have the condition

f'(X) + Ah/(x) = 0.
Tangent Cone and Variational Inequality

Definition 4.3 (Tangent Cone). The tangent cone T(S,x) of S C R™ in X is defined as:

T(S,%) = {v R Ix; €S, >0, with lim t; = 0,v = lim _X} )

i—o00 i b

The definition v € T(S, X) is equivalent to

_ T
Xi =X+ tv+1i,1 € RY, lim — =0. (4.3)

im0 ty
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With the Landau calculus, we have r; = o(t;). In particular:

lim o =%, lim DXy
i—00 i—00 t
* T(S,X) *
LS £ 5

Figure 4.5: Tangent cone pointed at 0.

Notation.

Let us recap some terminology for sets in R™. For K C R™ we zse:
aff(K): the smallest affine subspace in R™ containing K,
span(K) : the smallest linear subspace in R™ containing K,
int(K) = l% : topological interior of K wrt. R™,

K': relative topological interior of K wrt. aff(K),

cl(K) =: K : topological closure of K,
- o
0K =K\ K : boundary of K.
Conic hull: Let K € R™ and x € K. The cone

K(x) == {a(y — x)ly € K, a0 > 0} = | J (K = x)

>0

is called conical hull of K wrt. x. Per definition K(x) corresponds to the conic hull
of K —x.
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Figure 4.6: Illustration of the conic hull K(x).

| Lemma 4.4. For every S C R™ and X € S the set T(S, x) is a closed cone pointed at 0.

Proof. Obviously T(S, ) is a cone pointed at 0. It remains to show that T(S, X) is closed.
Let v € cl(T(S,x)) and (vi)1en a sequence with

vi = v, v € T(S,x), for which w.lo.g. |vi —v| <

—| =

We need to show that v € T(S, X). Per definition of the tangent cone for every 1 € N there
are sequences (xik)ken and (tyx)keny with
Xl,k —X

X1k € S,t1x >0, with lim t;;, =0,vy = lim . (4.4)
’ ’ k—oo k—oo  tk

Hence, for all 1 € N there is an index k; with

Xk — X v
——— =V

<2 e =X < 2 und tig, < -
_11 1kt _1, Lkt l

ik

For 1 — oo we get x, — X and t; — 0. Moreover, wit the triangle inequality we get

Xl,kl —X Xl,kl —X 2
— V|| < || V|| + | —V|| £ =
tlrkl H tl,k[ H ” ].
It follows that —““'" —s v and hence v € T(S, X). O

i

For convex sets K C R™ we can easily compute the tangent cone.

Lemma 4.5. Let K C R™ be convex and let x € K. Then, T(K,X) is the closure of the
conical hull of K in X, i.e.,

T(K,X) = cf (Ugaoot(K — X)) =: K(X).

Proof. T(K,X) D K(x) : Let x € K and « > 0. We need to show that o(x — X) € T(K, X).
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As K convex and x € K, we get

xi=x+—-(x—%) €K, fori>«

Xi—X —
1/i

Xi—X

= x(x —x) = lim =veT(K,x).

i—o0 ]./l

As T(K, x) is closed, we get T(K,x) D K(x).
T(K,x) C K(x) : Let v € T(K, X) with

_ . T
Xi =X+ tv+1i,1 € R, lim — =0.

i—o0 ty
Then, _ _
Xi—X Ty . Xi—X —
' =v+ - =v=lim = e K(x).
——
€K(x)

We derive a fundamental necessary optimality criterion.

Theorem 4.6 (Variational Inequality). Let X be a local minimum of
min {f(x)|x € S}

Then,
f'(Xx)v >0 for all v € T(S,X).

Proof. Let v e T(S,x). With x; =X + vt; + r; we get

We obtain

i—o0 i i—o0

Thus,

i—o0 i
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T(S,%)

Set of y € R™ with yv >0 Vv € T(S,%)

Figure 4.7: Set of vectors y for which yv > 0 for all v € T(S, X).

Linearized Cone

We consider the case that S is given as
S={x e R"g(x) € K},

where g : R* — R™ is C! and K C R™ is convex. As the tangent cone is hard to compute,
we introduce the linearized cone of S in X.
As motivation for that cone, let us linearize the inclusion g(x) € K in X, i.e., for v € R"
we consider

g(x) +9g'(X)v €K,

hence
g'(X)v € K—g(X) C Ugsoax(K —g(x)) =: K(g(x)).

This leads directly to the definition of the linearized cone of S in x:

L(S,x) ={v e R"g'(x)v € K(g(x))} (4.5)

| Lemma 4.7. L(S,X) is a convex cone pointed at 0.

Proof. We have 0 € L(S,x), because 0 € K(g(x)), which in turn follows from g(x) € K.
The cone property v € L(S,X) = av € L(S,x) for all @ > 0 is also satisfied. We need to
show convexity. Let u,v € L(S,X) and A € (0,1). For w=A u+ (1 —A)v, we get

9’ (x)w =Ag'(Xu+(1—A) g'(x)v € K(g(¥))
— ——
€K(g(x)) €K(g(x))

where the last inclusion follows by convexity of K(g(x)) (see exercise). O
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Exercise 4.8. Let K C R™ convex and g : R™ — R™ a C! mapping. Let x € R™ with
g(x) € K. Show that the conical hull of K w.r.t. g(x), that is, K(g(x)) = Ug=o0ax(K—g(x)),

1s convex.

Note that L(S, x) depends not only on the set S but also on the chosen mapping g in order

to represent S; see the following example.

Example 4.9. Let S :={0} C R,x = 0. With K = {0} C R, g(x) = x? we get that S can
be represented as S = {x € R|g(x) € K}. With g’(x) = 0 we have

L(S,x) ={v e R|g'(x)v =0} =R.

If we choose g(x) = x, we still get S = {x € R|g(x) € K}. But with g’'(x) = 1 we get
L(S,x) = {0}

Another special case is K ={0}. Here
S={xeR"g(x) =0}
is an equation-defined mannifold and S in X is the linear subspace
L(S,x) = {v e R"g'(x)v =0}

Another important special case is the standard cone K = R* x {0,,_y}. Here, S is given as

S:{XGR“

gi(x) <0,i=1,...,k,
gilx) =0,i=k+1,...,m|

Let
I(x):={iefl,...,klgi(x) =0}

be the set for which the inequalities g;(x) < 0 are active. We denote this set as the set of
active indices.
We get that K(g(x)) has the following form:

K(g(x)) = {U €R™

yi <0,ieI(x),
yi=0,i=k+1,...,m

and hence the linearized cone can be computed as

L(S,x) = {v eR"

gi(xX)v <0,1 € I(x),
g/(x)v=0,i=k+1,...,mJ

We obtain the following relationship between T(S,x) and L(S, ).
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Lemma 4.10. If K(g(x)) is closed, then

T(S,x) C L(S,x).

Proof. Let v € T(S,x) with

(xi{ —X)

v = lim , X €S, t >0.
i—00 t
As in the proof of Thm. 4.6] we get
g/b—()v _ ].lm g(xi) - g(x) )
i—o00 1%

With x; € S = g(xi) € K and t; > 0 using the definition of K(g(x)) we get M €

1

K(g(x)). Closedness of K(g(x)) implies
g’ (x)v € K(g(x)), ie. veL(S,%).

O]

The reverse inclusion L(S,x) C T(S,x) is not valid in general as shown by the following
example.

Example 4.11. Let S:={0} C R,x =0, T(S,x) ={0}.

1. With K = {0} € R,g(x) = x? the set S is given as S = {x € R|g(x) € K}. With
g’(x) =0 we get
L(S,X) ={veR|g'(x)v=0}=R

and therefore T(S,x) € L(S,x).

2. With K = {0} C R,g(x) = x we can represent S as S = {x € R|g(x) € K}. With
g’'(x) =1 we get L(S,%) = {0} and therefore T(S,%) = L(S,X).

XY Regularity Conditions

For obtaining L(S,x) C T(S,X) one needs to impose additional conditions on g and K.
Such conditions are known as constraint qualifications or regularity conditions. For a
motivation, consider the case

S ={x € R"g(x) =0}.
Definition 4.12. x € S is called regular, if
Img'(x) =R™ (4.7)

where Im g’(X) is the image of the linear mapping x — ¢’(x)x for x € R™.
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X is regular iff the gradients g/(x)T,i =1,...,m are linearly independent, or, equivalently

g’(x)g’(X)7 is non-singular.
For later, we recap that exactly one of the following statements is true:

1. X is regular.

2. there is A € R™, A # 0 with Ag’(x) = 0.

Theorem 4.13. Let S ={x € R"g(x) =0} and let X € S be regular. Then,
1. For v € R™ with g’(x)v = 0 there is € > 0 and a curve x : [—€, €] — S with

x(0) =%, %(0) = lim X(t)t_ X_y

2. We have T(S,x) = L(S,x) ={v € R"g’(x)v = 0}.

Proof. For : We define F : R™*! — R™ via
Fly,t) :=g(x+tv+¢'(X)Ty), y e R™, t € R.

We have F(0;,,0) = g(x) = 0 and the partial derivatives of F wrt. y read as

oF

@(Om,o) =g'(x)g'(x)".
This matrix is non-singular as x is regular. With the Implicit Function Theorem, there is
€ > 0 and a function y : [—€, €] — R™ that is continuously differentiable in t = 0 with
y(0) =0 and
F(y(t),t) =0 for t € [—e€, €].
We obtain y(0) := lim¢_,o ym?’(oj and with the assumption g’(x)v = 0 we get
dF(y(t),t ) =\ Jr=nTe
0= Tk (y(0),019(0) + i (y(0),0) = g'(R)g'(RI79(0),

where we used F(y(0),0) = g’(x)v = 0. Hence, y(0) = 0. By setting
x(t) =x+vt+ g (X)y(t), t € [—¢, €],

we obtain a cruve x(t) with the desired properties: g(x(t)) =0, i.e. x(t) € S,x(0) = x
and x(0) = v, because y(0) = 0.
For ([2): The claim follows from (1)) and Lemma O

We consider now the general case.

S ={x € R"g(x) € K}, K convex. (4.8)
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Definition 4.14. Let S as in (4.8)). x € S is called regular, if

Im ¢'(X) — K(g(%)) = R™ (4.9)

This condition generalizes (4.7) and means geometrically that the linear subspace Im g’(x)
and the cone K(g(x)) are transversal to each other.
In the following, we derive easier but equivalent conditions.
Lemma 4.15. Let K be convex. The following conditions are equivalent:
1. Im g’(x) — K(g(x)) =R™,
2. 0 €eint(Im g'(x) — K(g(x))),

3. 0 eint(Im g'(x) + g(x) — K),

Proof. The proof is done in the following ordfer:

: The set Im g’(x) + g(Xx) — K is convex and contains 0 because g(x) € K. Suppose
0 ¢ int(Im g’(x) + g(x) — K). With the separating hyperplane theorem (Theorem [2.8])
there is A € R™, A # 0 with

A(g'(x)v+g(x) —y) >0 for all ve R,y € K.

With the definition
K(g(x)) = Ugso0t (K — g(x))

we get
A(g'(X)v—y) > 0for all ve R",y € K(g(x)). (4.10)

The assumption Im g’(x) —K(g(x)) = R™ yields A = 0 in contradiction to the choice of A.

: Follows from K — g(x) C K(g(k)).
: Let B¢(0) :={y € R™||ly|| < €}. Per assumption there is € > 0 with

Be(0) C Im g'(x) — K(g(x)).
Since Im g’(x) — K(g(x)) is a cone, we get
R™ = Us>0aBe(0) C Im g'(x) — K(g(%)),
implying [1} O

These conditions are due to S. Robinson (1976).
Using the proof of we get the following.
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Corollary 4.16. X € S is not regular if and only if there is A € R™, A # 0 with

Ag'(X) =0, A(—y) >0 for all y € K(g(x)).

| Exercise 4.17. Prove the statement of Corollary
We specalize the conditions of Lemma to the following case
S ={x € R"g(x) € K, h(x) =0}, l% #+ (), K convex, (4.11)
with g = (91,...,9x)T,h = (gk41,---, gm)T. Then, [2] from [4.15]is equivalent to
Im h/(X) = R™* and there is v € R™ with h/(X)v =0, ¢'(X)v € int(K(g(x))). (4.12)
and [3| is equivalent to
Im h/(x) = R™* and there is v € R™ with h/(X)v =0, g(x) + g'(X)v € K. (4.13)

The conditions (4.12]) and (4.13) are called local Slater-Conditions. For K = R* we get
from (4.12)) the Mangasarian-Fromowitz-Conditions (cf. Mangasarian 1969).

Definition 4.18 (Mangasarian-Fromowitz). The gradients g ,,(X)7,..., gy, (X)T are lin-
early independent and there is v € R™ with

g{(X)v <0, i€ I(x) (set of active indices)

gix)v=0,i=k+1,...,m.

We now derive the central statement (S, x) C T(S, X) under the aforementioned regularity
conditions. We will do this for the case S being in the form (4.11)).

Theorem 4.19. Let X be a regular point in
(o]
S ={x € R"g(x) € K,h(x) =0}, K # 0, K convex.

Then:

o
1. For v € R™ with h/(X)v =0, and g(X) + g’(x)v € K there is € > 0 and a curve
x:[0,e] =S

with

2. We have L(S,x) C T(S,x).
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Proof. For[1]: In case k = m we set x(t) = X + tv for t € [0, €] and e > 0 small enough.
If k < m then using Thm. 4.13}((1}), there is § > 0 and a curve x : [0, 8] — R™ with

h(x(t)) =0 for t € [-§, 8], x(0) =%, x(0) =v.
Using B
_ _ N t _
9(X)+g'(X)v € K, lim T2 = gr(qyy,
t—0 t

there is € < min{d, 1} with

_ Werﬁrte [—e, €l

As g(x) € K and with convexity of K, we get

g(x(t)) — g(x)

T )EKforOStge.

g(x(t)) = (1 —t)g(x) +t (9(>’<) +

Thus, x(t) e Sforall0 <t <e.
For : We repeat the definition of L(S, X):

L(S,x) ={v e R"g'(x)v € K(g(X)), h'(X)v = 0}.
Let v € L(S,x). Per definition of K(g(x)) there is r > 0 with
g'(®)v € T(K — (%)), N (X)v = 0.

This implies
g(R) + 9'(72)% €K, h(X)v=0.

Using regularity of x and consequently (4.13)), there is vo € R™ with
o
g9(x) + g'(X)vo € K, h'(X)vo =0.
We use the convex combination
v
Vo ::(1—oc)vo+oc;, for0 < a<1.

and get using the following statement

o -
Exercise 4.20. Let K be convex and x € K,y € K. Then,

(o]
(I—a)x+ayek, fir0<a<l.

that
o
gX) +g'(x)va €K, h/(X)vy =0 for 0 < « < 1.
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With part [1l we get
v € T(S,%x) for 0 < ax < 1.

Using that T(S, X) is closed, we get
v = lim rv, € T(S,X). O
x—1

We give some examples.

Example 4.21. The set S is given as
g1(x) =x2 —x§ <0, ga(x) =xz <0.
For X = 0 we have I(x) ={1,2}.

X2

X1

Figure 4.8: Set S.

The derivatives
g91(x) = ga(x) = (0,1)

are not linearly independent. Yet, the point x = 0 is regular in the sense of Definition|4.18

because for every v € R? with v, < 0 we get
gl(X)v=vy <0, i=1,2.

We obtain
T(Sﬂ_{) = L(S)%) = {V S RZ‘VZ S 0}

according to Thm. @h.
Let us slightly change that example.
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Example 4.22. S is given as

gi(x) =x2 —x} <0, ga(x) = —xz <0.

X2

Figure 4.9: Set S.
For x = 0 we get I(x) = {1, 2}. The derivatives
91(%) = (0,1) and g5(x) = (0,—1).

are linearly dependent. x = 0 is not regular in the sense of Definition [4.18] since for no
v € R?, the conditions

g1(0)v=v3 <0, und g5(0)v=—vy <0
are satisfiable. We compute
T(S,x) ={v € R?*v; > 0,v3 = 0}

and with (4.6]) we get
L(S,%X) = {ve R?v, =0}

Here we have T(S,x) € L(S,X).
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Chapter 5
First Order Necessary Optimality Con-
ditions

min {f(x)| g(x) € K} (5.1)

We assume that f,g € C!.
Let X be a local minimum of (5.1)). Then, there is a neighbourhood U of X such that the
following subsets of R x R™ defined as

{f(x) = f(x), g(x)Ix € U} N {(r,y)Ir <0,y € K}
have an empty intersection. Thus, (0, O;,) lies on the boundary of
B ={(f(x) —f(X) +7,9(x)—y)lx e U,r >0,y € K} C R x R™ (5.2)

Let us linearize the set B, i.e., we replace f(x) and g(x) with their first order Taylor

expansion (without rest term) in X, hence,
f(x) + f'(X)v and g(x) + g’ (X)v with v =x — X,
and we obtain the convex set
B={f'Kv+r¢XVv+gE —yveR",r>0,yecKCRxR™
The conical hull of this set wrt. (0,0.,) is the following convex cone:
A={f(XVv+rg X)v—ylveR"r>0yecK(gk) CcRxR™ (5.3)

| Exercise 5.1. Show that indeed A is the conical hull of B wrt. (0, 0y, ).

The set A can be interpreted as a convex approximation of the non-convex set B. The

statement of the following theorem says that (0, O;,) lies on the boundary of A.
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Theorem 5.2. Let X be a local minimum of (5.1). Then, the following statements are

true.

1. Necessary Optimality Conditions of Fritz John:
There is (Ag,A) € R x R™, (Ag,A) # (0, 0y) with

Aof’(X) +Ag’'(X) =0 (5.4)
Ao >0, A(—y) >0 for all y € K(g(x)). (5.5)

2. Necessary Optimality Conditions of Karush-Kuhn-Tucker:
If x is regular, we get A\g > 0 in and w.lo.g. Ag = 1 holds. Thus, there is
A € R™ with

f'(x) +Ag’(x) =0 (5.6)
A(—y) >0 for all y € K(g(x)). (5.7)

Proof. Both statements are proven together.
1. Case: x is not regular. With Corollary there is A € R™, A # 0 with

Ag'(X) =0, A(—y) >0 for all y € K(g(x)).

The statement of the first part of the theorem follows with Ag = 0.
2. Case: Let x be regular. The variational inequality of Thm. reads as:

f/(x)v >0 for all v € T(S, %), where S :={x | g(x) € K}.
With the regularity of X, we get with Thm. that
T(S,%) D L(S,x) = {v e R"g'(x)v € K(g(x))},

and hence
f/(x)v > 0 for all v € R™ with g’(X)v € K(g(x)). (5.8)

We consider the convex cone in (5.3)):
A={(f'(x)v+1,g'®)v—ylv e R",1 >0,y € K(g(x))} C R x R™.

Because of (5.8) we have that (0,0,,) lies on the boundary of A (set v=0,r =0,y =0)
and with the separating hyperplane theorem there is (Ag,A) € R x R™, (Ag,A) # 0, with

A(f'(X)v+71)+A(g'(X)v—y) >0 for all v e R",r >0,y € K(g(x)). (5.9)

For r =0 and y = 0 we get

Ao(f' (X)v) +Ag’(X)v > 0 for all v € R™
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and therefore
Ao(f/(X)) +Ag’(X) = 0.

For v =0 and y = 0 we get Agr > 0 for all r > 0 and hence A\g > 0. Finally, (5.9) implies
forv=0and r=0
A(—y) > 0 for all y € K(g(x)).

The case Ag = 0 contradicts the statement of Cor. for regular points x. Thus, A\g > 0
and w.l.o.g. A\p = 1.
O

Lagrange-Function and Multipliers

The last theorem is known as the Lagrange-Multiplier rule. The vector A;,i =0,...,m is

called Lagrange-Multiplier. The Lagrange-Function is defined as

L(x, A0, A) := Aof(x) + Ag(x), (Ag,A) € R x R™

and for regular points
L(x,A) :=f(x) +Ag(x), A € R™.

The last theorem then reads as:
1. John: Ly(X,A0,A) =0,A¢ > 0,A(—y) >0 for all y € K(g(x))

2. KKT: L((x,A) =0,A(—y) > 0 for all y € K(g(x)),
where L, denote the partial derivative of L wrt. x.

Exercise 5.3. Show that the following sets
A(x) :={A € R™Li(x,A) =0,A(—y) > 0 for all y € K(g(x))} (5.10)

are convex and closed.

If x is regular, then the above set is the set of Lagrange-Multipliers at x.
Theorem 5.4. Let X be a local minimum of (5.1)). Then, the following statements are
equivalent.

1. X is regular.

2. A(X) # () and A(X) are bounded.

Proof. [l=2L: A(x) # () follows from Theorem @).
Assumption: A(x) is unbounded. Then, there is a sequence A; € A(X),1 € N, with
M|l — oo for i — co. Per definition of A(X) we have
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f'(x) +Aig’ (%) = 0, \{(—y) > 0 for all y € K(g(x)).
With A; #£ 0 for i large enough, we get

1 A A
(%) + g (%) =0, 5=
A A A

(—y) >0 for all y € K(g(x)). (5.11)

As the boundary of B;(0) is compact in R™ we may assume that \&71” — A with || A = 1.
Equation (5.11)) yields for i — oo

Ag’(X) = 0,A(—y) >0 for all y € K(g(x)).

With Corollary we get a contradiction to the regularity at x.
M2 Let A € A(X).

Assumption: x is not regular.

With Corollary there is Ay € R™, Ay # 0 with

A2g’(X) =0, Az(—y) >0 for all y € K(g(x)).
This implies A1 +1A5 € A(X) for all r > 0 in contradiction to the boundedness of A(x). [

We get the following implication.

Corollary 5.5. If x is a regular local minimum of (5.1)), then A(x) is a nonempty,
compact and convex subset of R™.

Now we discuss uniqueness of the Lagrange-Multipliers.

Definition 5.6. X is called normal, if

Img/(x) — V=R™, V:=K(g(X) N (~K(g(x))). (5.12)

Recall that V = K(g(x)) N (—K(g(x))) is the largest linear subspace contained in K(g(x)).
With K(g(x)) D V we get: X is normal = X is regular.

| Theorem 5.7. If X is a normal local minimum of (5.1)), then A(x) is a singleton.

Proof. We get A(x) # (), as X is regular. For A1, A € A(X) we show A; = A,. Per definition
of A(x) we have

f/(X) + Mg’ (X) =0, Ai(—y) >0forallyeK(g(x)) i=1,2).
The vector A := Ay — A, satisfies

Ag’'(x) =0, Ay=0forallyeV.
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With condition (5.12)) in Definition (note Im ¢g’(x) =V = R™) we get A = 0 and
therefore A\{ = A,. O

Specialization for the Standard Cone

Exercise 5.8. Show that if the set K in formulation is a convex cone, we get
K(g(x)) = K+ R g(x).

A(—y) > 0 for all y € K(g(x))

is in this case equivalent to
A(—y) > 0forally € K, Ag(x) =0. (5.13)

The equation Ag(x) = 0 is called complementarity conditions.

Exercise 5.9. Show that for K(g(x)) = K+ R g(x) we get that
A(—y) > 0 for all y € K(g(x))

is equivalent to
A(—y) >0 for all y € K, Ag(x) =0.

Now we consider the standard problem of nonlinear optimization.

min {f(x)| gi(x) <0, i=1,...,k,

(5.14)
gi(x) =0, i=k+1,...,m}

This problem is obtained as special case of by setting K = R* x {0, 1}. Recall:

I[(x) :={ie{1,...,k} gi(x) =0}
J(x) =1I(x)u{k+1,...,m}

For the Lagrange-Multipliers A = (A1,...,An) we get from
A >0foralliel(x), Ay=0foralli¢](x).
We compute
K(g(x))={fye RMy; <0,iel(x),yi=0,i=k+1,...,m}
and the linear subspace V in (5.12)) is given by

V={yeRMy; =0forallie]Jx)}
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Corollary 5.10. X is normal for if and only if the gradients

g{(X) 1 € J(x) are linearly independent. (5.15)

Theorem 5.11. Let X be a local minimum of ([5.14)). Then, there is A\ > 0 and A € R™
with (Ag,A) # (0, 0y), such that:

1. LX(;(,}\(),)\) = 7\0f/(7_() + }\g/(;() = ?\01:/(7_() + lel }\191/(7_() =0€R™
2. A =0fori¢](X), ie,icll,...,k with gi(X) <O0.
3. Ay >0 for 1 e I(x).

We have A\g > 0, if X regular. Then, w.lo.g. A¢ = 1 (divide Lagrange-Function by

Ao > 0). If X is normal, then A € R™ is unique.

Every feasible X with multipliers (Ao, A) satisfying the conditions of Thm. [5.11are called
critical point. It turns out that not every critical point is a local minimum of (5.14]). In

particular, for problems [6.11| with equations, the required conditions for the minimization
min{f(x)|g(x) = 0}

and maximization variant
max{f(x)|g(x) = 0}

coincide.

Example 5.12.
min {f(x) = x1 + X2

gx) =x2+x2—-2=0}

Figure 5.1: Set S and critical points.
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Every point of S defined as

S :={(x1,x2) € R¥x2 +x% —2 =0}
is regular. The necessary KKT-conditions are
/(%) + Ag’(X) = (14 2M\X1, 1 + 2AX3) = 0.

This implies A # 0. Together with g(x) = 0 we get

g = (1; 1)Ta A= _1/2
X=(=1,—-1)T, A=1/2

Obviously y is a local maximum, while X is a local minimum. With the sufficient optimality conditions

that come up in the next section, we can show this formally.
We slightly modify the example.

Example 5.13.
min {f(x) = x1 + X2

gix) =x3 +x5-2<0}
Every X # 0 of the set S defined as

S :={(x1,x2) € R*x% + x5 —2 < 0}
is regular. Th necessary KKT-conditions read as
f/(x) +Ag’(X) = (1 +2M\X1,1+ 2AX) =0, A > 0 for g(X) = 0.

We get the unique solution
X=(-1,—-1)T, A=1/2

Hence, the sign constraint A > 0 sorts out the solution y.
We give another example.

Example 5.14.
min {f(x) = —x2

gi(x) =xF +x2 <0
ga(x) = —x% + x5 <0.}

x = (0,0)7 is the global minimum. We get I(x) ={1,2} and

91(0,0) = (0,1),95(0,0) = (0,1)

are linearly dependent, thus, x is not normal. But X is regular, as it satisfies the Mangasarian-
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/S

Figure 5.2: Set S and critical points.

Fromowitz-conditions for v = (0, —1)7.
g1(0,0)v = g4(0,0)v=(0,1) - (0,—1)T = -1 < 0.
The necessary KKT-conditions read as
f'(X) +Ag’(X) = (0,—1+ A1 +A3) =0, Ay > 0,A > 0.
The set of multipliers is given by
A(x) ={(A1,A2) € RZ| A1 +Ap = 1.

This set is convex and compact in compliance with Corollary
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Chapter 6
Second-Order Necessary and Suffi-
cient Optimality Conditions

min {f(x)| g(x) € K} (6.1)

where we assume f,g € C2.

The Hesse-matrix of f in X is denoted by

i 02f(X)
i) = (axlax]) 1

1oy

The Hesse-matrix of the Lagrange function reads as
Lax(%, A0, A) = Mof” (%) + Ag” (%) = Nof” (%) + ngl ,
where the Hessian tensor of g in x is defined as
g"(x) == (g7,-.-, gm) with Ag"(x) Z Aigi'(x

The linearized cone of S in X is per definition in (4.5) given as
L(S,%) ={v e R"g'(x)v € K(g(x))}.
We now derive second order conditions using the Hesse-matrix of the Lagrange-function
Aof”(X) +Ag”(X)

wrt. the convex cone

C:={eR"f'(x)v<0, g'(X)v € K(g(x))}

(6.2)
={veR"f'(x)v<0INL(S,X).
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The set C represents the set of vectors v of the linearized cone L(S,x) that constitute
descent directions of f in X.

Theorem 6.1. Let x € S and K(g(x)) closed.

1. Second Order Necessary Conditions:
If x is a local minimum of (6.1)), then, for every v € C there is (Ag,A) € R X
R™, (Ao, A) # 0 with

(a) Ao >0, A(—y) >0 for all y € K(g(x)).
(b) Aof’(X) +Ag’(xX) =0
(c) vT(Aof”(x) +Ag"(x))v >0

2. Second Order Sufficient Conditions:
Suppose for every v € C \ {0} there exists (Ag,A) € R x R™, (Ag,A) # 0 with

(a) Ao >0, A(—y) >0 for all y € K(g(x)).
(b) Aof’(X) +Ag’(xX) =0
() vT(Aof”(x) +Ag”(x))v > 0.

Then, there is € > 0 and a constant ¢ > 0 with
f(x) > f(X) +c|x — x| for all x € S with [|x —X|| < e. (6.3)
In particular, X is a strong local minimum of (6.1).

3. If X is regular, then Ag > 0, i.e., w.l.o.g. Ag = 1 can be chosen in (1.) and (2.). If X

is normal, then A\g =1 and A in (1.) and (2.) is unique and independent of v € C.

Proof. For [k The proof is similar to that for the first order conditions, see Lempio and

Zowe (1981) for a complete proof.
For 2t We assume that (6.3)) is false. Then, there is a sequence {x;} C S with

X X, lim x; =xX.
i—00

and )
o) < F3) + < [xi = %1% (6:4)

We set vi := x; — X # 0. The boundary of the unit ball is compact and hence we can

assume w.l.o.g. that

vi= lim (with [jv|| =1).
i—oo |[vill
With we get
_ . flxg) —f(x
f'(X)v = lim fixi) = fx) <0,

imoo % — X||
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and with the closedness of K(g(x)) we get

9(xi) —g(X) .

g'(x)v = lim € K(g(x)).

imoo ||xg —X]||

Per definition of the cone (6.2) we get v € C\ {0}. For such v there is per assumption
(Ao, A) € R x R™, (Ag,A) # 0, satisfying (a), (b), (¢). The Taylorexpansion in X of second
order of f and g yields together with (6.4):

F(®)vi + %v{f”(i)vi +ol|vill?) = fxi) — £(R) < % Ik (6.5)

o' (Vvi-+ 50" (Rvi+ ol W) = glx0) — 9(%) € K(g(R). (66)

Multiplying (6.5) with Ao and with A, we get via addition of both equalities and
considering (a), (b) the inequality

1 - - A
V1 of” (%) + Ag" (R))vi + o [[vi]|*) < = [lwif*.

(We use in particular (a), i.e., g(xi) —g(x) € K(g(x)) and hence A(g(xi) —g(x)) < 0.) The
division by ||vi||* yields in the limit i — oo the inequality

1
ivT(Aof”(i) +Ag"(X))v<0

in contradiction to (c).

For [3: If X is regular, we get Ag > 0 from Thm. 5.2|[2). If X is normal, we get the statement
from Thm. 5.7 O

The cone C in (6.2) can also described without using f. Suppose that x is normal. If X is
a local minimum, then there is a unique A € R™ with

f'(x) +Ag’(X) =0, A(—y) >0 fory € K(g(x)). (6.7)
For v € C we get per definition
f/(x)v <0, A(—y) >0 fory € K(g(x)).
In conjunction with we get
f'(x)v = —Ag’(X)v < 0,A(—g’(x)v) > 0.

Hence,
f/(x)v =0 and Ag’(x)v =0 for all v € C.

Thus, C has the form

C={eRYAg(Xv=0, g'(X)veK(gX) (6.8)
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Specialization to the Standard Cone

For K = {0} we get
C=1L(S,x) ={veR"g'(x)v=0}

For the standard problem we get using I(x) and J(x) = [(x)U{k+1,..., m} (see Section
for the multiplier A € R™:
A >0foralliel(x), Ay=0foralli¢](x).
Using
K(g(x)) ={y e R™My; <0,icI(x), yi =0,i=k+1,...,m}

C has the form
—{VGRn|91( v <0,i€eI(x), Ay =0,

gi(x)v=0,1 € I(x), Ay >0, (6.9)
gi(X)v=0,i=k+1,...,m}.

Altogether we obtain the following conditions for problem (6.1)).

Theorem 6.2. Let X € S be normal, ie., the gradients g/(x)T,i € J(x) are linearly
independent.

1. Second-order necessary conditions:
If X is a local minimum ([6.1]), then there is a unique A; € R,1i € J(x), with

(a) Ay >0 foriel(x),
(b) + ZIGI 191 ) =0
(c) VT(f"(x) + Z'I.E] 191 x))v>0for allve C mit C as in

2. Second-order sufficient conditions:
Suppose there are A; € R,1 € J(x) with

(a) Ay >0 for i € I(x),
(b) + ZIGI 191 ) 0
(c) VT(F"(X) + Xicyp Mgi'(X))v > 0 for all v € C\ {0} with C as in (6.9).

Then, there is € > 0 and ¢ > 0 with
f(x) > f(X) +c|x —x|? for all x € S with ||x —X|| < e. (6.10)

In particular, X is a strong local minimum of (6.1).
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Examples

We revisit the example

min {f(x) = x1 + X2

gx) =x2+x2—-2=0}
which has the two critical points

7_(1 = (1, 1)T with }\1 = —1/2
7_(2 = (—1,—1)T with 7\2 = 1/2

The Hesse-matrix of the Lagrange-function in those points is

"= "=y __ 20
f7(x)+Ag"(x) =A
02

For X, and A; we get that the matrix is pos. def. on R2, hence, the conditions of
Thm. [6.2)(2.) are satisfied with the subspace

C={veR, =)

Thus, X3 is a strong local minimum.
For x; and A; the matrix is negativ definite, and hence X; is a strong local maximum.

We give another example.

min {f(x) = xZ + x,
g1(x)
ga(x) =x1 +x2—1<0.}

x%—i—xg—QSO,

X

As candidate for a local minimnum consider x = (0,—3)7, for which g;(x) = 0 and
g2(x) < 0. Hence, I(x) ={1}. The point X is normal and the KKT-conditions in Thm.
has with A, = 0 the solution A; = 1/6. The cone C in is the subspace

C= {V € R2|27_<,1V1 + 2Xovy = 0}
= v eR?v, =0}

The Hesse-matrix of the Lagrange-function

2(1+2A1) O
f7(x) + A1g7 (%) =
0 2\
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is positiv definite on R? and in particular

VI(F"(X) + A1g](X))v =2v3(1 + A1) > 0

for all v € C\{0}. With Thm.|6.2([2), we get that X = (0, —3)T is a strong local minimum.
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Chapter 7

Sensitivity Analysis

We consider the standard problem:

min {f(x)| gi(x) <0,i=1,...,k,
o (7.1)
gi(x) =0, i=k+1,...,m}
Suppose that the right-hand side (7.1)) is perturbed:
min {f(x)] gi(x) <ei, i=1,...,Kk,
{f(x)I gi(x) b (7.2)
gi(x) =€, i=k+1,...,m}
We obtain a parameterized family of optimization problems depending on € := (€1,...,€m) €

R™ denoted by (7.1)). For € = 0 the perturbed problem (|7.2]) becomes ([7.1)) which we de-
note as the unperturbed problem.

More generally for € € RP,p > 1, we obtain:

min {f(x, €)| gi(x,e) <0,i=1,...,k,
{f(x, e)l gilx, €) (7.3)
gi(x,e)=0,i=k+1,...,m}

where f: R" x RP — R and g : R™ x RP — R™ are mappings with certain differentiability
assumptions to be specified later and we allow even that f and g depend in a nonlinear
way on €.

For K = R¥ x {0,,_k}. we obtain:

min{f(x, €)|g(x, €) € K}. (7.4)
x€R™
The feasible set ([7.4) is given as

S(e) :={x € R"g(x, €) € K}, € € RP. (7.5)
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The optimal value function of ([7.4) is denoted as:

w:RP 5 R :=RU{—o00, 400} defined as

w(e) = iGIgn{f(x, €)lg(x,e) € K}, e € RP. (76)

Local Sensitivity Analysis

Under which conditions can we embed a local minimum x(0) of the unperturbed problem
into a continuously differentiable family of perturbed local minima x(e). W.l.o.g., we use
the following notation:

1(7_() :{1 6{1)"':k}|gi(7_()0) :0}:{1)"'7k0})
J®) =(1,... ko, k+1,...,m), (7.7)
mo : = [J(X)| = m + ko — k.

Theorem 7.1. Let x € S(0) be a local minimum of ([7.4). Let X be normal, i.e.,
the gradients g{(x)T are linearly independent for i € J(x). Assume there are uniquely
determined 5\1,1 € J(x) such that the second order sufficient optimality conditions of

Thm. are satisfied with

1. Ay >0fori=1,...,Xko,
2. 1(%,0) + X icyz) Mgin(X,0) = O,

3. vT (fxx(’_" 0) + 2 iejm AiGinx(X, 0))\) > 0 for all v # 0 with
veC={veRYgu(X,0v=0,1i€c X))

Then there is a neighbourhood E C RP of € = 0 and continuously differentiable functions
x:E—=RY A E— R,i€]J(x), with:

1. x(0) =X, A(0) = Ay, i€ (%),

2. for all € € E: x(€),Ai(€),1 € J(x) satisfy the conditions of Thm. [6.1)[2}) for the
perturbed problem ([7.4). In particular, x(€) is a local minimum of ((7.4).

Proof. We define
G:R"xRP - R™, mg=m+ko—Kk,

via
G(x,€) = (g1(x,€),. .., Go (X, €), Grr1(X, €), - - o, gm(x, €))T.

Per construction, X is a strong local minimum of

min{f(x, 0)] G(x,0) = 0}.
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The wanted function x(e) of local minima to ((7.4)) should be C?, thus, they should satisfy

gi(x(e),e) <0 fori¢ J(x),|€]| small enough.
Hence, x(€) should be a local minimum of the perturbed problem with equality constraints
min{f(x, €)| G(x, €) = 0}. (7.8)
The Lagrange-function therefore is constructed as
L(x,v,e) =f(x,e)+vG(x,€), veR™. (7.9)

x(e) and the multiplier v(e) = (Ai(€))icj(x) needs to solve
F(x,vT,¢e) := =0, (7.10)

where

F:R"™ x R™ x RP — R™ x R™°,
Note that vT as the argument of F appears as a column vector. For ¢ = 0 we get per
assumption F(k,VvT,0) = 0 with v := (7\1)161(,—() and F is C! in a neighbourhood of (X, VT, 0).
The Jacobi-matrix of F wrt. (x,vT) in (X, VT, 0) is given by the (n+mg) X (n+mg) matrix

Lx(X,v,0)  Gx(x,0)7
Apime =2 (%57.0) = . (7.11)

0(x, vT) Gy (%, 0) 0

In order to apply the implicit function theorem, we will show that Ag is non-singular. Let
(v,w) € R™ x R™ with

v Lix(X,v,0) v+ Gx(Xx,0)T w
Ao = =0. (7.12)

w Gyx(Xx,0) v
Multiplying the equation with (v, 0)T from the left and using Gx(x,0)v = 0, we get
VL (X,v,0)v =0.
The assumption of the Thm. yield v = 0. The equation reduces to
Gy (X,0)Tw =0.

Using that x is normal, the matrix Gy(X,0)T has rank mg and therefore w = 0. Thus, Ag

is non-singular.

We can apply the implicit function theorem on the system of equations (7.10)) and get
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the existence of a neighbourhood E C RP of € = 0 and C! functions x : E — R, v(e) =
(7\1(6))1"6]()—() E— Rmo, with:

F(x(e),v(e)T,e) =0 for all € € E,

0 (7.13)

X, v(0) =.

For completing the proof, we need to verify that x(e) and (Ai(€))igj(x) satisfy the second

order sufficient optimality conditions. Because of

)\1(0) :5\1 >0, i=1,...,Kkq,
QL(X(O),O) = 91(7_(70) <0, for i = ko, ...,k

and the continuity of the functions, we can choose E small enough, such that for all e € E
we get

Ai(e) >0, i=1,..., ko,
gi(x(e),€) <0, for i =Xkg,...,k

and hence J(x(e)) =J(x) for all e € E. With (7.10) and ([7.13)) we get that x(e) € S(e) for
all e € E. Moreover, the KKT-conditions are satisfied:

Ly(x(e),v(e),e) =0 for all € € E.
Again using continuity, we can choose E small enough such that for all € € E:
VT (ofu(x(e), ) + 3 Ai(e)ginx(x(e), €))v >0
i€](x)
for all v # 0 with
veC={veRYgi(x(e),e)v=0, i€ J(x)}
The matrix Gy(x(€), €) has rank mg implying that x(€) is normal. Altogether, x(€) is a

strong local minimum of the perturbed problem (|7.4). O

Corollary 7.2.  For the functions x : E — R", v(e) = (Ai(€))igjx) : E — R™ appearing
in Thm. the following statements are true:

1. With the non-singular (n+mg) X (n+mp) matrix Ag and the (n+mg) X p matrix

Lxe(X,V,0)
Bo =
Ge(X,0)
we can compute x(0) and v(0) as
x(0)
=—A,'Bo
v(0)T
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2. Generalized Shadow-Price:

—f
de

Proof. For : The differentiation of ((7.13) yieds with (7.10) and (7.11)):

d x(0)
——F(x(e),v(e)T,e)| =Ao +Bo =0.
de e=0 9(0)T
For (2): From G(x(e),€) =0 we get
0= iG(x(e),e) = Gy (X, 0) x(0) + G¢(x,0)
de e=0
Together with
fy(x,0) = —vGy (X, 0)
we get
if(x(e), €) = fx(X,0) x(0) + fe(x,0)
de e=0

= —VGy (X, 0) x(0) + fe(X,0)
= VG(X,0) + fe(X,0)
=L.(x,¥,0).

Application to Real-Time Optimization
Part of the Corollary allows to represent the solution x(€) of the perturbed problem

via a Taylor-expansion at the unperturbed solution :

~ + €. (7.14)

_ —A;  forieJ(x) (7.15)
=0 0, for i ¢ J(x). |

f
dei

This formula shows how to interpret the Lagrange multipliers as shadow prices.
The formula ([7.14]) allows for an application in the area of real-time optimization. Suppose
we compute offline a solution of the unperturbed problem. If the system data changes, a
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new solution can be computed in real-time (without resolving the equation system) via

the approximation ((7.14).

Example 7.3.
min f(x,e) =—(0.5+ €)y/x1 — (0.5 — €)xz
X1 +x2 <1,
x1 > 0.1,
Xg > 0.

for € = 0 the assumptions of Thm. are satisfied with

x = (0.25,0.75), X is normal
J(x) ={1}, Gi(x1,x2) =x1+x2—1
v=A; =05>0.

The Lagrange-function (7.9) is given by

—

(X,¥,€) =—(0.5+ €)y/X1 — (0.5 — €)Xp + V(X1 + Xz — 1).

The sufficient conditions of 2. order are valid, because

C ={v e R?Gy(X)v=v1 + vy =0}

VILw(X,V,e)v=v3 >0 for all v & C\ {0}.

The formula gives

1 0 1
L GI
Ao = =10 0 1
G, O
1 1 0
—1
LX€
BOZ — 1
Ge
0
x1(0) 2
%2(0) | =—Ag'Bo=| —2
x3(0) -1
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Hence, the approximation of first order yields

x1(€) 0.25 2
xa(e) | = o7+ | —2]|¢€
x3(€) 0.5 —1

For € = 0.05 we get

approximation : (0.35,0.65,0.45)
exact value: (0.373,0.627,0.45).
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Chapter 8

Duality

min {f(x)| gi(x) <0,i=1,...,Xk,
{f(x)] gilx) 6.1)
gi(x) =0, i=k+1,...,m}

with equivalent representation min{f(x)[x € S}, where S = {x € R"|g(x) € K} and
K =R¥ x {0k}

Consider the Lagrange-Function:
L(x,A) := f(x) + Ag(x), A € RX x R™X,

We define the Lagrangian-Dual:

w:R™ - R
w(A) = inf L(x,A) = inf {f(x) + Ag(x)}.
xERM xERM

We assume pu(A) = —oo, if L(x,A) is not bounded from below on R™.

| Theorem 8.1. If uis finite on R C R™, them u is concave on R.

Proof. Let A1,A2 € R and let « € [0,1]. We obtain:

ploks + (1= oAa) = inf {F(x) + (ohs + (1 — A2)g(x]}

> inf {of(y) + oA1g(y)} + inf {(1 — o)f(z) + ((1 — )A2)g(2)}
yeR™ zZER™

= opt(Ar) + (1 — o) pu(Az).

Dual Problem and Weak Duality

Let p* = min{f(x)[x € S} be the optimal value of (8.1). We show that for every Lagrange
multiplier, i.e., A; > 0,1 =1,...,k, every value of p(A) yields a lower bound on p*.

67



68 | Chapter 8. Duality
Theorem 8.2. For A e R™ with A; >0,i=1,...,k and x € S, we have:

w(A) < £(x). (8.2)

*

In particular, pu(A) < p*.
Proof. Let x € S, i.e. gi(x) <0,i=1,...,kand gi(x) =0fori=k+1,...,m. Then,

k m
D Mg®)+ ) AgilR) <o
i=1

i=k+1
We get
k m
LEA) =f(R)+ ) Mgil®)+ Y Agil®) < f(x)
i=1 i=k+1

and obtain

r(A) = inf L(x,A) < L(x,A) < f(x).
xERM

For every Lagrange multiplier A, the corresponding value p(A) yields a lower bound on
p*. The dual problem maximizes this lower bound:

max{u(A)]A e R™ A >0,i=1,...,k} (8.3)

This problem is termed dual problem while the original problem ({8.1)) is the primal prob-
lem.

We say that A with A; > 0,1 =1,...,k is dual feasible, if p(A) > —oco. We denote with A*
the optimal Lagrange multiplier.

Remark 8.3. Problem ([8.3) is a convex optimization problem, because the objective is
concave and the feasible region is convex. This property is independent on whether or

not the primal is convex.

Let d* be an optimal solution to the dual problem. Thm. implies weak duality:
d* <p*.

Note that weak duality also holds, if d* and p* are infinite. If p* = —o0, then d* = —o0
and the dual is infeasible. Otherwise, if d* = oo, we get p* = 0o, hence the primal problem
is infeasible. The difference p* — d* is known as duality gap.
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Strong Duality and Saddle Points

If
a* =p",

we say that strong duality holds.

Theorem 8.4. Let x* be feasible for (8.1)) and A* feasible for (8.3]). Suppose that strong
duality holds, i.e.
f(x*) = u(A").

Then:

1. x* and A* are globally optimal for (8.1)) and (8.3]).

2. Ajgi(x*) =0foralli=1,...,m.

Proof. For (1] let X be a global optimal solution of ({8.1)).
f(x) > w(A") = f(x*),

where the first inequality follows from ([8.2)).
For 2l we observe that for all i > k, the feasibility of x* yields g;(x*) = 0 and therefore
Afgi(x*) = 0 is implied. For i < k we consider the inequality:

f(x) = u(A) < L(X5 A7) = F(x7) + Ag(x7).

We get A*g(x*) > 0. On the other hand A*g(x*) < 0, and hence we get A*g(x*) = 0. As
for every 1 < k we have AY > 0 and gi(x*) <0, the claim follows for all i < k. O

We define a saddle point.

Definition 8.5. We are given a problem of the form (8.1)). Let (X,A) satisfy:

2. L(X,A) < L(X,A) for all A € R™ with A; > 0,i=1,...,k.
3. L(X,A) < L(x,A) for all x € R™

Then, (X,A) is called saddle point for (8.1). The conditions are called saddle point
conditions.

Theorem 8.6 (saddle point theorem). Let (X, ) be a saddle point for (8.1). Then strong
duality holds for X and A.

Proof. Condition [2| implies

f(X) + vg(x) < f(x) + Ag(x) for all v € R™ with v; > 0,i=1,...,k.
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After basic manipulations, we get

(v—A)g(X) <O0forall ve R™ with vi >0,i=1,...,k. (8.4)
Inserting vi = A; for i = 1,...,k, we get
m
Z( AM)gi(x) <Oforall vi e Ryi=k+1,...,m. (8.5)
i=k+1

This implies gi(x) =0 for all i =k + 1,..., m. Hence, inequality (8.4)) reduces to

Z( AM)gi(x) <Oforallv; >0,i=1,...,k (8.6)
i=1
This condition implies gi(x) <0 for all i =1,...,k. Thus, X € S. Moreover, yields
Aigi(X) =0, foralli=1,...,k.
Exercise 8.7. Show that implies the following:

1. gi(x) <O0foralli=1,...,k.

2. 7\191(7() =0, foralli=1,...,k.
Altogether, we obtain

k
X) = f(X)+ ) Aigi(%) = f(x +Z?\191 ) = L(X,A).
i=1

The condition [3| yields

L(x,

>

) < L(x,A) for all x € R™.

Hence,
f(X) = L(X,A) < L(x,A) for all x € R™,

which in turn implies

f(X) < inf L(x,A) = p(A).
xER™

With weak duality, we get f(x) = p(A). O

Exercise 8.8. Show that for any saddle point (x,A) of (8.1) the KKT-conditions of
Thm. 5.2 are satisfied.

Strong Duality for Convex Problems

We consider a convex optimization problem:

min f(x)
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gi(x) <0,i=1,...,k (8.7)
Ax =D,
x €S,

where S C R™ convex, A being a (m — k) x n matrix of full rank and f and g; convex
fori=1,...,k. We assume that the following regularity conditions are satisfied (Slater):
there is x € int(S) with

gi(X)<0,i=1,...,k, AX=b.

Theorem 8.9 (Strong Duality). Consider (8.7) and assume that the Slater-regularity
conditions are satisfied. Then, d* = p*.

Proof. Suppose that p* is finite. As the primal problem is feasible, only the case p* = —oc0
can occur which implies d* = —oo by weak duality. We define

A1 CRE X R™* xR
A1 ={(u,v,t)|3x € S, gi(X) <u,i=1,...,k, AjX—b]‘ :Vj,j:].,...,m—k, f(x) <t}

Note that A; is convex. We define the convex set:
Az ={(0,0,s) € R* x R™* x R|s < p*1.

We get that A; and A, do not intersect: Assume by contradiction (u,v,t) € A1 N As.
With (u,v,t) € Ay we get u=0,v=0, and t < p*. Because (u,v,t) € A;, we get x with
gi(x) <0,i=1,...,k, Ax—b =0, and f(x) <t < p*, in contradiction to the optimality
of p*.

With the separating hyperplane theorem we get (w1, ws, w3) # 0 and « € R with

qu—l—wgv+W3t20cfor all (u,v,t) € Ay, (8.8)

and
Wi u4+wiv+wst < aforall (u,v,t) € As. (8.9)

From (8.8)) follows w; > 0 and w3 > 0, as otherwise w] u+ws t is unbounded from below
on Aj, in contradiction to (8.8]). Condition implies wgt < o for all t < p* and hence
ws p* < «. Together with (8.8) we get for all x € S (choose g(x) = u and Ax —b =v)

that
k

3 (w1)i gilx) + WhHAX —b) +wsf(x) > o > wsp*. (8.10)
i=1

We argue now by a case distinction: If ws > 0, we divide (8.10)) by w3 and obtain

L(x, w1 /w3, wa/wz) > p*,

for all x € S. We get u(A,v) > p*, where A = wi /w3 and v = wy/w3. (Here A € R* and
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v € R™ ¥ are the corresponding multipliers for g(x) < 0 and Ax = b). With weak duality
(A, v) < p* we get equality.

Now, we consider the case w3z = 0 and lead this to a contradiction. From , we get
forall x € S:

m

D (wi)i gi(x) + wi(Ax —b) > 0. (8.11)
i=1

We apply this to the point x satisfying the Slater-conditions and get

k

D (wi)igi(x) > 0.

i=1

As gi(x) < 0 and w; > 0 we get w; =0.

From (wi,ws,W3) # 0 and w; = 0,w3z = 0, we get wy # 0. Hence, implies
wj(Ax —b) >0 for all x € S. The point X satisfies wi(AXx —b) = 0. With X € int(S) we
get that X+ e € int(S) for € € R™ with ||e|| small enough. We get ATw; = 0, as otherwise
there are points in int(S) with wg(Ax —b) < 0, contradiction. Conditions ATwy =0 and
wy 2 0 contradict the assumption of A having full rank. O
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Chapter 9

Pricing in Resource Allocation Games

In this chapter, we give an application of Lagrangian duality theory within a self-contained

game-theoretical resource allocation model.

Model

A resource allocation model is compactly described by a tuple I = (N, R, X, ), where
N = {1,...,n} describes a nonempty finite set of players and R = {1,..., m} denotes a
nonempty finite set of resources. The set X := Xx;cnX; describes the combined strategy
space of the players where X; C R™ is the nonempty and compact strategy space of player
i€ N. For x; = (x4j)jer € X the entry x;; € R can be interpreted as the level of resource
usage of player i for resource j.

We call the vector of resource usage x = (xjj) € R™™ a strategy profile. Given x € X, we
can define the load on resource j € R as £j(x) := 3 ;y Xij, Where xj; is the j-th component
of xi. We denote the set of feasible loads, or the load space, by the Minkowski sum
6(X) == ) ;cn Xi. We assume that cost functions are parameterized by an exogenously
given vector u € R™ and depend on the own strategy vector only. In this regard, for
u € R™, the costs of a player i € N at the strategy profile x; € X; are given by 7;(u, x4)
for some function 7r; : R™ x R™ — R wich is is assumed to be continuous.

For a model I, a vector u € R™ leads to a strategic game G(u) = (N, X, (7r;(u, xi))ieN)
and the vector u can be interpreted as the induced load of an equilibrium.

We are concerned with the problem of defining prices A; > 0,j € R on the resources
in order to incentivize an efficient usage of the resources. If player i uses resource j at
consumption level x;;, she needs to pay Ajxij. For any vector u € R™, the quantities
mi(u,x;) and ATx; are assumed to be normalized to represent the same unit (say money
in Euro) and we assume that the private cost functions are quasi-linear: 7 (u, x;) + ATx;.
We write G(u,A) = (N, X, (7ry(u, x{) +ATx;)ien) as the resulting strategic game augmented
with prices A. If the parameter u = (u;)jcr € R™ represents a targeted load vector, then,
the task is to find prices A € RT, so that an equilibrium of the game with prices G(u, A)
realizes this load. -

Definition 9.1 (Implementability). Let I be a resource allocation model.
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1. A vector u € R™ is implementable for I, if there is a tuple (x*,A*) € X x RT, such
that the following two conditions are satisfied:

(a) 4(x*) = for all j € R.
(b) x} € argminy,ex, {7mi(u,xi) + (A*)Tx;} for all i € N.

2. A vector u € R™ is weakly implementable for I, if there is a tuple (x*,A*) that
satisfies but is replaced with £(x*) < u and A* satisfies &j(x*) < u; =
?\]T"zoforalleR.

If the model I is clear from the context, we say that u € R™ is (weakly) implementable.

Condition requires that x* realizes the targeted load ¢(x*) = u while Condition ([1b])
implements x* as a pure Nash equilibrium of the game augmented with prices G(u, A*).

Let us consider the following example:

Example 9.2 (Market Equilibria). Suppose there are items R = {1,..., m} for sale and
there is a set N = {1,...,n} of potential buyers. For every subset S C R of items, player
1 experiences value wi(S) € R giving rise to a valuation function w; : 2™ — R,1 € N.
The market manager wants to determine a price vector A* € RT, for selling the items
such that every player receives a subset S{ C R maximizing her (iuasi—linear utility ST €
arg maxs, cr{wi(Si) — Zjes_l ?\;‘} and unsold items have prices equal to zero. The tuple
((S§)ien, A*) is known as a Walrasian competitive equilibrium.

This model fits into the framework by defining I = (N, R, X, 1) with X; = {0,1}™,i € N
representing the set of incidence vectors of R. The cost function 7; := —v; is given by
the negative valuation function v; : R™ x X; — R, (u,xi) — wi(R(x;)) for any uw € R™.
One can easily verify that any strategy profile which weakly enforces the load 1 € R™
corresponds to a Walrasian competitive equilibrium and vice versa.

Connection to Lagrangean Duality in Optimization

Let us fix a model I. For u € R™, we define the following minimization problem that we
call master problem:

n%(in m(u, x) (P(w)
s.t. £(x) <, (9.1)
x € X,

where the objective function is defined as 7(u,x) := ) ;- mi(u, xq).

The Lagrangian function for problem becomes L(x, A) := m(u,x) +AT({(x) —u), A €
RTy, and we can define the Lagrangian-dual as: p: RY; — R, p(A) = minex L(x,A) =
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min,ex{mt(u, x) + AT(£(x) —u)}. The dual problem is defined as:

I{l;g‘ (A) (9.2)

Definition 9.3. Problem has zero-duality gap, if there is A* € RY, and x* € X
with 7t(u, x*) = w(A*). In this case, we say that the pair (x*,A*) is primal-dual optimal.

If problem has zero-duality gap, the two solutions A* € RY; and x* € X are optimal
for their respective problems and and infima/suprema in the definition of p
become a minimum /maximum.

In the following, we prove a key structure, namely that min,cx L(x,A) decomposes into

independent problems, one for each player.
Lemma 9.4. Let A € RY,. For a problem of type the following holds true:

x* € arg mij'r(1 L(x,A) & x{ € arg mi)r(l{m(u, x;i) + ATx;} for all 1 € N. (9.3)
X€e

Xi i

Proof. We calculate:

minL(x,A\) = min { [Z(m(u, xi) + ATxq

xeX xi€Xi,i€N :
ieN

— ATu}

where the first equality follows by the linearity of £(x) w.r.t. x;,1 € N and the last equality

= Z mi>1(1 {m(u, xq) + ATxi} — ATy,
ieN

X{€X{

by the assumption that 7t;(u, x;) only depends on x; € X; and the fact that ATu does not
depend at all on x. ]

We obtain the following main result concerning the Implementability of a load u.

Theorem 9.5. The following equivalences hold for I.

1. A vector u € R™ is implementable via (x*,A*) if and only if (x*,A*) has zero
duality gap for and x* satisfies (9.1]) with equality.

2. A vector u € R™ is weakly implementable via (x*,A*) if and only if (x*,A*) has

zero duality gap for

Proof. For the proof we only show [2], since[] follows from [2] as the additional condition
£(x*) = u holds true for both statements of

For : <: Assume there are A* € RT,x* € X with £(x*) < u so that u(A*) = m(u, x*).
We obtain

K(A") = min{n(u, x) + (A7) —w)} < wlu, %) + A7) —u)
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< mr(u, x*) = p(A*).

Hence, all inequalities must be tight leading to (A*)T({(x*)—u) = 0 as claimed. It remains
to prove Condition (1b)). With x* € arg minyex L(x, A*) we get

x* € arg 175161;(1 L(x, ") Lefm)(; € arg )g1€i>1i{ﬂi(u, xi) + EZR A;xij} for alli € N.
j

=: Let u € R™ be weakly implementable via (x*,A") € X x RT,, that is, {(x") < u,
(A*)T(£(x*) —u) =0 and X} € arg miny, ex, {7mi(u, xi) + (A*)Tx;} for all i € N. We calculate

W(A") = min{n(u,x) + (A)T(L(x) —u)}

= m(u, x*) + (A)T(L(x") —u) (9.4)
= 7t(u,x"), (9.5)

where follows from Lemma and (9.5) uses the condition (A*)T(¢(x*) —u) = 0.
Hence, strong duality holds for the pair (x*,A*). O

The theorem does not rely on any further assumption on the functions 7;(u,x;),i € N
nor on the feasible sets X; but only on the duality gap of This is in particular
interesting as several classes of optimization problems are known to have zero duality gap
even without convexity of feasible sets and objective functions.

In cost minimization games, the feasible sets X; usually contain some sort of covering
conditions on the resource consumption. For example in network routing, one needs to
send some prescribed amount of flow.

In this regard, we introduce a natural candidate set of vectors u for which we know that
any feasible solution satisfying does so with equality.

Definition 9.6. A vector u € R™ is called minimal w.r.t. £(X), if
feR™: 4 <un{X) ={u}

Exercise 9.7. A vector u € R™ is minimal w.r.t. £(X), if and only if there are strictly

increasing functions h;j : R — R,j € R such that

U € arg min hy (T).
ael(X) 4
jeER

Corollary 9.8. Let u € R™ be minimal w.r.t. £(X). Then, the following two statements

are equivalent:
1. u is implementable via price vector A* € RY; and x* € X.

2. (x*,A\*) satisfies 7t(u, x*) = p(A*).
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Convexified Games

So far, the strategy spaces Xi,1 € N and the cost functions 7t;(u,-),i1 € N of a model I
were not restricted and are allowed to be non-convex. For instance integrality restrictions
in X; € Z™,1 € N are allowed. In what follows, we connect I with a related convexified
resource allocation model I¢°.

For Z C R™ denote co(Z) := N{K C R™Z C K, K convex} the convex hull of Z.

Definition 9.9. For a resource allocation model I = (N, R, X, 71) and load u, the associ-
ated convexified model 1¢° is defined as

9 = (N, R, X, (di)ien),
where X := Xienco(Xi) and for all u € R™:
dilu,-) s co(X;) = R U{—oc}
m+l Z?Jrll Xl = Xi, o € A, (9.6)

Xi — m1n Z o 7T (U
oxiioX xiGXi,1§k§m+1

in which A :={«x € ]RmHllToc = 1}. Note that ¢; is constant in 1t € R™.

Theorem 9.10. Let x* € X, A* € RY,. The following statements are equivalent.
1. u is implementable for I via (x*,A*).

2. ¢i,1 € N are real-valued functions, u is implementable for I¢® via (x*,A*) and
¢ (u, x*) = mt(u, x*) holds.

The equivalence remains true by replacing the term “implementable” with “weakly im-

plementable”.

Proof. We first derive another description of the dual for the master problem of 1.
We get for all A € RTy:

_ : . . T _
) = min iEZNT&(LL, xi) + AT(0(x) — 1)

mtl o €A xE e X,
= Z min Z ik [ﬂl(u X <)+ ATx } ' b ' —ATu (9.7)
ieN FteX | g 1<k<m+1
= mi i Xi AT(L(x) — 9.8
min iEZNd%(u, %) +AT(0(%) —u) (9.8)

where (0.7) follows by the linearity of og — Y ' ok [7i(u, x¥) + ATxK]. Equation
follows as ZmH oATXE = AT ZmH xixxt holds.

Now we are ready to prove [11<f2].
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[l=2l: By Theorem we have u(A*) = m(u,x*) > —oo and thus, ¢i,1 € N need to
be real-valued by the above description of pu. Subsequently 1°© belongs to the resource
allocation model defined in Section The dual u°(A) of the master problem [P{u]] of
I1¢° is then given by the expression in . We get mt(u, x*) = u(A*) = u°(A*) < d(u,x*),
where the last inequality follows from weak duality. Since ¢(u,x) < 7t(u,x) for all x € X,
we get p°(A*) = ¢(u, x*) and ¢(u, x*) = 7t(u, x*). Thus the result follows by Theorem [9.5]
and the fact that the load of x* in I equals the load of x* in I¢°.

2l=fil: As ¢i,1 € N are real-valued, I°® belongs to the resource allocation model defined
in Section Thus, the result follows by Theorem together with x* € X, mt(u,x*) =
d(u, x*), u°(A*) = w(A*) and using that the respective induced loads of x* in I and x* in
I° coincide. O

ERA LP-based characterizations of Implementability

We now discuss a special class of models I, which allow for an LP-based characterization of
Implementability. The main property needed is a special structure of the Lagrangian-dual
function of the master problem m

Assumption 9.11. For every i € N, there exist {x},... ,x]fi} C X; for some k; € N such
that the dual of may be represented as follows:

pA) = min Y mlua) FATEX) —w)
xie{x%,...,xfi},ieN iEN

Clearly, this assumption is fulfilled in the important case of finite models where the strat-
egy sets are finite point sets (see Fig. left). We will show in Corollary that this
assumption also holds for concave models, that are, models where the convex hull of each
Xi,1 € N is finitely generated and the functions 7t;(u, x;),1 € N are concave on co(X;) (see

Fig. [9.1] right).

Figure 9.1: Left is the scenario of X; consisting of a finite point set. Right, X; may consist
of connected components (in green) and isolated points but the convex hull is assumed to
be finitely generated and additionally 7r;(u, x;) are assumed to be concave on co(Xj).

For a model I fulfilling Assumption [9.11 we define the following LP in the variable & =
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(ai)ien:
moi(n Z 7TiT oG (LP(u))
ieN
st (o) <, (9.9)
o € Aj,1 €N,

where 7 1= (70 (W, XE) Dkt k) Q&) = 2 ien Dpeq k) XikXy and Aq = {oy € R]§0|1T(Xi =
1},ie N.

Theorem 9.12. Let I be a model for which Assumptions holds. Then, the following
statements are equivalent.

1. The vector u € R™ is implementable for I.

2. There exists x* € X with £(x*) = u and an optimal solution o* of [LP(u)|such that

m(u, X*) = Y jon TG

The equivalence remains true by replacing the term “implementable” with “weakly im-

plementable” and replacing the condition {(x*) = u in Statement [2 by {(x*) < u.

Proof. We first show that the duals of [LP(u)|and [P(u)| coincide. We get

LP T
A) AT(L
W= i Qe E T~
= min Z i (uw, xi) + AT(L(x) —u) (9.10)
xie{xil,...,xf"},iEN ieN
= R(A), (9.11)

where (9.10) follows by the linearity of the objective function w.r.t. «;, i € N and
equation (9.11f) by Assumption
Let us denote by 7*, (nF)*, u*, (uF)* the respective optimal values of [P(u)} |[LP ()| and

their duals. By weak duality of and strong duality of we get
Tt > M* — (”’LP)* — (7TLP)*.

Now for :> , we have m* = m(u,x*) = p(?\*) = p* for one (x*,A*) € X x RY, with

{(x*) = u by Theorem Thus, m* = (7°F)* and there is an optimal solution o*

of |[LP(u)| such that m(u,x*) = Y ;.\ 7. For the converse :> , we observe that

LP)*

by m(u,x*) = Y} Nl = (p = ¥, there exists one \* € RT; with m(u,x*) =

w* = w(A*). Therefore, the statement follows by Theorem and the assumption that
€(x*) = u holds. O

In the following, we describe the consequences of Theorem for the important cases of
finite and concave models:
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Definition 9.13. We call a model I
1. finite, if X; ={x{, ... ,x].fi} for some k; € N and all i € N.

2. concave, if for all 1 € N, there exist {xil, . ,x]f"} C X; for some k; € N such that
co(Xi) = co ({xil,...,xfi ) Furthermore, mi(u,-),1 € N can be extended to the

domain co(X;) so that they are concave on co(X;j).

Corollary 9.14. For a finite model I, the following statements are equivalent.
1. The vector u € R™ is implementable for I.
2. admits an integral optimal solution & for which is tight.

For a concave model I, the following statements are equivalent.
3. The vector u € R™ is implementable for I.

4. |LP(u)| admits an optimal solution & with xf‘ = Z}il &ijxi € Xi,1 € N so that
0(x%) = u and m(u,x%) = D ien T &

The equivalences remain true by replacing the term “implementable” with “weakly im-
plementable” and removing the condition that needs to be tight in Statement
and replacing {(x*) = u in Statement [4l by £(x¥) <.

The proof and further complexity theoretic consequences can be found in Harks and
Schwarz (SIAM J. Opt. 2023).
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Chapter 10

Numerical Methods

We first recap the definition of the matrix spectral norm:
Al = max {Ax] : x € B", x| = 1}
This norm can be characterized by
JA] = \/Amax(ATA),

where Amax(ATA) denotes the largest eigenvalue of the symmetric and positive semidefinite

matrix ATA. In particular, for a symmetric matrix A € R™™ we obtain

1A= [Amas (A)]-

Unconstrained Optimization Problems

We first consider
min{f(x)| x € R"} (10.1)

without constraints, where f € C2 on R™.
Definition 10.1. v € R" is called descent direction of f in X € R™, if there is t > 0 with

f(X + tv) < f(x) for all t € (0, t).

We obtain the following Lemma.
| Lemma 10.2. If f/(x)v < 0, then v is a descent direction of f in X.
Proof. Definie ®(t) := f(X + tv). We get $(0) = f/(X)v < 0 and the claim follows. O

Remark 10.3.

e The condition f/(X)v < 0 means that the angle ¢ between v and —f'(X) in X is less
than 7t/2 (or 90°). Consider:

0> f'(X)v=0< —f'(X)v = cos( H— )HHV”

81
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We get cos(¢d) > 0 and hence ¢ € [0,71/2).

e The criterion f’(x)v < 0 is not necessary. If X is a strict local maximum, then all
v € R™ are directions of descent for f in X, but f’(x)v < 0 need not be satisfied.

Exercise 10.4. Let B € R™*"™ be symmetric and positive definit. Then, v = —B f/(x)
is a descent direction of f in X, if f/(x) # 0.

We describe a descent method to compute X with f/(x) = 0.

1. Choose x° € R™, k = 0 and fix ¢ > 0;

[\V]

. If ||f'(x*)]| < o :STOP (Termination);
3. Compute a descent direction v* with f/(x*)vk < 0;
4. Compute a step-length t with f(x* + t; V") < f(x*);

5. Set x*1 « x* + t;vF; k « k41 and go to step

Figure 10.1: Generic Method of Descent.

Definition 10.5 (Gradient-Method, Newton-Method, Quasi-Newton-Method).

1. For

we obtain the Gradient-Method.
2. For the Newton-Method, we choose:
Vk — —f”(xk)_lf’(xk)T.

In every point x* in which the Hesse-matrix f”(x*) is positive definite, the vector

k

V¥ is a descent direction (assuming f’(x*) # 0).

3. The Quasi-Newton-Method chooses
VK= —H ()T,

for a suitable positive definite matrix Hy.
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Theorem 10.6. If H € R™*" is symmetric, positive definite and f’(x) # 0, then the
gradient direction
H M/ (x)T
Vi ———
[HH ()T

maximizes the descent of f'(x)v over all v € R™ with ||v||,; = 1, where ||x||;; := V'xTHx.

Proof. We prove the theorem only for H = I. With Cauchy-Schwarz-inequality we get
using |[v|| = 1:
[0l < |[F00| IvIE = || ()] -

This bound is attained for v := i% O

We go back to the angle-condition discussed before.

Definition 10.7 (Angle-Condition). A generic descent method of the form (10.1]) satisfies
the angle-condition, if:

7 (x*)vk

there is ¢ > 0, such that for all k € N we have: ¢y := _W >c
X v

(10.2)

A weaker condition is the Zoutendijk-Condition, which only requires } 2 cx = oo.

Choice of the Step-Length

We discuss the degree of freedom regarding the step-length choice in Let x° be the
initial point and assume that N(f, f(x?)) = {x € R"f(x) < f(x°)} is compact. With the
continuity of f”(x) on N(f,f(x°)), there is C > 0 with

|”(x)|| < C for all x € N(f, f(x°)).

We apply Taylor expansion of f in x in direction of tv,v € R™

fx + tv) = f(x) + tf' (x)v + ﬁ"Tfﬁ(Z)"
2 (10.3)

t2
< f(x) 4+ tf' (x)v + EC V]2

Here z = x 4 &tv is an intermediate point with 0 < & < 1. The bound ((10.3)) is valid for
all t > 0 with x + [0, t}v C N(f, f(x?)).
The last term of ((10.3) is a polynomial p(t) of degree two in t and attains at

RO
C vl

its strict global minimum. Let t be the unique maximal step-length with

x +tv e N(f, f(x°)) for all t € [0, 1].
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We get
p(t) > f(x +tv) > f(x) = p(0).

Using p’(0) = f/(x)v < 0 we get that t* lies in (0,t) and thus x + t*v € N(f, f(x?)).
With ((10.3) we get

/ 2

This bounds the minimum descent. Since C is not known a priori, we define the following.

Definition 10.8. A step-length strategy t(x,V) is called efficient, if for every x° € R™,
there is & > 0 with

f/(x)v

2
H"”) for all x € N(f, f(x?)),

f(x + t(x,v)v) < f(x) —§ (

and v is a descent direction of f in x with f/(x)v < 0.

Under the assumptions we get that t := arg min{f(x + tv)|t > 0} is efficient.

We obtain the following theorem on the general descent method ((10.1]) with efficient step-
length strategies.

Theorem 10.9. Let f € C? and let (10.1]) with eg = 0 satisfy the condition ((10.2)). Sup-
pose we choose an efficient step-length strategy. Then, one of the following statements

is true:
1. After finitely many iterations we have f/(x*) = 0.
2. limy_,oo F(XX) = —00

3. limy_,o0 f/(x*) = 0, i.e., every accumulation point of x*, k € N is a zero of f/(x).

Proof. If terminates after finitely many iterations, we get using €p = 0 the condition
f/(x*) = 0.
So suppose that this does not hold. Using the angle- and efficiency condition we get for

iteration k:

£/ K4,k 2 2
FXH) — F(x4) < - ((ﬁ‘vﬁﬁ’ ) ) A )
After N € N iterations we get
N-1 N—1
PN = F°) = 3 ) — 1) < -8 ) R [0
=0 k=0
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We divide by —& < 0 and get

f(xN) — £(x%) 2
S s
k=0
If f is bounded from below we get
lim f(x) > —oc0
N—oo
and therefore N 0
lim _M < 0.
N—oo (t,
Hence we get
o 2
> |re| <o
k=0

Using the angle- and efficiency condition, we get Hf’ (x¥) H — 0.
O

We provide two additional step-length methods, the Armijo-Rule and the Goldstein-Rule.

Definition 10.10 (Armijo-Rule). For o € (0,1), cx € (0,1) we choose t := «' with

{ := min{j € No|f(x + ov) < f(x) 4+ ood (f/ (x)v)}.

As for the interpretation of the Armijo-Rule, we define for
O(t) =f(x+tv),t >0

the auxiliary function

Per construction, we get W¥(0) = 0 and

Y'(0) = ®'(0) — of'(x)v
=f'(x)v—of’ (x)v = (1 — o)f'(x)v < 0.

Assuming N(f, f(x%)) to be compact, we know that ®(t) grows for t large enough. Hence,
there is a unique { € Ny and thus a maximal t = «! > 0 satisfying the Armijo-Condition.

This t is usually computed via enumeration { =1,2,....

Remark 10.11. e The Armijo-Method may not be efficient in general.

e The scaled Armijo-step-length works with a scaling factor s > 0 and is defined as

¢ :=min{j € No[f(x 4+ sojv) < f(x) + osoy (f'(x)v)}.
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| For large enough s, the Armijo-Variant is efficient.

D(t)

Figure 10.2: Armijo-step-length strategy.

Definition 10.12 (Goldstein-Rule). In order to avoid small step-length, we bound the
feasible space from below. The step-length t > 0 satisfies the Goldstein-Condition, if for

fixed o € (0,0.5), we have
Dy (t) < O(t) < Dolt), (10.4)

where @, (t) and ®,(t) are defined as follows:

D, (t) := ®(0) + otd’(0), Dy (t) := ©(0) + (1 — 0)tD’(0). (10.5)

D(t)

Figure 10.3: Goldstein-step-length strategy.

Any step-length method satisfying the Goldstein-Rule is efficient. We provide a concrete

implementation.
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1. Set t, :=0, t, > 0 (arbitrary);

2. If O(ty) < DOy (to), set ty 1= to, to := 2t,.
Repeat until O(t,) > Oy (to);

3. If O(t,) < Dy(t,), set t:=t,, Stop.;

4. Repeat: set t:= (ty +to)/2
If ©(t) < Oy(t), set ty :=1;
If d(t) > Dy(t), set to :=t;
Until: @, (t) < O(t) < O,y(t), Stop.

Figure 10.4: Step-length choice after Goldstein.

Theorem 10.13. Let f € C? and x € R™ with N(f, (f(x)) compact. Let v € R™ be a
descent direction with f’(x)v < 0 and

C:= max{Hf”(y)H2 |y e N(f, (f(x))} :

Then, every step-length t which satisfies the Goldstein-Rule also satisfies the following
efficiency condition:

/ 2
flx +tv) < f(x) — % <f||(v"ﬁv> .

Proof. Let t* be the infimum of the positive local minimizers of @. The value t* is then
a stationary point and @ is strictly decreasing in [0, t*].

Case 1: t < t*
With @ (t) := ®(0) + (1 — 0)td’(0) < ®(t) we get using Taylor expansion

2

(1—0)td’'(0) < O(t) — D(0) = td’'(0) + %@”(‘E) <t®'(0) + C|v||

and therefore )
t
—ot®'(0) < - C ||,
or equivalently
2007(0) A
—Cy?
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Using monotonicity of ® on 0 <t < t < t*, we get

22

D (1) < @(F) < B(0) +10/(0) + = Cv?

20(1—o0) (D’(O)>2
— ®(0) - <
C vi®
o [(®'(0))?
<o -¢ (22
C\ Jvlf?
The last inequality uses o € (0,0.5).
Case 2: t > t*
We get
0=0'(t") = ®'(0) +t*®"(f) < ®'(0) + C|jv|?
@’(0)

and thus t* > — . We obtain

Cllvl®

Penalty Methods for Constrained Problems

We consider first the equality constrained problem:

min{f(x)| h(x) =0, x € R"}

(10.6)

where f € C! on R™ and h : R™ — R™ with h € C!. The key idea of penalty approaches
is to reduce (10.6) to an unconstrained problem with a changed objective that penalizes

the violation of the constraint h(x) = 0. An example is the following penalty function

Pix; o) 1= f(x) + 5 [R(0I.

sequence with o — oo, let the feasible set

S:={x e R"|h(x) =0}

1. The sequence {P(x¥; i)} is monotonically increasing.
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Theorem 10.14. Let f,h be continuous functions, let {xy} be a strictly increasing

be nonempty, and let {x*} be a sequence generated by Algorithm (in particular, this
sequence is assumed to exist). Then the following statements hold:
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1. Choose xg > 0 and k :=0;

2. Compute optimal solution x* to
min P(x; ) s.t. x € R™

3. If |[h(x*)|| = 0 :STOP (Termination);

4. Compute o1 > ax; k «+ k+ 1 and go to step

Figure 10.5: Penalty Method.

2. The sequence {||h(x*)||} is monotonically decreasing.
3. The sequence {f(x¥)} is monotonically increasing.
4. limy_,oo h(x¥) = 0.

5. Every accumulation point of the sequence {x*} is a solution of problem (5.10).

Proof. Since ay < &1, we have
P(x*; o) < P(x* o) < P(x*L; i),

which already proves statement [I}.

Bt From
P(x*;04) < P o) and P agei1) < P(XS; o),

addition yields
P(x; o) + P ogen) < PO o) + P(XK; oern).-
This implies
ot [R(x) |12 + ey [P < o [ 2 + a1 R (xM) 17,

and hence
(2 — i) (IR0 = [IRGD)2) <o

Since o < o1, it follows that

[h(x¥)|| > [h(x*Y)| for all k € N.
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: From P(x*; &) < P(x**!; o) and part :, it follows that

f(x<) < F(x),

which proves statement

[4]: Since S # (), we obtain

P(x*; ) < inf P(x; o) = inf f(x) < 4-00. (10.7)
X€ES Xx€ES

Because o — oo and f(x¥) > f(x°) by , it already follows that

lim [[h(x")| =0,

k—o0
using that limy_,e P(xX; ¢ ) < +00.

: Let x* be an accumulation point of the sequence {x*} and let {x*}ic1 be a subsequence
converging to x*. By we have h(x*) = 0, so x* is at least a feasible point of (10.6)).
From ((10.7]) we further obtain

f(x") gggf(x ) < }gﬁP(x joa) < ;relgf(XJ

Thus statement [5| is also proven. O

We note that Theorem [10.14] does not require any differentiability assumptions on the
functions f and h, and the feasible set S does not need to satisfy any regularity condition.
Only the continuity of f and h is required. Therefore, Theorem [10.14] also remains valid

for the more general optimization problem:

minf(x) st. h(x)=0,g(x) <0

since this can obviously be reformulated in the form

minf(x) s.t. h(x) =0, max{0,g(x)} =0

with

max{0, g(x)} := (max{0, g1(x)}, ..., max{0, gk (x)})T € R™.
The corresponding penalty function is then
o4 X 2
P(x; o) := f(x) + §||h(x)||2 + 5 ; (maX{O, gi(x)}) .
In the following, we return to the equality-constrained problem and investigate how

we can construct an associated sequence of Lagrange multipliers {u*} from the sequence
{x¥} generated by the penalty method, so that the pair {(x*, u*)} converges to a KKT point
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(x*, u*) of (10.6)). For this purpose, we assume f and h to be continuously differentiable.
Since x¥ is by construction a global minimum of P(-; &), we have in particular

0 = Py(x5 00) = £/(xM) + onc ) hj(x )R] (x¥). (10.8)
j=1

On the other hand, at a KKT point we have

m
0="F"(x)+ Y whi(x").
j=1
This suggests interpreting the values

wo=oahy(x*) (=1,...,m) (10.9)

as approximations for the Lagrange multipliers ju (j =1,...,m). Indeed, the following

result holds true.

Theorem 10.15. Let f : R — R and h : R™ — R™ be C!, {x*} a sequence generated
by the penalty method with limy ., x* = x*, the gradients h](x*),...,h} (x*) linearly

independent, and {1*} the sequence defined according to (10.9)). Then:
1. The sequence {¥} converges to a vector pu* € R™.

2. The pair (x*, u*) with p* from[l] is a KKT point of (10.6), i.e., p* is the uniquely
determined Lagrange multiplier corresponding to the solution x* of ([10.6).

Proof. (1): Let Ay := h/(x*) € R™*™ and A, := h/(x*) € R™¥™ be the Jacobian matrices
of h at x* and x*, respectively. By continuity, Ax — A,. By assumption, the matrix
AL AL € R™™ is non-singular. For sufficiently large k, AxA; is therefore also non-singular,

and we have
(AYAD) Tt — (ALAT)
With ((10.8)) and ((10.9)), we have
m
(x*) + ) ufh{(x*) =0,
j=1
thus

ATk = —f'(x5).

Multiplying from the left by Ay and solving for p* yields

1E = —(AA]) TALF (xF).
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Based on our preliminary considerations, the right-hand side converges, i.e., the sequence
{1} converges to some p* with

W= —(ALAD)TTAL (x).

(2): This assertion follows immediately from (10.8) and (10.9) by taking the limit k — oo,
since from part we already know that the sequence {1/} also converges. O

Lagrange-Newton Method

We recap the Newton-Method. Given is a C! function
F:R"— R"

and we search for
F(x) =0.

The linear approximation in x* is defined as
Fie(x) := F(x*) 4+ F/(x*) (x —x¥).

Hence,
X = xR — F ()R,

if the inverse F/~! exists. In a concrete implementation, we don’t compute the inverse but

a direction vector v = x — x¥ solving the Newton-Equation:

k

For a solution v* we set

1. Choose x¢ € R™ and k :=0;
2. If F(x*) = 0 :STOP (Termination);
3. Compute vy as a solution to the equation system

F/(x*)v = —F(x¥). (10.10)

4. set x* = xK 4 vk« k41 and go to step [

Figure 10.6: Newton’s Method.
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Figure 10.7: Illustration of the Newton-Method.

We now derive the so-called perturbation lemma which is heavily used in numerical linear

algebra. We start with a preparatory lemma.

Lemma 10.16. Let M € M(n x n,R) with |[M|| < 1. Then I — M is regular, and the

estimate
1

I-M) <
=M < g

holds.
Proof. For every x € R" we have
1T —=M)x[| = [lx = Mx[| = [[x[| = [[Mx][| = (1 = [[M]]) [|x[|. (10.11)

Since |[M|| < 1, we have 1 — [[M| > 0, and thus from (10.11)) it follows immediately
that (I — M)x # 0 for x # 0, i.e., the matrix I — M is non-singular. In particular, for

x := (I —M)~ 1y it follows from that
[yl = (1= M) [(I=M)y| for all y € R™

From the definition of a matrix norm we therefore obtain

I-M)* 1
H(I_M)flu — max ”( ) UH < ,
Y70 il 1= (M|l

which proves the claimed inequality. O

We now turn to the announced perturbation lemma.

Lemma 10.17. Let A,B € R™*" satisfy ||[I — BA|| < 1. Then both A and B are non-

singular, and the estimate

- All
B 1 < ||

holds. (A corresponding inequality also holds for A~1.)
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Proof. Let M :=1— BA. By assumption, |[M|| < 1. By Lemma [10.16} it follows that

I-M=1I-(I-BA)=BA

is non-singular. By the determinant multiplication theorem, both A and B are therefore
non-singular. Moreover, Lemma [10.16| yields the estimate

1 1
[(I—M)7| < = . (10.12)
1—[M]|  1—[I-BA|
Since | — M = BA, we have B~! = A(I — M) !, and hence, using ((10.12)),
_ - All

B < (1= M) A < — AT

L R ey
O

Lemma 10.18. Let F: R™ — R" be continuously differentiable, x* € R", and assume
that F’(x*) is regular. Then there exists an ¢ > 0 such that F/(x) is also regular for all
x € B:(x*). Moreover, there exists a constant ¢ > 0 such that the estimate

IFe)™ <

holds for all x € B, (x*).

Proof. Since F’ is continuous at x* by assumption, there exists an ¢ > 0 such that

1

) =Pl < gy

for all x € B.(x*). Consequently,

J1=Fr) R0 < [P ) ) ) <o)

for all x € B¢(x*). By the perturbation lemma (Lemma [10.17) it follows that for all

x € B¢(x*) the matrix F/(x) is regular with

-1 [F/(x) | oo —1]| _.
HF (X) H < 1— HI—F’(X*)*lF’(X)H <2 HF (X ) H = C
This proves the lemma. O

Definition 10.19 (Lipschitz-Continuity). A function F : R™ — R™ is Lipschitz continuous
in D C R™ with Lipschitz constant L > 0, if the following holds true

IIF(x) — F(y)|| < L||x —y]| for all x,y € D.

F is said to be locally Lipschitz at x, if there is ¢ > 0 so that F is Lipschitz on B.(x)
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Lemma 10.20. Let F: R™ — R™ and {x*} C R™ be a sequence converging to some
x* € R™. Then the following hold:

1. If F is continuously differentiable, then

[ FO) = Foer) = P/ (5 = x7)

2. If F is continuously differentiable and F’ is locally Lipschitz continuous, then

[ FO%) = Fix) = () k= x7)

Proof. [1}: Using the triangle inequality we obtain

[Py = Pty = Py (6 = x7)

< |[FO) = Flx) = F () (= x)

|

F/(x*) — F’(xk)H ka —x*

Since F is differentiable at x* by assumption, we have

= O(ka —x*

[FO) = Fix) = ) (6 = x) ).

Moreover, because F’ is continuous at x*, it follows that

Combining the last three observations yields precisely

F/(x*) — F/(xk)H — 0.

[FO) = POty = P/ (65 = x7)

which proves claim

[2]: First, by the mean value theorem in integral form we have
F(X) — F(x') — F/(x9) (x5 = x*)

- Jl F/(x* +t(x* —x*)) (x* —x*) dt — F/(x*)(x* —x*)
0

1
= JO [F/(x* +1(x* — x")) — F/(xk)} (x* —x*) dr.

Denoting by L > 0 the local Lipschitz constant of F’ in a neighborhood of x*, we obtain
for all sufficiently large k € N:

[ FO%) = Fix) = ) (= x7)

< Jl ‘ F/(x* + 1(x* —x*)) —F’(xk)H dt ka—x*
0
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1
< Lka—x* J H(T—l)(xk—x*) ‘ dr
0
L 2
e
2
2
= O(ka—x* ).
This is exactly claim O
Definition 10.21 (Convergence). 1. A sequence {xx} € R™ converges superlinearly

towards x*, if there is a sequence {ex} C R, with €, — 0 such that

ka+1 —XkH < €k ka —X*H for all k € N.

2. A sequence {xy} C R"™ converges quadratically towards x*, if {xx} converges to x*

and there is a constant C with

2
kaﬂ _XkH <C ka —x*|| for all k € N.

Theorem 10.22 (Local Convergence of Newton's Method). Let F: R™ — R™ be contin-
uously differentiable, x* € R"™ a zero of F, and suppose the Jacobian matrix F/(x*) is

regular. Then there exists an ¢ > 0 such that for every x° € B.(x*) the following hold:

1. The Newton method (Algorithm [10.6)) is well-defined and generates a sequence
{x¥} converging to x*.

2. The rate of convergence is superlinear.

3. If, in addition, F’ is locally Lipschitz continuous, then the rate of convergence is

even quadratic.

Proof. By Lemma |10.18|there exists an €; > 0 such that F/(x) is regular for all x € B, (x*)
with

IFea™ | < e
for some constant ¢ > 0. Furthermore, by Lemma |10.20(a) there exists an &5 > 0 such

that )
|[F(x) = F(x*) = F'(x) (x —x*)|| < % [ — x|

for all x € B,(x*). Set ¢ := min{ey, eo} and choose x° € B.(x*). Then x! is well-defined,

and we have
Hxl - X*H — HXO o X* . F,(Xo)_lF(XO)H
< PO PG = F(x*) = F/(x°) (x° — x*) |

<o 0|
2c
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1 0 *
L.
Hence, x! € B.(x*) as well, and by induction we obtain

ka__x*

< 1kaO—x*H forallk e N
—_ 2 .

Thus, the sequence {x*} is well-defined and converges to x*, which proves part

To show statements [2| and |3, we proceed similarly to the above estimate and obtain

HXkJrl x|l = ka X — F (M) () H
< [P [P = Fox) = iy o = x7)
< ¢ |[F09) = Fx) = PR (6 = x|
Applying Lemma then yields claims [2] and O

We consider now a constrained optimization problem:

min {f(x)| g(x) =0}, where g : R" — R™. (10.13)

Using the Lagrange-Function
m
L, A) = f(x) +Ag(x) = f(x) + > Aigilx)
i=1

the KKT-conditions read as

F(x,A) := BOGA ) [P HAGT ) [0 . (10.14)

La(x, A) g(x) 0

The equation (|10.14])) is a nonlinear system of n + m equations in x,A. The corresponding

Newton-Update reads as

k+1 k
= — F/(x%, A TLF(xK, A9). (10.15)
Ak+1 Ak

X

Formally, we get:
We obtain the following result regarding the Lagrange-Newton method.

Theorem 10.23. Let (X, A) be a normal KKT-point of|10.13] satisfying the second order
sufficient optimality conditions of Thm. [6.1, Condition (2)). Then, the Lagrange-Newton
method converges quadratically against a KKT-point of[10.13] where €9 = 0 is assumed.
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1. Choose x° € R™,A\° ¢ R™, k = 0 and fix eg > 0;

[\V)

It ||F(Xk,7\k)H < €g :STOP (Termination);

3. Compute (Ax¥, AN¥) as solution of

Ax
F/(x*,A%) = —F(x*,A%).
AN

4. Set X1 — xk 4+ AxK; AL — AR £ ANK; K «— k + 1 and go to step

(10.16)

Figure 10.8: Lagrange-Newton Method.

Proof. We only need to show that the Jacobi-Matrix F’/(X, 7\) is regular. This was already

shown in the proof of Thm. [7.1

Inequality Constraints

O]

We now consider optimization problems with inequality constraints of the following form:

min {f(x)| gi(x) <0,i=1,...,k, hi(x)=0,i=1,...,m—k}. (10.17)
and we also write

min {f(x)| g(x) <0,h(x) =0}

With the Lagrangian
L(x, A, 1) = f(x) + Ah(x) + pg(x),
the KKT conditions are
Li(x, A 1) = f'(x) + Ah'(x) + png’(x) = 0
g(x) <
(10.18)

We now introduce a so-called NCP function.
Definition 10.24. A function ¢ : R?2 — R is called an NCP function if

¢(a,b)=0=a>0,b>0,ab=0.
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Example 10.25. The following mappings are NCP functions:

1. Minimum: ¢(a,b) = 2min{a, b}.
2. Fischer-Burmeister: ¢(a,b) = a+b —+/a? + b2.
We obtain the following equivalent representation of the KKT conditions:
Le(x, A, 1) = /(%) + nug’(x) + Ah'(x) =0
h(x) =0
é(—gi(x), i) =0,i=1,...,k.

This can again be formulated as a nonlinear system of equations

F(x,A, u) = 0 with

Le(x, A, 1)

where
d(—g(x), 1) := (p(—g1(x), u1), ..., d(—gk(x), )T € R

Remark 10.26. In principle, one can apply a Newton method to the above system
of equations. However, the function ¢ is not differentiable everywhere; therefore, the
Newton method may need to be modified (using subdifferentials). A more detailed
treatment of this topic can be found in Geiger and Kanzow (2011).

SQP Methods

Consider again the equality-constrained optimization problem (|10.13). In the Lagrange-
Newton method, we set

X=Xk 4 AXK, W= ik 4 Ak, (10.19)

where (Ax*, Au*) denotes a solution of the linear system

Ax
F/(x*, 1*) = —F(x*, u*). (10.20)

Ap
Taking into account the special structure of F/(x¥, u*), this system can be written equiv-

alently as

(10.21)
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with Hi = L (X%, u*¥). In the following, we also allow approximations Hi ~ Ly (x*, u*).

Defining pt := p* + Ay, system ((10.21]) is equivalent to

Hy Ax + R/ (x9)T ut = —f'(x9),

hj’(xk)TAx:—}g(xk), Vi=1,...,m.

System (|10.22)) admits another interpretation: it corresponds exactly to the Karush-—
Kuhn-Tucker (KKT) conditions of the quadratic optimization problem

(10.22)

min  /(x*)T Ax + 3 AxTHy Ax
Ax (10.23)
subject to hj(xk) + hj’(xk)T Ax = 0, G=1,...,m).

This observation motivates, in particular, the use of the quadratic subproblem

min  /(x*)T Ax + 3 AxTHy Ax
Ax

subject to  gi(x*) + g/(x*)T Ax < 0, i=1,...,0), (10.24)
h(x¥) +h/(x)TAx =0, (=C+1,...,m).
for the general problem
min {f(x)| g(x) <0,h(x)=0}. (10.25)
with
g:R" - R'and h: R™ —» R™ ¢,

The quadratic subproblem arising in step of Algorithm may admit multiple KKT
points. The restriction imposed in step on the choice of (x*™1, A1 %1 is hardly
realizable in practice; however, it allows us to prove the following local convergence result.

Theorem 10.27 (Local Convergence of SQP). Let (x*,A*,u*) € R™ x R* x R™* be a
KKT point of (|10.25)) satisfying the following assumptions:

(i) gi(x*) +Af #0for alli=1,...,{ (strict complementarity).
(ii) The gradients hj’(x*) G=1,...,m—1{) and g/(x*) for i € I(x*) :={i| gi(x*) = 0}
are linearly independent (LICQ).
(i)
dTLi (x*, A", u*)d >0

for all d # 0 such that

R()Td=0 (=1,...,m—0), ¢/x)Td=0 (ieI(x"),

(second-order sufficient condition).

Then there exists ¢ > 0 such that for every initial vector (x°, A%, u®) € B(x*,A*, u¥)
and every sequence {(x*, A, u¥)} generated by Algorithm [10.9, the following statements
hold:

Current Version: January 28, 2026.
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(SQP method with Hy = Ly (x*, AK, u*))
1. Choose (x%, A% %) € R™ x RY x R™ ¢ and set k := 0.
2. If (x¥, A%, 1u¥) is a KKT point of (10.25): STOP.

3. Compute a KKT point (x**1, A+ (k1) € R™ x R x R™* of the quadratic

4. Set k « k+ 1 and return to (2)).

subproblem
min  f/(x*)T(x = x*) + F(x — %) L (6, A, 1) (x = x5)

X
0, i=1,...,¢, (10.26)
0,

ji=1,...,m—{L.

subject to  gi(x*) + gi (x*)T(x — x*)
Ry (x5) 4+ By ()T (x — x¥)

IN

If this quadratic subproblem has several KKT points, choose the KKT point
(x}+1 AR k1) such that

H (Xk+l, 7\k+l, Hk—H) _ (Xk, 7\k, Hk) H

1s minimal.

Figure 10.9: SQP Method.

(a) Algorithm is well defined, and (x*, Ak, uk) — (x*, A%, u*).
(b) The rate of convergence is superlinear.

(c) ", g/ (i=1,...,0), and hj” (j=1,...,m—1) are locally Lipschitz continuous,
then the convergence rate is quadratic.

Proof. We only sketch the proof here. The full proof can be found in Kanzow and Geiger.
We define the mapping

with

ViL(x, A, 1)
F(X) }\: H) = h(X)

mln{_g (X)7 }'L}

min{—g(x), u} := (min{—g1 (x), w1}, - ., min{—gm(x), um}) " € R™,

which already appeared before (however, using an arbitrary NCP function instead of the
minimum function).

Obviously, (x*,A*, u*) is a KKT point of if and only if (x*,A*, u*) satisfies the nonlinear
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system of equations
F(x,A,n) =0. (10.27)

We first investigate the properties of Newton’s method applied to this nonlinear system.
Due to the assumed strict complementarity of the KKT point (x*,A*,u*), see (i), the
function F is continuously differentiable in an open neighborhood B (x*,A*, u*) (and thus
Newton’s method is applicable in this neighborhood). Furthermore, because of assump-
tion (ii), the Jacobian matrix F/(x*, A\*, u*) is regular.

By analogy with the proof of Theorem this implies the existence of some g5 > 0
(without loss of generality es < €7) such that the Newton method is well defined for every
starting vector (x%, A%, u0) € B, (x*,A*, u*) and generates a sequence {(x*,A¥, u*)}. The
rest of the proof shows that (under the made assumptions) the Newton-Sequence coincides
with the SQP-sequence. O

The Frank-Wolfe Algorithm
In this chapter, we consider the Frank-Wolfe (FW) algorithm for a problem of type
min f(x), s.t. x € K, (10.28)

for some convex set K € R™. FW relies on the following basic idea: we compute the
gradient f’(xy) of f for f € C! at some iterate x, € K. Then, we solve the simpler
linear-objective problem

min f/(xi)v s.t. v € K, (10.29)
vekK

and for the optimal value vy, we choose the new iterate as
X1 = (1 —vi)xk + vivk (FW-Alg.)

A common choice of yy is yx = In the literature, the linear optimization problem

2
k+2-
is assumed to be easily solvable and we can abstract away the resulting running time by
having access to a Linear Minimization Oracle (LMO).

10.5.1 Convex Objectives

In order to analyze the convergence of FW, we need some more concepts.

Definition 10.28 (Smootheness). Let f: K — R with f € C! is L-smooth, if

L
fly) — f(x) < f'(x)(y —x) + 5 ly —x||* for all x,y € K. (10.30)
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f(y)

) + /() T(y — xi) + 5[y — xi||?

X

Figure 10.10: Smoothness property.

Lemma 10.29. Let f: K — R with f € C! be convex and let K be convex and compact.
Then, the following statements hold.

1. x* is optimal for ([10.28]) if and only if f/(x*)(x* —v*) < 0, where v* € K is optimal
for (|10.29) with xx = x*.

2. For all x € K it holds:

f(x) — f(x") < f'(x)(x —x") < I\I}Ea]gcf'(X)(X*V) =f'(x)(x—v"), (FW-gap)

primal gap dual gap

where v* € K is optimal for (10.29) with x, = x.

The proof follows by convexity of f and K and the property of v*. Now we measure the

progress during the execution of (FW-Alg.|).

Lemma 10.30. (Primal progress)
Consider (FW-Alg)) and fix k € N. Let f : K — R with f € C! and L-smooth. Let K be
convex and compact. Then, we have

Flu) — Fxicn) 2 il (o) (s — ) — (v e — vl (10.31)

Proof. We just insert the definition of xy.; according to (FW-Alg.) and x; into (|10.30]).
O

The the two basic Lemmata [10.29| and [10.30|lead to the following convergence result.

Theorem 10.31. Let f be an [-smooth convex function and let K be a compact convex

set of diameter diam(K) = D, where diam(K) := max, yek ||y — x||. Consider the iterates



104 | Chapter 10. Numerical Methods

of (FW-Alg.) with vy = % Then the following holds for all k € N:
2LD?
f —f(x*) < 10.32
(0] — Fx) < - (10.52)
and thus, for a given accuracy € > 0 we have f(xy) — f(x*) < € for all k > g.
Proof. Using Lemma [10.30, we get
! 2 L 2
fxk) — F(xir1) 2 vif" () e — wie) — (v 3 [[xk — Vil
N L
> i) — F(x*)) = (11?5 e —will* (By (FW-gap))
Multiplying with —1 and using ||xx — kaz < D2, we obtain:
* 2 LDZ
i) < (1= v flad +7if () + (vie)* =~
Subtracting f(x*) on both sides yields:
* * 2 LDz
i) = f(x7) < (1 =w) (Fad) — Fx) + (vie)* =~
Now, we proceed via induction over k. For k = 0, we get yo = 1 and thus
. LD? 21LD?
fla) —f(x") < — < ——.
For the induction step k — k + 1, we get:
* * 2 LD2
flacrn) = F(x7) < (1 = v (FOa) = Fx7) + (i) "=~
k 4 LD?
< — X))
< k+2(f(xk) f(x*)) + K122 2
k 2LD? 4 LD? : . .
< (k T 2> (k n 2) + k122 2 (induction hypothesis)
_o1D? (1+%)\ [2LD? (k+3)(1+k)
N (k+2)2) \k+3 (k +2)2
2LD?
< )
—\k+3
where the last inequality follows from (%W) <1 O

Example 10.32 (Primal Gap Lower Bound). We provide an example where Q(LD?/¢)
linear minimizations are needed to achieve a primal gap additive error at most ¢ for an
L-smooth convex function over a feasible region with diameter D, for any positive numbers
L, D, and e.
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We consider the problem

min |3,
XEco(e1,...,en)
that is, minimizing the quadratic objective function f(x) = ||x||2 over the probability
simplex P = co(ey,...,en) C R™, where the e; are the coordinate vectors, i.e., the vectors

in the standard basis of R™. The unique optimal solution to the problem is x{ = (%), i=
1,...,n, the point whose coordinates are all equal to 1/n.

If we now run the Frank—Wolfe algorithm from any extreme point xg of P, then after
k < n iterations, we have made k LMO calls, and hence have picked up at most k + 1
of the n standard basis vectors. This is the only information available to us about the
feasible region and by convexity the only feasible points the algorithm can create are

convex combinations xj of these picked up extreme points. Thus it holds

foo) > min  fx) = —
X min X) = ——.
k= x€co(S) k+1
SCles,....en}
ISI<k+1
Therefore the primal gap after k iterations satisfies
1 1
f —f(x*) > —— — =
(0 = 0x) > =g =

and for n > 1/e, we need Q(1/e) LMO calls to guarantee a primal gap of at most
€. Finally, observe that this example also provides an inherent sparsity vs. optimality

tradeoff: if we aim for a solution with sparsity k, then the primal gap can be as large as

11
flx) — F(x*) > —— — =
b =) 2 3= —

10.5.2 Non-Convex Objectives

Now we turn to general non-convex functions f : K — R with f € C! and K convex.

Definition 10.33 (Frank-Wolfe Gap). The Frank-Wolfe gap of a function f : K — R with
f € C! at x € K is defined as

g(x) := rileaécf’(x)(x—v). (10.33)

With x € K, we get g(x) > 0.

Note that for convex functions f, the condition g(x) = 0 is by convexity of K equivalent
to x being a global minimum. For non-convex functions f, the condition g(x) = 0 is
by convexity of K only necessary but not sufficient. Yet, due to the general difficulty of
non-convex problems, we search for points x* with ||g(x*)|| = 0 and the quantity ||g(x)]]
for the current iterate x will serve as a measure for termination, namely, for a prescribed
precision € > 0, we will ask for convergence towards some point x € K with ||g(x)|| < €.
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Theorem 10.34. Let f be an L-smooth function and let K be a compact convex set of
diameter diam(K) = D. Consider the iterates of (FW-Alg.) with vy, = v = \/lel for
some fixed T € N. Then after T steps of (FW-Alg.) the following holds:

max{2hg, LD?}

Gt := mi < — 10.34
T o?ilgT g(Xk) = m ) ( )
where hg := f(xq) — f(x*) denotes the primal gap at xg € K.
Proof. At iterate xy we can bound the progress via Lemma [10.30] as
/ YQL 2
fOac) = Flxca) = v 0ad (e = vid = == [ac = vl
Summing up the above for k =0,..., T and rearranging gives
T T
v ) ) ac— vid) < f(xo) = Flxeren) +¥* ) o lhac— vie||?
k=0 k=0
, — LD? , LD?
* —
< flxo) = f(x") +y ZT =ho +v*(T+ 1)7-
k=0
We divide by y(T + 1) on both sides to obtain
1 o h LD?
Gt < —/—— ) f'(x)(xx —vi) < ° 4 ,
T_T+1k§) (xk) (xk k)_y(TJrl) Y
and for vy = \/Tlﬁ we get
T
1 2ho + LD?  max{2hg, LD?}
Gr<—— ) fla)xk—w) < < : ,
ISP Il e o B
completing the proof. O
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