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Theorem (Weiss 1963, Brown 1967, Butzer-SplettstoRer 1977)
Letf € F2NSZ,, witho > 0. Then

ﬂﬂzZﬁGﬁdm@r%)H@mﬂm (t €R).
keZ

We have

[(RY*SF)(1)] < \/g/l . |?(v)\ dv = \/gdistl(f, B?) = o(1).

Approximate sampling theorem (AST) — recall Lecture 1

y
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Corollary

If f € F2, then one has for any r € N, o > 0 and t € R the
derivative free error estimate

[(RYSSF)(t)] < \/gdistl(f, B?) < c/ao<> wy(F, v, Lz(R))%.

If in addition f € Lip,(, L2(R)) for 1/2 < a < r, then

(RYSSF)(t) = O(o7*F2) (0 — o0)

uniformly in t € R.




Corollary

Let f € Wr2(R) N C(R) for some r € N. Then fort € R,
(RYSH(0] < co ™23y (o> 0).
If moreover f(") € Lip;(a, L2(R)), 0 < a < 1, then
(R¥SSF)(t) = O(0~ ) (0 = o0).

Or, if f() ¢ Mf’l, then

(RVSF)(t) = O(c™") (0 — ).

Iff H2(Sd), then for t € R,

((RESE)(B)] < cae™Iflle(s,) (0> 0).

Function spaces, continued

Hardy spaces:

HP(Sq) == {f : f analyticon {z € C : [3z] < d},

F(e—iy)|P+ [F(t+iv)]P M7
1Fll s ::{ sup /R!( )P +1f(t + iy)| dt} <oo}‘

O<y<d 2

Wiener amalgam space — modulation space:
1 n+1 VA |2 1/2
21._ ) r. i 2 z
M2 {f.R—w.EEZh{/n ‘f(h)‘ dv} <oo,h>0},

M2 .= {f e M?! : series converges uniformly in h

on bounded subintervals of (0, oo)}

Function spaces

FP={fiR>C: fe PR)NCR) Fe L' (R)},

SP = {f R C : (F(hK)),_, € eP(Z)}.

Lipschitz spaces:

io(—l)f—f ()t it

j=

wr(f;6; L(R)) := sup
[h|<é

)

[2(R)

Lip,(o; L?(R)) := {f e [2(R) : w,(f;0; L2(R)) = O(5%), § — 0+}.
Sobolev spaces:

WP(R) = {f 'R C : feACIY(R), fW) ¢ [P(R),0 < k < r}.

loc

Reproducing kernel formula (RKF)

Theorem (extended, Butzer et al. 2011)
Let f € F2N Sg/ﬂ, o> 0. Then

F(t) = %/Rf(u)sinc (C(e-w)du+ (REF()  (teR)

1

RESEF)(t) = —= | F(v)e™ dv.
(R = = | Fwe do
Furthermore,
1 ~ 1.
(Re o)) < = [ [l dv =~ disn(F, B2) = of0)
v|i>o

Three corollaries above are also valid here.



General Parseval decomposition formula (GDPF)

Theorem (Butzer-Gessinger 1995/97) Let f € F2 1 571r/a and g € F2. Then for o >0

Let f € FN S}, and g € F2. Then foro >0
/ /f Zf( K)g(Zk) + Rolf.4)

/f Zf( )( K) + Ro(F. ), )
WKS 71 s g(v)| dv.
Ro(F,8)] < IR} f||Lz||g||Lz+\ﬁ 23C I

Ro(F.g) = / (R F)(u)a(u) du
R Iff,g € WH2(R) N C(R), then

= ikmv /o dv. C ‘ .
-5 AT f o, B Ro(F. )] < < dista(F”, B2) +dista(s, B2)
™
TS w1l km . T —di5t2(f/, Bg) distz(g’, Bg) .
R ()] < IR fuLzugum\@; ;Z)f(;)! /|V|>U|g(v)\ dv. o }

Recall Lecture 2

Corollary

Iff,g € W2(R)N C(R), r > 2, and (1, g(") € Lip; (e, 2(R)),
0< a<1, then

| A

If £ € WL2(R) N C(R) with vf(v) € LY(R), then for each r € N,
(R) (R) with vf(v) (R), then for each r Ro(f.g) — O(c—") (o — o0).

) 1/2
disto(f/, Bg) < C{/ [wr(f/a vt Lz(R))]2 dV} . If instead (1), g(r) ¢ M>1 then

. Ro(f.g)=0(c"?) (0 - 0).
If in addition f" € Lip,(«, L*(R)), 0 < o < r, then

| \

disto(f', B2) = O(0~17%) (0 — o). Corollary
If f,g € H*(Sy), then

Ro(f, &) < cexp(—od)|fllpz(s,llglinzs,) — (0>0).




Approximate sampling theorem for derivatives

Forf < FA01S%, >0, with V(1) LIR) 1 LA(R) forsome
s € Ng. Then ~
Iffe F?2 seN, and vif(v) € Ll(]R), then for any r € N,
k k
R S G P L N R T
kez [(RYESF)(1)] < \/;distl(f(s),Ba) < c/aw,(f(s),v L)) .
WKS r vt i\ pIvE
(R (1) \/ﬂ /V|>U (IV) — [(v)"e™T" | dv. If in addition f(5) € Lip,(a, L*(R)) for 1/2 < o < r, then

[(iv)se™t]* is the 2m-periodic extens. of (iv)*e™t from (—m, ) to R. (REGSF)(t) = O(0™*H?) (0= ),
Furthermore, ’

[(RVESF)(t)] <\/7/ IVSF(v)| dv = \/7d|st1(f(5) B2) = o(1)

[v|>o

uniformly for t € R for o — oo.

Boas formula for the first derivative

| \

Corollary

Lets € N, f € WH?(R) N C(R) for some r > s+ 1. Then for
t eR,

|(R;’V;<Sf)(t)‘ < Cafr+5+1/2Hf(r)HL2(R) (o > 0). In 1937 Boas established a differentiation formula which may be
’ presented as follows:

(r) 3 2 <
i amessevar 110 € Lipnlles L), U < @ £ L, dear Let f € BX, where 0 > 0. Then, for h = /o, we have

(RYESF)(t) = O(o~"—TsH1/2) (0 — ). 1yt

4 g (rale=3)).

qln
Q
\

Corollary
Iff H2(Sd), then for t € R,

(REGEF)(D)] < cgo®e™ | fllegs,) (0> 0).

A\




Boas-type formulae for higher derivatives (Schmeisser 2009)

The Boas-type formulae to be established will be deduced as
applications of the Whittaker-Kotel nikov-Shannon sampling
theorem for higher order derivatives.

Theorem (Boas-type formulae)

Let f € B3° for some o >0, and s € N. Then
1 & 1
FeD() = g S (DA (e (k= 3)) (teR),
k=—0c0
(25 - 1 = 1 1\12
As,k 25 Z (21 - E)] (k € Z)7
the series being absolutely and uniformly convergent. )

A similar expansion holds for even order derivatives.

Theorem (Boas-type formulae, extended to non-bandlimited funct.)

Lets €N, f € F2 and let v*~1f(v) € LY(R). Then f(s=1) exists
and for h > 0, o := mw/h there holds

f(2s 1)

= s S A (b (k=2) )+ (Ras 100
kEZ

|(Res—1,,7)(t)| < \ﬁ/ vt (v)] dv
T Jlviza
= \/E dist; (F%*~1), B2).
™

The corollaries stated above for the remainder of the approximate
sampling theorem are also valid for Ros_1 of.

Assume o = m. Setting t = 1/2 in derivative sampling theorem

yields
251( ) Z f(k smc25 U(%—k).

The sinc-terms can be evaluated by Leibnitz’ rule, namely,

o () - (LA S CHTEEAE,

2 m(k — %)25 = (2))!
=(-1)k1 Ak
1 o0
(2s-1)(Z) — _1yk+1
Fe==1(2) k_z F(k)(—1)< T Ag i
For arbitrary o > 0, t € R apply this to u — f(hu+t — h). O

Theorem (Bernstein inequality)
Forf € BY, 1< p<o0,0>0, there holds

1Ny < oI lmmy (s €N).

Corollary (Bernstein inequality for trigonometric polynomials)

IFF(t) = to(t) = So7__, cke™™®, a trigonometric polynomial of
degree n, then t, € B3°, and

1t8 oy < P*lltallio@) (s €N).

Theorem (Extended Bernstein inequality)

Lets € N, f € F2 and suppose that vSf(v) € LY(R) N L4(R) as a
function of v. Then, for any o > 0, we have

[|£C<) li2ry < o° Il i2(r +d|st2(f(s) B?).

The proofs follow from the Boas-type formulae above.



The Hilbert transform

Hilbert transform or conjugate function of f € L2(R) N C(R), is
defined by Cauchy principal value

£(t) == lim /||>6 flt=u) 4, —pylt /Oof()du,

§—0+ u oo u

It defines a bounded linear operator from L2(R) into itself, and
[f] (v) = (—isgnv)f(v) a.e. If vof(v) € LY(R), then by Fourier

inversion formula,
719t = ¢127/ F(v)(—isgnv)(iv) e dv  (tcR).

Thus [7](5) = ;(\SJ); i. e. derivation and taking Hilbert transform are

commutative operations.
Since sinc " (v) = 1/+/2m for |v| < 7w and = 0 otherwise,

1—cosmt _ sin? (Zf)

mt

sinc” (t) =

Theorem (Boas formulae for the Hilbert transform, extended vers.)

Lets €N, f € F2 and let v?~1f(v) € LY(R). Then f(>~1) exists
and for h >0, o :==m/h,

(1) = hzslz( 1M AGkf (& + hk) + (Ras—1,07)(2),
k€EeZ

where

[(Ros—1,0F)(t)] <

/My V5 1F(0) dv

dist; (F?s—1)_ B?).

N
&) 3

Theorem (Boas-type formulae for the Hilbert transform)

Let f € B2, 0 >0 and h:=7/o. Then fors € N,
~(os_ 1 0 ~
FRs=1)(¢) = o] (DA f(t+hk)  (tER).
k=—
- 7.‘.25—1
. (_1)\S
AS,O = ( ) 2 )
- 25 — 1) =
As,k = (71_7{ ( 7Tk } (k # 0)
Jj=0
The proof is based on the sampling theorem for the Hilbert
transform,
Fl2s— 1 Z f(k)sinc™ (25— 1)( k).
k=—00

First assume h=1, i.e., o = 7. Let

f(t) = v)e™ dv.

7 e

Then f — f; € BX® and so the bandlimited case applies to this
difference, i.e.,

(Ros—1.:F)(t) = (Ros—1,(F—1)) (£)+(Ras—1,-f1)(t) = (Ras—1.F1)(t),

and we find that for t =0,

e}

(0) = > (1A AK).

k=—o0

(Ras1.F)(0) = A5V



Proof, continued Proof, continued

The foregoing infinite series is a Fourier series of a 2m-periodic

(25 1) b a1 function and can be evaluated to be
(Ros-1.F)(0) = 0)— > (DA Ak). o
o > (DA = (1P (] < ).
~(2s-1) = . . \2s5—1 k=—o00
= — f —isgn =id
o) 7= [ FOissn )i de )
(Ros—1,2f)(0)]
fi(k e'kv o k € 7). | )
1 \/% /v>7r Y ( )
Inserting the last two equations into the first one and interchanging = ‘\ﬁ/ f(v) [(—isgn v)(iv)>*~t — (1) [|v|25*1]*] dv
v|>m

summation and integration yields

< 2/ V25 YF (V)] dv = \/Edistl(f(zsl),Bg).
T Jv|>e ™

(Ras—1.7)(0) = /o / . [( isgnv)(iv)®t
V ™
[Jv|?s~1]* is the 27-periodic extension of |v|?*~1 from (—m, ) to R.

o0
k+17 ik
- Z (=1)Ag ke V] dv. This is the desired inequality for c =7, h=1 and t = 0. For the
k=—00 general case apply this estimate to the function v +— f(t + hu). [

In practise one has to deal with finite sum, no infinite series. Leads

Consider g(t) := 1/(1 + t?), t € R, Fourier transform to additional truncation error,
\/m/2exp(—|v|), Hilbert transform g(t) = t/(1 + t?). Extended
sampling theorem for Hilbert transform takes on concrete form (Tonf)(t)
f' =/
e B Z o? m(ot — k) sin(m(ot — k)) + cos(m(ot — k)) — 1
- 2 2 AV

12 o1 + (k) (ot — k)

(14 t2)?
This yields for the truncation error
Z m(ot — k) sin(w(ot — k)) + cos(m(ot — k)) — 1 22y + 1) 1
(ot = k)2 (Ten)0O] < 50 =55 ) > Tk
|k[=N-+
Mdv=(1+0)e® > 0). 2 o0 o2
f/vpg \[\VIe v=(1+0)e (o > 0) - 20—2(27+1)/ %d B 2(27+1)N_2
m(y=1) Jy u (v-1)

for N > ~o|t| and some constant v > 1.



Combined error

Combining the aliasing error with truncation error we finally obtain o )
& & y For the second order derivative g” one obtains

—_—— clear
2)2
(1+t2) Byt

o?(2y +1)

206~ 1) T — 2rk 4+ 2(—1)K) (—1)k

2t —6t 1 i 8(
(1+1t2)3 A = m(2k —1)3 14 [t+ (2k + 1)h]?

1 / \/?2 vl 2 —
< — —vie dv=2+20+0%)e ? o> 0).
o Jso \ 2 ( ) ( )

) 0 These are the aliasing errors for the reconstruction of derivatives of
1-—t¢ ™ 1 1 2 1 . .
e T — 1 E > 5 the Hilbert transform in terms of Boas-type formulae. In both cases
(1+¢2) 2h1+t h k= m(2k +1)2 1+ [t + (2k + 1)h] the truncation errors can be handled in a similar fashion as above.

1 T
< — “lvleMdv = (1 +0)e @ o> 0).
<o 5 (1+0)e  (0>0)

<(1+o0)e 7+ N2

(0 >0;N>~ol|t]).

Similarly, Boas-type theorem for derivative g’ takes the form

Some Boas-type formulae for bandlimited functions and

their Hilbert transform

f’(t) _ } Z (—1)k+1 f(t N h<k B 1)) @ P. L. Butzer, P. J. S. G. Ferreira, J. R. Higgins, G. Schmeisser, and
h & n(k—1)2 2/ R. L. Stens.
kez The sampling theorem, Poisson’'s summation formula, general
" 2 s (_1)k+1 Parseval formula, reproducing kernel formula and the Paley-Wiener
(1) = _Wf(t) + e Z fF(t+ hk)Ta theorem for bandlimited signals - their interconnections.
ki;(())o Applicable Analysis, 90(3-4):431-461, 2011.
0 @ P. L. Butzer, P. J. S. G. Ferreira, J. R. Higgins, G. Schmeisser, and
=L 3 (=) 6 [1_ 7T2(1 _ kﬂ f(H,,(k_}))’ R. L. Stens.
h3 P W(% — k)* 2 \2 2 The generalized Parseval decomposition formula, the approximate
B - sampling theorem, the approximate reproducing kernel formula,
~, T 1 -2 Poisson’'s summation formula and Riemann's zeta function; their
Fi(t) = ﬂf(t) + h Z m f(t + h(2k + 1))’ interconnections for non-bandlimited functions.
k=—o0 to appear.
= 1 o 2[(—1)% + (n(k— 3)] 1
" _ k+1 2
=25 > (-1) 1) f(e+h(k=3)).
k=—o00 2
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