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Preliminary reflections

The Bernstein space BE comprises all entire functions of
exponential type o whose restriction to R belongs to LP(RR).

There exist numerous relations of the form
U(f) = V(f) or U(f) < V,(f) (f €Bp),

where U and V,; are functionals.

Examples

@ The sampling formula:

U = (1), Vo)=Y f (%) sinc (72X~ )

m
keZ
o Bernstein's inequality in L?(R) :

U(f) = Il ey Vo (f) = ollfll2(r)
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Suppose that f ¢ BY but U(f) and V,(f) exists.
The previous relations may not hold any more. Write
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Preliminary reflections, continued

Suppose that f ¢ BY but U(f) and V,(f) exists.
The previous relations may not hold any more. Write

U(f) = Vo(f)+ R.(f) or U(f) < V,(f)+ R.(f)

Interpretation
@ R,(f) is a remainder (engineers: aliasing error)
o |R,(f)| is small when f is close to BY
Aims
@ Describe a hierarchy of spaces that extend BY
@ Introduce a metric for measuring the distance of f from B2
© Estimate the distance in terms of properties of the spaces

© Find representations for R,(f) and give estimates in terms of
the distance
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Fourier inversion classes and summability classes

Properties of members of Bernstein spaces:
e analytic e exp. growth e LP(R) membership

What are appropriate wider spaces?

Fourier inversion classes: p € [1,2]

FP = {f 'R C : felP(R)NC(R), f e Ll(R)}

FeFP — f(t) = \/;//f\(v)e"‘/t d  (teR)
™ JR

(P summability class of step size h:

SP = {f R C : (f(hk)),, € E”(Z)}

BPlr C FPQS;:



Sobolev spaces

ACIY(R) : the (r — 1)-times locally abs. cont. functions on R

loc

WoR) ={f :R>C: f=gae, ¢ ACLIR),

o) e [P(R), 0< k < r}

This is a Sobolev space if endowed with the norm

1/p
I fllweee) —{ZHWHLP(R} ,



Sobolev spaces

ACIY(R) : the (r — 1)-times locally abs. cont. functions on R

loc

WP (R) ::{f ' R—>C: f=¢ae, dcACT(R),

loc

o) e [P(R), 0< k < r}

This is a Sobolev space if endowed with the norm

1/p
I fllweee) —{Z\\¢k)\\Lp(R} ,

Alternative description of W"P(R)

Proposition

For p € [1,2] we have

W"P(R) = {f e LP(R) : v/ F(v)=8(v), g € L”(]R)}.




Sobolev spaces, continued

The following statement is due to Nikol'skii:

Let f € BY with p € [1,00). Then for any h > 0,

1/p
{hZ\f(hk)l”} < (14 ho)[Flloey
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Sobolev spaces, continued

The following statement is due to Nikol'skii:
Let f € BY with p € [1,00). Then for any h > 0,

1/p
{hZ\f(hk)r*’} < (14 ho)[Flloey

kEZ

The proof includes the following more general result:

Proposition

Let f € WHP(R)N C(R), r € N, p € [1,00]. Then for any h > 0,

1/p
{hZ |f<hk)|f’} < WFlluwigy + HIF oy

keZ

For p € [1,2], (r,p) # (1,1), the previous propositions imply
W"P(R)N C(R) C FPNSP.



Lipschitz spaces

X 1= C(R), Xp = LP(R), pe[l,00)
X = cOm), x{7:=wrr®) (reN)

r

(ALF)(u) == E (-1)"~ <r> f(u+jh) (forward difference of order r)
: J
Jj=0

wr(f;0; Xp) := sup [|ALfllx, (modulus of smoothness of order r)
|h|<5



Lipschitz spaces

X 1= C(R), Xp = LP(R), pe[l,00)
X = cOm), x{7:=wrr®) (reN)

r

(ALF)(u) == E (-1)" _J< )f(quJh) (forward difference of order r)
: J
Jj=0

wr(f;0; Xp) := sup [|ALfllx, (modulus of smoothness of order r)
|h|<s

The Lipschitz spaces are defined by

Lip, (o Xp) :={f € Xp : we(f;6;Xp) =0(6%), 6 - 0+} (0<a<r)



Lipschitz spaces, continued
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Lipschitz spaces, continued

Given f € Xp, 1 < p < 00, there exists an f, € BS with

IF = fol, = inf IF g,

Proposition (Junggeburth-Scherer-Trebels 1973)

Forf e X, 1<p<ooands<a<r, wheres,r € Ny, the
following assertions are equivalent:

(i) f e Lip(a; Xp),
(i) ||f — f"”X,, =0(c™ ) (0 — ),

(iii) e XS and ||F) — £0)|| x, = 0(0™%) (0 - o),




Wiener amalgam and modulation spaces

For p,q € [1,00] the Wiener amalgam space W(LP,{9) comprises
all measurable functions f : R — C such that

n+1 q/p) 19
= { S [ 0 )] ] <

nez

(Wiener 1932, Cooper 1960, Holland 1975, Fournier-Stewart 1988)
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Wiener amalgam and modulation spaces

For p,q € [1,00] the Wiener amalgam space W(LP,{9) comprises
all measurable functions f : R — C such that

n+1 q/p) 19
= { S [ 0 )] ] <

nez

(Wiener 1932, Cooper 1960, Holland 1975, Fournier-Stewart 1988)
W(LP,¢9) CcLP(R)NLI(R) ifg<p
W(LP £9) DLP(R)ULI(R) ifg>p
The modulation space M?* is given by (Feichtinger 1980):
M>t={f . f:=¢, ge W(L* )}

n+1 5 1/2 ~
e = [ RO = 1 g

nez

Zl



The space M1

Consider a dilation f;, : t s f(ht). Then fo(v) = h=1f(v/h).
The space M?1 is known to be dilation invariant, i.e.,

n+l, 1/2
Yat PN} <

for f € M?! and all h > 0.
The series () need not converge uniformly with respect to h.

—~
*
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The space M1

Consider a dilation f;, : t s f(ht). Then fo(v) = h=1f(v/h).
The space M?1 is known to be dilation invariant, i.e.,

n+l, 1/2
SR o)<

—~
*
~

for f € M?! and all h > 0.
The series () need not converge uniformly with respect to h.

M7 comprises all f € M1 such that (x) converges uniformly on
bounded subintervals of (0, c0). We have

MZc M and M2 C Lip, (3, L*(R))



Hardy spaces for strips

Sy ={zeC : |3z <d}
HP(Sy) = {f . f analytic on Sy, ”fHHP(Sd) < OO}

1/p

_ P

IFlls,) = [SUP R dt]
<y<d




Hardy spaces for strips

Sy ={zeC : |3z <d}
HP(Sy) = {f . f analytic on Sy, ”fHHP(Sd) < OO}

. . 1/
/ =il + I+l ]
R 2

€1l = | sup
HP(Sa) 0<y<d

For f € HP(Sy):
() JI :
If HLP(R) = i 11l o) ( € No)
andifpe[l1,2],0<d<d,1/p+1/p' =1, then

o~

f(v) = e_5|"|g(v) a.e.onR, whereg € LP'(R).
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The inclusions

So far, we have considered:
@ The Fourier inversion class FP and the summability class Sﬁ
@ The Sobolev space W"P(R)
@ The Lipschitz space Lip,(c, X,)
@ The modulation space M?! and its subspace M2t
e The Hardy space HP(Sy4)

For these spaces, the following inclusions hold, where p € [1,2]:

BPlr & HP(Sq)lr & WP(R)NC(R)S FPNSP S FP S LP(R).

For p = 2 we have in addition:

W(R)n C(R) & MZ' S M S F?nS;

and
M2t S Lip, (3, L2(R)) N F2.
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Examples for verifying strict inclusions

f(t) = sinc ( > ’t/2Za et = ian¢n(t)7
n=1

where

dn(t) := sinc? (%) oit(knt1/2)
— ?(V) =2 \/%Z and)(v _ kn)
n=1

The graph of ¢ is an equilateral triangle with base [0, 1], height 1.

VANAN N ‘

kn kn —|—1
Figure: The graph of f.




Functions representable by a Fourier integral

For g € [1, 00], the class G9 comprises all f : R — C such that

1 itv %
() = o= /R H(v)e™ dv (+)
for some ¢ € LY(R) N LI(R).




Functions representable by a Fourier integral

For g € [1, 00], the class G9 comprises all f : R — C such that

1 itv %
() = o= /R H(v)e™ dv (+)
for some ¢ € LY(R) N LI(R).

The function ¢ associated with f is uniquely determined.
If f € FP, then (*) holds with ¢ = f. Since f € L}(R) N LP'(R), we
have

FP Cc G9 forqe|l,p].

Furthermore,
thR c GY

for p€[1,2], g € [1, 0]
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Definition of a norm

For f € G9 with associated ¢,

1/q
11y = 6o = { O dv}

defines a norm on GY.

Indeed, for f, g € G9, c € C, we have:

(i) [fl;>0 and [f],=0<+= f=0
(i) deflg=lcl Iflg

(i) If+glqg < Iflg+ lglg

For g = 2, by the isometry of the L2 Fourier transform,
|f|2 = ||¢||L2(R) = ||¢HL2(R) = ||f”L2(R)-

Thus |-| is the ordinary Euclidean norm || - || 2(g).
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Distances from the Bernstein space B

For f,g € G99,
distq(f,g) = If—gl,

In particular, distq is a metric on FP for all g € [p/, o].
For f € G9, p € [1,2]:

. o -
distq(F, B7) = inf, 1f ~ g,

Proposition

Let g € [1,00] and f € G9 with associated ¢. Then for p € [1,2],

1/
{fupolomeav}t ™, g<o,

Sup|v|20‘¢(v)‘7 q = o0,

dist(f, BP) =

where ¢ is assumed to be continuous when q = oo.
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Why a new norm?

The spaces of Hardy and Sobolev as well as the modulation space
have their individual norm which makes them a Banach space.
e Want a norm that suits for all spaces of our hierarchy.

@ The Banach space norms are too strong for measuring
distances.

Example (Sobolev space)

There exist f € B2 and f, € W"2(R) such that

|f —7fl, — 0 but — oo (n— 00).

) 1/2
L2(R) '

I = foll wraqey

Recall that

k=0



Derivatives

Proposition
Let

1 itv
f(t) = \/T_W/R¢>(v)e dv

with ¢ € LY(R). If v"¢(v) belongs to L}(R) for some r € N, then
f has derivatives up to order r in Co(R) and

FU (¢

\/_/ viko(v)e™dv  (k=0,1,...,r).




An example

The previous proposition gave a sufficient condition for
differentiability in G9, namely vé(v) € L(R).
It is not necessary, but cannot be considerably relaxed.

Example

Consider

2 1
o) = \/;W

Then ¢ € LY(R) but vé(v) ¢ L1(R) and

. Neltv gy — el
f(t)‘m/ﬁ’” d .

Note that f is not differentiable at t = 0.




Distances of derivatives from the Bernstein space B?

The previous statements imply:

Proposition

Suppose that

1 itv
F(t) = E/Rqﬁ(v)e dv
6 € [X(R). If vk(v) € LL(R) N LI(R), then for p € [1,2)],

(oot} ™ g <oa,

SUP|y|>o |Vk¢(v)|7 q = 00,

dist(F(9), BP) =

where ¢ is assumed to be continuous if ¢ = oo

For k = 0, we recover the result on disty(f, B?) for f € G9.



Application to functions from FP and W"P(R)

In the following: p € [1,2], q € [1,p']

Corollary

a)Iff € FP, then

{fuss F7an} " <o,

sup|v\20’|f(v)|7 q = Q.

dist(f, BP) =




Application to functions from FP and W"P(R)

In the following: p € [1,2], q € [1,p']

Corollary

a)Iff € FP, then

{fuss F7an} " <o,

sup|v\20’|f(v)|7 q = Q.

dist(f, BP) =

b) If f € WrP(R) N C(R) and v" f(v) € L}(R), then

1/q
{ fuso T}, g<oo,

Sup|v|2¢7’|vk f(V)|, q=0o°

dist, (), BP) =




Derivative-free estimates for the distance from B?

a) Let f € F* and q € [1,00]. Then

1/q

{/:o [wr (F; vt Ll(R))]qdv} , q < 00,
wr(f; 071 LH(R)), q = 0.

disty(f, BY) < dr14




Derivative-free estimates for the distance from B?

Proposition
a) Let f € F* and q € [1,00]. Then

1/q

{/:o [wr (F; vt Ll(R))]qdv} , q < 00,
wr(f; 071 LH(R)), q = 0.

disty(f, BY) < dr14

b) Let f € FP, p€(1,2] and g € [1,p']. Then

o0

1/q
disty(f, BY) < d,7p’q{/ v /e [wr (f; v_l;Lp(R))]qdv} .

The constants d, , q depend on r, p and q only.
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Proof of statement a)

r

ALF(u) = Z(—nf—k(;) f(u + kh)

k=0

r

— (AR (V) = 2(1)'—k<;> eME(v) = (" — 1) F(v)

k=0

For h = m /v, we obtain

1 > r —ivu
Fv) = = )rﬁ/ (A1 F)(u)e ™ du.



Proof of statement a)

ALF(u) = Z(—nf—k(;) f(u + kh)

r

— (3)0) = Sy ()W) = (7 - 1) Fw)

k=0

For h = m /v, we obtain
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ALF(u) = Z(—nf—k(;) f(u + kh)

— (3)0) = Sy ()W) = (7 - 1) Fw)

k=0

For h = m /v, we obtain

f(V) 2)r\/7/‘ 7l'/v u)e U gy

s (i R) < L T R

~ 19 1/q
Recall disty(f, BL) = {/ f(v)‘ dv}
v[20

|f(v)‘ <




Proof of statement a)

r

ALF(u) = Z(—nf—k(;) f(u + kh)

k=0

r

— (3)0) = Sy ()W) = (7 - 1) Fw)

k=0

For h = m /v, we obtain

/f\(V) 2)r\/% 7l'/v u)e U gy
2 A+m)" et
= |f(v)] < > rw,(f Wl E(]R)) 2 ox wr(f;|v] 1'[_1(R))

) (1_1_7r)r =y 1/q
— dist,(f, B}) < Vor {/|v|>o [wr(Fiv 1yL1(]R))]qdv} O



Distances of Lipschitz functions from B2

Recall

Lip, (o Xp) :={f € Xp : we(f;6;Xp) =0(6%), 6 —=0+} (0<a<r)

The estimates in terms of the modulus of smoothness imply:

Let f € F? N Lip,(a; L2(R)) and q € [1,2] such that
1/g—1/2<a<r. Then

disty(f, B2) = O(o~@71/2H/a) (5 — o0).




Distances of Lipschitz functions from B2

Recall

Lip, (o Xp) :={f € Xp : we(f;6;Xp) =0(6%), 6 —=0+} (0<a<r)

The estimates in terms of the modulus of smoothness imply:

Let f € F? N Lip,(a; L2(R)) and q € [1,2] such that
1/g—1/2<a<r. Then

disty(f, B2) = O(o~@71/2H/a) (5 — o0).

Since dists is the Euclidean distance, the charcterization of
Lip-functions gives:

Proposition

Let f € F2 and 0 < a < r. Then

f € Lip,(a, [2(R)) <= disto(f,B2) = 0(c™) (0 — o0).




Distance of M2'-functions from B2

a) If f € M3, then

. 5 0(1)7 qg=1,
disty(f, BS) = (0 — 0).
O(o~1V9), qe(1,2]




Distance of M2'-functions from B2

a) If f € M3, then

‘ ) o(1), g=1,
disty(f, BS) = (0 — 0).
O(o~1V9), qe(1,2]

b) If f € W2(R) N C(R) and f(r) € M>*, then for q € [1,2],
disty(f, B2) = O(oc 11/ (0 — o)
and

o(1), r=q=1
disty(f’, B2) = M) (0 — 00).
O(o~r*1/9),  otherwise




Distance of functions in Sobolev spaces from B2

Proposition
Let f € F2N W"2(R) and q € [1,2]. Then

disty(f, B2) < Cr’qu(r)HB(R) L g—r-1/2+1/a

If, in addition, v/f\(v) € LY(R), then for r > 1/2+1/q,

disty(f', B2) < Cr—1,qu( L g—rH1/2+1/q

Nizgey

Values for the constants ¢, ¢ are known. In particular,

2
2r—1

Cr1= and ¢ =1



Idea of proof

fe W2(R) = v f(v) = g(v) (g€ L?R))
and
“g||L2(R) = Hf(r)HLz(R)



|dea of proof

fe W2(R) = v f(v) = g(v) (g€ L?R))
and
“g||L2(R) = Hf(r)HB(R)

q 1/q
— dist,(f, B2) = {/ dv}
v|=o

Now use Holder's inequality for estimating the integral in terms of
o and ||f(r)HL2(]R)

g(v)

Analogously for disty(f’, B2).



Distance of functions in Hardy spaces from B2

Let f € H?>(Sy) and q € [1,2]. Then

distq(f, B2) < 7q d** 79 e ||f||1(s,) »

distq(, B3) <, dl/2=1/4 5 g=do Ifllke(s,y (o> 1/d).

Values for 74 and ~y, are known. In particular, 72 = 75 = V2.



Distance of functions in Hardy spaces from B2

Let f € H?>(Sy) and q € [1,2]. Then

distq(f, B2) < 7q d** 79 e ||f||1(s,) »

distq(, B3) <, dl/2=1/4 5 g=do Ifllke(s,y (o> 1/d).

Values for 74 and ~y, are known. In particular, 72 = 75 = V2.
Idea of proof
feH(Sq) = f(v) = e WVg(v) (0<6<d,ge *(R))

and
lgllizm) < V2(Iflles,)

[l o]

= dist,(f, B)




Thank you for your attention



	Reflections on a unified approach to extensions
	A hierarchy of spaces
	Norms and Distances
	Estimates for the distance of a function from B2

