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Introduction

Frames

A discrete system {v,j € J} is a frame for a Hilbert space # if there
exist 0 < A < B < oo such that

Allf||? < Z )12 < B|f| |2

jed

forall f € H.

Complex and
Hypsrcomplex <
Analysis
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Frames

Definition
A discrete system {v,j € J} is a frame for a Hilbert space # if there
exist 0 < A < B < oo such that

Allf||? < Z )12 < B|f| |2

jed

forall f € H.

Definition

We define the analysis operator as the linear operator F : H — £5(J),
where Ff = ¢, with ¢; = (f, ).

@ Its synthesis operator F* is given by F*¢c = Z/.GJ cij;
@ The frame operator is given by FF* : H — H. Fypmanpin £

Analysis

2/28 P. Cerejeiras A Short-time Fourier transform for quaternionic signals



Introduction Frames

Frames

Then one has
@ a good characterization of f :

(f,h)) =0,VjeJ=>1=0;

Complex and
Hypsrcomplex <
Analysis
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Introduction Frames

Frames

Then one has
@ a good characterization of f :

(f,h)) =0,VjeJ=>1=0;

@ a good reconstruction scheme for f :

f= S (hady = S )y

jed jed

Complex and
Hypsrcomplex <
Analysis
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Introduction

Frames

Then one has
@ a good characterization of f :

(f,h)) =0,VjeJ=>1=0;

@ a good reconstruction scheme for f :

f= S (hady = S )y

jed jed

@ The frame is said to be tight if A = B;
@ If the frame is tight and A = 1 then the frame is orthogonal;

© The frame is said to be exact if after redrawing an arbitrary v,
from the system it is no longer a frame. Complex e

Hypsrcomplex <
Analysis
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Introduction

Windowed Fourier transform

Definition
For a given window g € L>(R) we define the windowed Fourier
transform of f € L,(R) as

+o00 .
FYf(t,w) = / f(x)e 2™*g(x — t)dx.

—0o0

Complex and
Hypsrcomplex <
Analysis
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Introduction Frames

Windowed Fourier transform

Definition
For a given window g € L>(R) we define the windowed Fourier
transform of f € L,(R) as

+o00 .
FYf(t,w) = / f(x)e 2™*g(x — t)dx.

—0o0

Problem
For discretization of the WFT what choice of wq, t such that

@ the signal is characterized by its coefficients?
@ one has a numerically stable reconstruction of the signal?

Complex and
Hypsrcomplex <
Analysis
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Introduction Frames
Gabor systems
Analytic signals

Discrete windowed Fourier transform

wot0>1 no frames
w0t9=1
t

wt <1 tight frames with
good time-freq. localization

Gompiex and
Hypsrcomplex <
Analysis
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Introduction

wot0>1 no frames
w0t9=1
t

wt <1 tight frames with
good time-freq. localization

For a given window g and its dual window g in M' we have that the
Gabor frame operator converges in Ly(R).

wompisx and
Hypsrcomplex <
Analysis
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Introduction
Gabor syste
Analytic

The Balian-Low Theorem

The Balian-Low theorem expresses the fact that time-frequency
concentration and non-redundancy are incompatible properties for
Gabor systems

Gmn=e€2"Mg(.—n), n,me Z,

that is to say, either

o0
| labfar = o

—o0
or

“+oo
/ €213(6)120¢ = oo.
Complex and

Hypsreomplsx
Analysis
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Introduction EEWES
Gabor systems
Analytic signals

The Zak transform - 1

The Zak transform (J. Zak, 1967) is an important tool for studying the
frame given by Gabor systems.

Definition
For f € L»(R), we have

(Zf)(tw) =) _ " f(t— k), (t,w)e[0,1)%

keZ

Complex and
Hypsrcomplex <
Analysis
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Introduction EEWES
Gabor systems
Analytic signals

The Zak transform - 1

The Zak transform (J. Zak, 1967) is an important tool for studying the
frame given by Gabor systems.

Definition
For f € L»(R), we have

(Zf)(tw) =) _ " f(t— k), (t,w)e[0,1)%

keZ

e It defines a unitary operator from L2(R) to L?([0, 1)?). In abstract
harmonic analysis the Zak transform is called the Weil-Brezin
map;

Complex and
Hypsrcomplex <
Analysis
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Introduction EEWES
Gabor systems
Analytic signals

The Zak transform - 1

The Zak transform (J. Zak, 1967) is an important tool for studying the
frame given by Gabor systems.

Definition
For f € L»(R), we have

(Zf)(tw) =) _ " f(t— k), (t,w)e[0,1)%

keZ

e It defines a unitary operator from L2(R) to L?([0, 1)?). In abstract
harmonic analysis the Zak transform is called the Weil-Brezin
map;

@ The harmonic waves €™ ™ n ¢ Z in the Zak transform have
constant frequencies, which can be seen as the derivative of the

Complex and

linear phase ¢(w) = 27 nw; e
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Introduction
Gabor systems
Analytic signals

The Zak transform -2

@ The nontrivial harmonic waves e/%=(>"<) have positive
time-varying frequencies and are expected to be better suitable
and adaptable, along with different choices of a, to nonlinear and
non-stationary time-frequency analysis.

Complex and
Hypsrcomplex <
Analysis
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ab ms
Analytic signals

Analytic signals

Applying to a given signal f(x) the Hilbert transform

1 [T f(y)
Hf(x)_ﬂ/_oo S dyy e

we obtain the complex-valued function

F(x) = f(x) + iHf(x) = a(x)e"*®)

Complex and
Hypsrcomplex <
Analysis
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Ga uty
Analytic signals

Analytic signals

Applying to a given signal f(x) the Hilbert transform

1 [T f(y)
Hf(x)_ﬂ/_oo S dyy e

we obtain the complex-valued function

F(x) = f(x) + iHf(x) = a(x)e"*®)

@ F(x) is the analytic signal, a(x) the amplitude and 6(x) the
phase;

@ w(x) = 0'(x) is called instantaneous frequency;
@ The pair (a, ) is called canonical modulation pair of f(x).

Complex and
Hypsrcomplex <
Analysis
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Ga uty
Analytic signals

Analytic signals - Mathematical background

Riemann-Hilbert problem:

ReF?;) =f(x) inIm(z)=
ImF(z)=c inIm(Z) >0

9F — 0 inIm(z) >0
0

Complex and
Hypsrcomplex <
Analysis

10/28 P. Cerejeiras A Short-time Fourier transform for quaternionic signals



Riemann-Hilbert problem:

ReF?;) =f(x) inIm(z)=
ImF(z)=c inIm(Z) >0

9F — 0 inIm(z) >0
0

@ Cauchy integral transform:

F(z)i= f(2) = 5 [ 5100k

r(—2z

@ Plemelj-Sokhotzki formula:

= Cf(z0) = lim Cf(z) = % [f(zo)i 1 / 1f(§)d(]

z=2 wi Jr (— 2o

Complex and
Hypsrcomplex <
Analysis
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Introduction Fre
Ga tems
Analytic signals

Why does it work for signal analysis?

Hardy decomposition: Ly(I') = Hy () @ Hp (T);
Poisson kernel

1

€ .
(-2

Basic idea: Poisson kernel is also low-pass filter!

Scale-space analysis by Gaussian kernel can be replaced by
scale-space analysis using Poisson kernel;

f(x) = a(x)e?™);
@ Weyl-relation [x, D] = i with D = —i0y
0 <w>= [w]|Ff(w)|Pdw = [0 (x)a(x)?dx

P(z,¢) =R

Complex and
Hypsrcomplex <
Analysis
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Introduction

Extension to C2

@ Riemann-Hilbert problem

OF
— =0 (21,22)eC?|z1| <1 & |z| <1,
821

oF
— =0  (z1,2)€C® |z <1 & |z <1,
822

ReF(&1,&) = (&4, &2) €1 =1, [&] = 1.

Complex and
Hypsrcomplex <
Analysis
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Ga S
Analytic signals

Extension to C2

@ Riemann-Hilbert problem
OF
— =0  (21,2)€C? |z <1 & |z| <1,
821

oF
— =0  (z1,2)€C® |z <1 & |z <1,
822

ReF(&1,&) = (&4, &2) €1 =1, [&] = 1.

@ Solution:

1 :
F(z1,22) == CH(z1,22) = w/Tz e PEr AR

Complex and
Hypsrcomplex <
Analysis
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Analytic signals

Hypercomplex signal by T. Bulow

@ Two different imaginary units: zy = xy + iy; and z = X2 + jy»

Complex and
Hypsrcomplex <
Analysis
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Analytic signals

Hypercomplex signal by T. Bulow

@ Two different imaginary units: zy = xy + iy; and z = X2 + jy»
@ Solution of Riemann-Hilbert problem:

1 1
Cf(z1,22) = o /T2 CEDCE zz)f(§17§2)d§1 déo.

Complex and
Hypsrcomplex <
Analysis
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Introduction

Hypercomplex signal by T. Bulow

@ Two different imaginary units: zy = xy + iy; and z = X2 + jy»
@ Solution of Riemann-Hilbert problem:

1 1
Cf(z1,22) = o /T2 CEDCE zz)f(inﬁz)d& déo.

@ Plemelj-Sokhotzki formula (just one side):

1 . .
trCf(X1,X2) = (/+IH1)(/+]H2)f(X1,X2)

(f+ iH{f + jHof + ka)(X1,X2).

INPIN

Complex and
Hypsrcomplex <
Analysis
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Quaternionic Fourier transform

Quaternionic windowed Fourier transform e
.arriers

Quaternionic algebra

Quaternion algebra H

The quaternion algebra is an extension of complex numbers to a 4D
algebra. Every element of H is a linear combination of a real scalar
and three orthogonal imaginary units (denoted by i, j, k) with real
coefficients

H={q : g=q +ig +jg +kas,qo, q1,q,q € R},
where the elements i, j, k obey the Hamilton’s multiplication rules
ij=-ji=k jk=—-kj=iki=—-ik=j,i?P=?=k®=ijk=—1.

The scalar part is denoted as Sc(q) = qo and has the cyclic
multiplication symmetry

Sc(qrs) = Sc(rsq),vq,r,s € H. Compcana
Analysis
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- onic Fourier transform
Quaternionic windowed Fourier transform

H-valued function space

H-conjugation of a given ¢ = qo + ig1 + jg2 + kgs = Sc(q) + Vec(q)
is
q = Sc(q) — Vec(q).

Complex and
Hypsrcomplex <
Analysis
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Quaternionic Fourier transform

Quaternionic windowed Fourier transform G
Carriers

H-valued function space

H-conjugation of a given ¢ = qo + ig1 + jg2 + kgs = Sc(q) + Vec(q)
is
q = Sc(q) — Vec(q).

Consider the quaternion-valued function space L,(IR?; H) equipped
with the quaternionic-valued inner product

(f,9) = [ f(x)g(x)dx.

R2

Complex and
Hypsrcomplex <
Analysis
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Quaternionic Fourier transform

Quaternionic windowed Fourier transform CanEs
Larriers

H-valued function space

H-conjugation of a given ¢ = qo + ig1 + jg2 + kgs = Sc(q) + Vec(q)
is
q = Sc(q) — Vec(q).

Consider the quaternion-valued function space L,(IR?; H) equipped
with the quaternionic-valued inner product

(f.9):= | f(x)gx)dx.

R2

Additionally, consider also the complex-valued inner product

(f,g) := Sc(f,9) = / Sc[f(x)g(x)]dx.

Complex and
Hypsrcomplex <
Analysis
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Quaternionic Fourier transform

Quaternionic windowed Fourier transform e

Quaternionic windowed Fourier transform

Definition

Given a 2D quaternion-valued signal f € Lo(R?,H), we defined its
quaternionic Fourier transform as

Fulfl(w) = / ) e 2w f(x)e 2 e 2 gy W = (wy,ws2), X = (X1, X2) € R
R

16/28 P. Cerejeiras A Short-time Fourier transform for quaternionic signals



Quaternionic Fourier transform

Quaternionic windowed Fourier transform ~
Carriers

Quaternionic windowed Fourier transform

Definition

Given a 2D quaternion-valued signal f € Lo(R?,H), we defined its
quaternionic Fourier transform as

Fulfl(w) = / ) e ™MW f(x)e P2 gy W = (wi,wp), X = (X1, X2) € R
R

Definition
Given a windowed function g € L(R?, R), we set the windowed

quaternionic Fourier transform (WQFT) of a 2D quaternion-valued
signal f € Lo(R2,H) as

Qg[f](w’ b) — / e*27TiX1UJ1 f(x)g(x - b)6727rjX2w2 ax.
R2
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Quaternionic Fourier transform

Quaternionic windowed Fourier transform .
Carriers

Multiplication operator

Aim: to express the kernel of the WQFT!

Complex and
Hypsrcomplex <
Analysis
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Quaternionic Fourier transform

Quaternionic windowed Fourier transform .
Carriers

Multiplication operator

Aim: to express the kernel of the WQFT!
Solution: to introduce the muiltiplication operator.

For f, g € L»(R? H), we define their pointwise product as

Clf, gl(x) = f(x)g(x).

Based on this, we define the left and right multiplicative operators,
C[A, ], resp. C[-, A, as

C[\, -Jf(x) := f(x)\, resp. f(X)C[-, A] := AM(X).

Complex and
Hypsrcomplex <
Analysis
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Quaternionic Fourier transform

Quaternionic windowed Fourier transform .
Carriers

Multiplication operator - 2

Then
C[\,-] :=C[-,A\] and C[-,\] :=C[),].

Complex and
Hypsrcomplex <
Analysis
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Quaternionic Fourier transform

Quaternionic windowed Fourier transform .
Carriers

Multiplication operator - 2

Then

CI\, ] :=C[-,A] and C[,\]:=C[)].

Definition

For a windowed function g € L(R?, R), then
gw,b(x) — e2ﬂszwgg(x _ b)C[ez‘”i)“M, ]
is the kernel of the WQFT.

Complex and
Hypsrcomplex <
Analysis
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Quaternionic Fourier transform

Quaternionic windowed Fourier transform .
Carriers

Consequences

Then
@ f(X)gw,b = gw,bf(X); so that

(. Gu) = / F(X) G X
]RZ
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Quaternionic Fourier transform

Quaternionic windowed Fourier transform .
Carriers

Consequences

Then
@ f(X)gw,b = gw,bf(X); so that

(f, Gu) = / F(X) G X
]RZ

@ the WQFT can be write as
Qg[f](wa b) = (fa gw7b)'
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Quaternionic Fourier transform

Quaternionic windowed Fourier transform .
Carriers

Consequences

Then
@ f(X)gw,b = gw,bf(X); so that

(f, Gu) = / F(X) G X
]RZ

@ the WQFT can be write as
Qg[f](wa b) = (fa gw7b)'

Theorem [Reconstruction formula]

For g € L?(R?; R) non-zero real-valued window function, then every
f € L2(R?; H) can be reconstructed via

x)= L/ / e#™11 Qg[f](w, b)g(x — b)e? e dPwa®b. |
I9lle Jre Jre [}
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Quaternionic Fourier transform

Quaternionic windowed Fourier transform .
Carriers

Expansion

Moreover, if the system {19, ,: m,n € Z?} is a Gabor
orthonormal basis, a function f € L?(R?; H) admits the expansion

fX)= > cmn(1g-mn)(X)

m,neZ?

With Cm7n - <f, 1g7m,n>.

This expansion can be regarded as the discrete form of the previous
continuous reconstruction formula.

Complex and
Hypsrcomplex <
Analysis
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Quaternionic Zak transform

The Balian-Low Theorem

Quaternionic Zak transform

Definition
Given a function f € Lo(R?, H), we set its quaternionic Zak transform
as

Zg[fl(x,w) = > ek f(x — k)@ x,w e [0,1)%

kez?

Complex and
Hypsrcomplex <
Analysis
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Quaternionic Zak transform

The Balian-Low Theorem

Quaternionic Zak transform

Definition
Given a function f € Lo(R?, H), we set its quaternionic Zak transform
as

Zg[fl(x,w) = > ek f(x — k)@ x,w e [0,1)%

kez?

Properties
Q@ Zy[f] is a well defined function in Lo([0,1)2 x [0, 1)3, H);

Complex and
Hypsrcomplex <
Analysis
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Quaternionic Zak transform

The Balian-Low Theorem

Quaternionic Zak transform

Definition
Given a function f € Lo(R?, H), we set its quaternionic Zak transform
as

Zg[fl(x,w) = > ek f(x — k)@ x,w e [0,1)%

kez?

Properties
Q@ Zy[f] is a well defined function in Lo([0,1)2 x [0, 1)3, H);
Q Zy[f](x + n,w) = e*mimwz Zy[f](x, w)e?™ ™M« and
Zy[f](x,w + n) = Zy[f](x,w), where n € Z2;

Complex and
Hypsrcomplex <
Analysis
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Quaternionic Zak transform

The Balian-Low Theorem

Quaternionic Zak transform

Definition
Given a function f € Lo(R?, H), we set its quaternionic Zak transform
as

Zg[fl(x,w) = > ek f(x — k)@ x,w e [0,1)%

kez?

Properties
Q@ Zy[f] is a well defined function in Lo([0,1)2 x [0, 1)3, H);
Q Zu[f](x + n,w) = &?im%w2 Zy[f](x, w)e>™ ™« and
Zy[f](x,w + n) = Zy[f](x,w), where n € Z2;
@ Z; is a unitary operator from Lp(R2, H) to Lo([0, 1) x [0,1)2, H),
i.e.,
(2f,29) = (f.9); ——

Hypsrcomplsx <
Analysis
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Quaternionic Zak transform
The Balian-Low Theorem

Quaternionic Zak transform

Properties (cont.)

o

f(x) = Zu[f](x, w)dw, x € R?;
[0,1)2

Complex and
Hypsreomplsx
Analysis
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Quaternionic Zak transform
The Balian-Low Theorem

Quaternionic Zak transform

Properties (cont.)

o

f(x) = Zu[f](x, w)dw, x € R?;
[0,1)2

Fulfl(-w) = / e?™imen Zu[f](x, w)e?™ vz dx, x € R?;
[0,1)?

Complex and
Hypsrcomplex <
Analysis
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Quaternionic Zak transform
The Balian-Low Theorem

Quaternionic Zak transform

Properties (cont.)

o

f(x) = Zu[f](x, w)dw, x € R?;
[0,1)2

Fulfl(-w) = / e?™imen Zu[f](x, w)e?™ vz dx, x € R?;
[0,1)?

Space Z of all ¢ : R? — H such that

H(X + n,w) = e2minwz(x w)e2mMwt (X, W + n) = ¢(X, W), Vn e Z2,

\|¢>||2:/ / (X, w)[2dxadw < oc.
[0,1)2 J[0,1)2

Complex and
Hypsrcomplex <
Analysis
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Quaternionic Zak transform
The Balian-Low Theorem

Consequences

The quaternion Zak transform Zy is an unitary map between
L>(R?;H) and 2.

Complex and
Hypsrcomplex <
Analysis
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Quaternionic Zak transform
The Balian-Low Theorem

Consequences

The quaternion Zak transform Zy is an unitary map between
L>(R?;H) and 2.

We know the inverse map as well: for every ¢ € Z,

Zi'o0) = [ oxwaw

Complex and
Hypsrcomplex <
Analysis
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Quaternionic Zak transform
The Balian-Low Theorem

Consequences

The quaternion Zak transform Zy is an unitary map between
L>(R?;H) and 2.

We know the inverse map as well: for every ¢ € Z,

Given f € Lp(R? H), and a Gabor system {1g"_mn, M, N € Z?} we

have
> Kf, gma)? = || Zulf1Za[1G ma]|I>.
m,neZz?
Complexand
e
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Quaternionic Zak transform
The Balian-Low Theorem

Link with Weyl-Heisenberg algebra

@ Annihilation/creation operators:

1 1
a| = 8)(1 +x1,a* = Za)q +X1, Q2= (9)(2-|-X2,a]L = Zaxz-l-Xg

Complex and
Hypsrcomplex <
Analysis
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Quaternionic Zak transform
The Balian-Low Theorem

Link with Weyl-Heisenberg algebra

@ Annihilation/creation operators:

1 1
a| = 58,(1 +x1,af = —ZE),Q +X1, Q2= —

@ Link with Zak transform:
Zylaxf](x,w) = A Zg[f](x, W), Zx[fai](x,w) = ZgAs[f](X, W)

where Ay = 5-(0,,, + i0y,) + X1, A = %ﬂ(awz + jOx,) + Xe;

Complex and
Hypsrcomplex <
Analysis
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Quaternionic Zak transform
The Balian-Low Theorem

Link with Weyl-Heisenberg algebra

@ Annihilation/creation operators:

1 1
a| = 58,(1 +x1,af = —ZE),Q +X1, Q2= —

@ Link with Zak transform:
Zylaxf](x,w) = A Zg[f](x, W), Zx[fai](x,w) = ZgAs[f](X, W)

where Ay = 5-(0,,, + i0y,) + X1, A = %ﬂ(awz + jOx,) + Xe;

@ Quaternionic time-frequency shift:

Zu[Mp Tof](X, W) = €2™(Peat022) Z, [£](x, w) @@ (P11 +61x1)

Complex and
Hypsrcomplex <
Analysis
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Quaternionic Zak transform

The Balian-Low Theorem

Case of Gaussian window

@ Gaussian window My Tp¢(x), ¢(x) = o1/2g—m|x[?.
Zu[My Tp¢](x, w) = 627r/'(P2w2+02X2)eiﬂ—|x|ze(22)e(z1 )e27ri(p1w1+91x1)

with zy = wy + iXy,20 = wo +jX2 and @(Z) = 21/293(2; I) - Jacobi
elliptic function;

@ Link with annihilation operator:

(MyTpp)ar = (MpTpd)(wi + ip1)

a(MyTpp) = (w2 +jp2)(MpTpo)
Complex and
Hypsrcomplex <
Analysis
P. Cerejeiras A Short-time Fourier transform for quaternionic signals
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Quaternionic Zak transform
The Balian-Low Theorem

Frame condition

A Gabor system {19 mn,m,n € Z?} is
@ aframe for Lp(R2, H) if there exist bounds 0 < A < B < oo such
that
A < |Zy[gl(x,w)|? < B, ae.x,wc R

@ an orthonormal basis for L,(R2, H) iff additionally
|Zlgl(x, w)[? = 1,

for a.e. Xx,w € R2.
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Hypsrcomplex <
Anglysis

26/28 P. Cerejeiras A Short-time Fourier transform for quaternionic signals



Quaternionic Zak transform

The Balian-Low Theorem

The Balian-Low Theorem

Balian-Low Theorem

Let g € Lo(R?,R) be such that the associated Gabor system
{19 mn, m,n € 72}
is a frame for Lp(R2,H). Then
AXxAwg = o0, k=1,2,

where ! [ ]”2
(UK.FH f
Awg=—-""- k=1,2.
|| Frlf]]12
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