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AbstractThe lectures will begin with an introduction to frames in geal
Hilbert spaces. This will be followed by a discussion of feswith a special
structure, in particular, Gabor frames and wavelet fram¢§GR).

The lectures will highlight the connections to operatomtlyeand also
present some open problems related to frames and operators.
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Plan for the talks

e Part I: Frames in general Hilbert spaces
e Part Il: Gabor frames and wavelet frames #{R)
o Part lll: Research topics related to frames and operataryhe

What the talk really is aboutJnification!
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Part I:

Frames in general Hilbert spaces
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Plan for the first part of the talk

e Bases and frames in general Hilbert spaces;
e Dual pairs of frames in general Hilbert spadésexpansions

f= Z<f)gk>fk7 feH.
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Goal and scope

Let (H, (-,-)) be a Hilbert space.

Want: Expansions

f = Z Ckfk

of signalsf € H in terms of convenient building blocKg.

Desirable properties could be:

e Easy to calculate the coefficientg

e Only few large coefficientsy for the relevant signals (as for wavelet
ONB's!).
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Various bases

Definition Consider a sequende};°, of vectors inH.

(i) The sequencée};°; is a basis fofH if for eachf € H there exist
unique scalar coefficientgy ()} 2, such that

f= Z cx(f)ex.
k=1

(i) Abasis{e}y2; is an unconditional basis if the series in (i) converges
unconditionally for eacli € H.

(i) A basis{ec}s2  is an orthonormal basis {fec}° ; is an orthonormal
system, i.e., if

(&, Q> = 5k,j'
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Characterizations of ONB'’s

TheoremFor an orthonormal systetfe}2 ,, the following are equivalent:
(i) {e&}2, is an orthonormal basis.

(i) f=>2,(f,e)e, Vi e H.

(i) (f,o) =>4 (f. &) (e 9), ¥f.ge H.

(v) SR l(f, a2 = [If|[2, vf € H.

(v) spar(edie, = H.

(vi) If (f,ex) =0, Vk € N, thenf = 0.

CorollaryIf {&}¢2, is an orthonormal basis, then edch 7 has an
unconditionally convergent expansion

oo

f=> (fae

k=1
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Characterizations of ONB'’s

TheoremLet {e};2 ; be an orthonormal basis fét. Then the orthonormal

bases fof are precisely the sefdJec} 2, whereU : H — H is a unitary
operator.
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ONB'’s

Recall:If {&}2, is an orthonormal basis fdt, then eacti € H has an
unconditionally convergent expansion

[e.e]

f= Z(f,a&@. (1)

k=1

ONB'’s are good - but the conditions quite restrictive!
How can we obtain expansions of the type (1), but under letgctve
conditions?
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N
Riesz sequences

Definition: A sequencgfy }° ; of elements irf{ is called a Riesz sequence i
there exist constants, B > 0 such that

A lad2 < |3 ckka2 <BY |af?

for all finite sequences$c }.
A Riesz sequencéfi } 2 ; for whichspar{f }>; = H is called a Riesz basis.

Equivalent definition of Riesz baseBhe Riesz bases are precisely the
sequences which have the fofia} >, = {Uec}2,, where{e}2, is an
orthonormal basis foi andU : H — 'H is a bounded bijective operator.
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Key properties of Riesz basék}p®; = {Ue} 2,

() e 1 < 2R (B2 < VIR [IFI12, VF € A
(i) Lettinggy := (U™1)*e,

o0

f =) (f,g0f, vf € H.
k=1

Proof. Forf € H,

ZI (f, )2 Zlf Uag? =) [(U*f, 802 = ||U*f]|%.
k=1
Now (|) foIIows fromHU*fH < [U*|[1If]] = [|Y]| ||f|| and
[IF[] = [1(Us) 7RO < [[(UH) YU = (U] {[U*F.
Proof of (ii): forf € H,

f=Uuui=U Z U™, edec= > (f, (U ™) aUeac= > (f, g)fc.
k=1 k=1
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Riesz base$fi}°, = {Ue}2,
Definition: The sequence
{odics = {(U ) adics

is called thedual of {fi}°; = {Uea}2, is
Dual of {gk} e ;:

—I1\* —1\* &0 o0 o0
(™)) &, = {vadizs = (i
So{fi}p2, and{gk}.-, are duals of each other: they are callgokir of dual

Riesz bases.

Consequencezor allf € H,

[ee] [ee]

f=> (f.a0fk=> (f.fok

k=1 k=1
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Riesz bases

Two sequencesfy } 22, and{gk},, in a Hilbert space are biorthogonal if
(fi» Ok) = Ok

PropositionAny pair of dual Riesz basedi}>; and{ gk}, are
biorthogonal.

Proof. Foranyj € N,

o0

fi= Z(fjv k) fic

k=1
Since{fi}2, is a basis, this implies that

1 ifk=j;
fgd) =
<Jagk> {o |fk§£],

as desired. O
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The expansion property for a non-basis

ExampleThe family

{achkez = {€™ ez

forms an ONB for.%(0, 1).

Consider an open subinterat-]0, 1] with |I| < 1.

Identify L2(1) with the subspace df?(0, 1) consisting of the functions which
are zero onj0, 1]\I.

For a functionf € L2(1):

f=> (f.a)e in L*(0,1). 2)
keZ
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N
The expansion property for a non-basis

Since
2
f—> (fede — 0 asn — oo,
[k|<n L2(1)
we also have
f=> (f,a)a in L*()). ©)
keZ
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The expansion property for a non-basis

That is, the (restrictions tbof the) functions{ex}kez also have the expansion

property inL2(1). However, they are not a basis fof(1)! To see this, define
the function

- f(x) ifxel,
f(x):{ 1 ifxgl

Thenf e L?(0,1) and we have the representation

f=> (f,a)e in L*(0,1). (4)
keZ

By restricting tol, the expansion (4) is also valid irf(1); sincef = f onl,
this shows that

f =Y (f.a)acin L*()). (5)
keZ
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The expansion property for a non-basis
Thus, (3) and (5) are both expansiond af L?(1), and they are non-identical;

the argument is that sinde# f in L2(0, 1), the expansions (2) and (4) show
that

{{f,a) ez # {{f, 80 beez-

Conclusion: The restriction of the function§e }kez to | is not a basis for
L2(1), but the expansion property is preserved.

It is natural to consider sequences which are not bases, buewertheless
have the expansion property. That is, cases where eathe H has an
expansion

f= cha(v

without {&} being a basis.
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Bessel sequences

Definition A sequencefx} 2, in H is called a Bessel sequence if there exis
a constanB > 0 such that

D ()2 < BJIF|?, Vf € H.
k=1

Satisfied for all Riesz bases!
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Bessel sequences

Definition A sequencefx} 2, in H is called a Bessel sequence if there exis
a constanB > 0 such that

(o)

D ()2 < BJIF|?, Vf € H.
k=1

Satisfied for all Riesz bases!

TheoremLet {fc}2, be a sequence iK, andB > 0 be given. Ther{fi}2,;
is a Bessel sequence with Bessel boritland only if

T: {Ck}ﬁil — chfk

k=1

defines a bounded operator frdi{N) into # and||T|| < v/B.

(DTU Mathematics) Talk, Inzell, 2012 September 18, 2012 19/14:



Bessel sequences

CorollaryIf {f}2, is a Bessel sequenceH, then " ” ; cfy converges
unconditionally for all{c,}f2, € ¢2(N).

Pre-frame operatoor synthesis operataassociated to a Bessel sequence:

T:A(N) = H, T{adiZs = > ad
k=1
The adjoint operator - thanalysis operator:

T H — A(N), TF = {(f,fi) )2,
Theframe operator:

S:H—H, St=TTF => (f ffk.
k=1

The series defining converges unconditionally for dile H.

(DTU Mathematics) Talk, Inzell, 2012 September 18, 2012 20/14



Frames

Definition: A sequencegfy}, in H is aframeif there exist constants
A, B > 0 such that

A2 <D i) < BJIf|I?, ¥ € H.
k=1

A andB are calledrame boundsA frame istight if we can takeA = B = 1.
Note:

e The sequencéfi} 2, is aBessel sequendkat least the upper inequality
holds.

¢ Any orthonormal basis is a Riesz basis;
e Any Riesz basis is a frame;
e Example of a frame which is not a basis:
{er,e1,e,63,... 1,
where{ec}2, is an ONB.
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The frame operatorSf = > (T, fi)fk

LemmalLet {fi}° ; be a frame with frame operat&and frame bounda, B.
Then the following holds:

e Sis bounded, invertible, self-adjoint, and positive.

o {SMy}2, is a frame with frame operat@! and frame bounds
B~1 AL

e If A, B are the optimal frame bounds ffi } ;° ;, then the bounds
B~1,A~1 are optimal for{ S~fi }° ;.

{SM}2, is called thecanonical dual framef {fi}g2 ;.
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Frames versus Riesz bases

Any Riesz basis is a frame.
A frame {fi}2, is a Riesz basis if and only {ffi } ;2 ; is a basis.
A frame {fc}2, is a Riesz basis if and only if

chfk =0=c¢ =0, Vk
k=1

A frame which is not a Riesz basis, is said todwercompleter
redundant:In that case there exis{gx } 2, \ {0} such that

i cfk = 0.
k=1
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The frame decomposition

Theorem - the frame decompositibet {fi};°, be a frame with frame
operatorS. Then

f =) (f, s Mofc = (f,fi)S e, Vfen.
k=1 k=1

Both series converge unconditionally for ailE .
Proof. : Letf € H. Then

f =SS => (S fiyh =) (f,S k.
k=1 k=1

Since{fi} 2, is a Bessel sequence and
{(f. S0}y € A(),
the series converges unconditionally. The second expafgilows from
f = S1sf. O

Might be difficult to compute S~ 1
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Tight frames:> ", |(F, fi) |2 = A |[f[|2

CorollaryIf {fi}2, is a tight frame with frame bound, then the canonical
dual frame is{A~f,}22 ,, and

1 o
f= Kkz_:l<f,fk>fk, Vi e H. (6)

Proof. For atight frame,
(St ) = A[F|I? = (Af,f);
sinceSis self-adjoint, this implies that
S=Al O

By scaling of the vectorsfi } 2, in a tight frame, we can always obtain that
A = 1; in that case (6) has exactly the same form as the repré¢isentéa an
orthonormal basis.
Tight frames can be used without any additional computatioml effort
compared to the use of ONB'’s.
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I EEEEEEE——.
Tight frames f = £ > (f, fi)f, Vf € H.

Other advantages of tight frames:
o If {fi}2, consists of functions with compact support or fast decay, th
same is the case for the functions in the canonical dual frame
o If {fi};2; consists of functions with a special structure (Gabor stmec
or wavelet structure) the same is the case for the functiotisei
canonical dual frame.

The corresponding statements do not necessarily hold for aegeral frame
{fc}e2, and its canonical dual frame {S~1fi } ;!

f =) (f, s Mo, vfen.
k=1
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General frames versus Tight frames

To each framgfi };° ; one can associate a tight frame:

CorollaryLet {fc};2, be a frame fof{ with frame operato&. Denote the
positive square root d~* by S~%/2. Then{S Y2}, is a tight frame with
frame bound equal to 1, and

(o)

f =) (f, s Y2h)S %, vf € M.
k=1

Problems:
o Not easy to find S~} ,;

« “Nice properties” of{fi}2°, not necessarily inherited B8/}, .
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Characterizations of frames

Theorem (C. 1992)A sequencgfy}.°; in H is a frame forH if and only if

T:{c}ies — chfk
k=1

is a well-defined mapping af(N) onto .

Compare to the characterization of Bessel sequences i t&rim
(T well-defined)!
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Characterizations of frames

Theorem:Let {&}; 2, be an arbitrary orthonormal basis far. The frames

for H are precisely the familiefUe};° ;, whereU : ' H — H is a bounded
and surjective operator.

Compare to the characterization of
e ONB'’s (U unitary);
¢ Riesz based bounded and bijective).
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A frame where no subsequence is a basis

Intuitively: A frame consists of a basis + some extra elements (redundanc
Good as intuitive feeling - but wrong in the technical sense:

Example:Let {e} 2, be an orthonormal basis fét. Let

. 1
{fhs = {e, \/éez, \/zez, fes, \/ges, \/—6‘3, -+

that is, each vecto%eg, ¢ € N, is repeated times. Then{fi} 22, is a tight
frame forH with frame boundA = 1. No subfamily is a Riesz basis. O

More complicated: In each separable Hilbert space, thestsex frame for
which no subfamily is a basis!
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General dual frames

A frame which is not a Riesz basis is said todwercomplete

Theorem:Assume thaffi } 2, is an overcomplete frame. Then there exist
frames

{otiey # {S_lfk}ﬁil
for which

oo

f = (f,g0f, vf € H.
k=1

{Ok}1e is called adual frameof {fi}22,. The special choice
{932y = {S e
is called thecanonical dual frame.
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General dual frames

Note: Let{fi};2, be a Bessel sequence with pre-frame operator

T:H — AN), T{adi2s = > ad
k=1

and{gx},-, be a Bessel sequence with pre-frame operdtoFhen{fi }° ;

and{gk}.-, are dual frames if and only if

f= i(f,g@fk, vf e'H,
k=1
i.e., if and only if
TU* =1,
i.e., if and only if
uts=1.
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Characterization of all dual frames

Result by Shidong Li, 1991:

Theorem:Let {fy}} ; be a frame with pre-frame operator. The bounded
operators U: /?(N) — H for which

UT* =1,

i.e., the bounded left-inverses of, Tare precisely the operators having the
form

U=S1T+wl-T1's1),
where W: ¢2(N) — H is a bounded operator and | denotes the identity

operator on/?(N).
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Characterization of all dual frames

Result by Shidong Li, 1991:
Theorem:Let {f}2, be a frame forH. The dual frames offy } > ; are
precisely the families

{okhee, = {S_lfk + hy — Z(S_lfk,fﬁhj} ; )
j=1 k=1
where{hy}° ; is a Bessel sequence .
Allows us tooptimizethe duals:

e Which dual has the best approximation theoretic propérties
e Which dual has the smallest support?

¢ Which dual has the most convenient expression?

¢ Can we find a dual that is easy to calculate?

(DTU Mathematics) Talk, Inzell, 2012 September 18, 2012 34/14



N
An example: Sigma-Delta quantization

Work by Lammers, Powell, and Yilmaz:
Consider a framéfi }N_, for RY. Letting {g«}R_, denote a dual frame, each
f € RY can be written

N

f =3 (g0

k=1
In practice: the coefficientd, gx) must be quantized, i.e., replaced by some
coefficientsdy from a discrete set such that

dk ~ <f>gk>>
which leads to

N
f ~ Z O fi.
k=1

Note: increased redundancy (lafggincreases the chance of a good
approximation.
Talk, Inzell, 2012 September 18,2012 35/ 14
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An example: Sigma-Delta quantization

e For eachr € N there is a procedureth order sigma-delta quantization)
to find appropriate coefficienti.

e rthe order sigma-delta quantization with the canonical thaahe does
not provide approximation ord&—".

e Approximation ordelN~" can be obtained using other dual frames.
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Tight frames versus dual pairs

e For some years: focus on construction of tight frame.
¢ Do not forget the extra flexibility offered by convenient tirame pairs!

Theorem:For each Bessel sequengg}z, in a Hilbert spacé+, there exist
a family of vectors{gk} .-, such that

{fdies U {oktees

is a tight frame forH.
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Tight frames versus dual pairs

ExampleLet {g }j1£1 be an orthonormal basis f@'° and consider the frame

{f}i21 = {2e1} U {8}
There exist 9 vectorgh }?_; such that
{fJ —1 U{h }j —1
is a tight frame forC'? - and 9 is the minimal number to add.

A pair of dual frames can be obtained by adding just one elemen

{12 U {—3e1} and {1} U{e}

form dual frames irC1°.
Talk, Inzell, 2012 September 18, 2012
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Tight frames versus dual pairs

Theorem (Casazza and Ficku§iven a sequence of positive numbers
a > ap > -+ > am, there exists a tight fram; }j"":1 for RN with
IIfill =&, j=1,...,M,ifand only if

LM
a2 < NZajz. (8)

Theorem (C., Powell, Xiao, 20108iven any sequencgy; }jle of real
numbers, and assume tit> N. Then the following are equivalent:

(i) There exist a pair of dual frame§ }}; and{ﬂ-}j“":1 for RN such that
aj = (f,f) forallj=1,...,M.
(i) N=>1 o
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Part Il:

Gabor frames and wavelet framedi#{R)
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Operators o.?(R)

Translation by ac R: T, : L2(R) — L%(R), (Taf)(X) = f(x — a).
Modulation by be R: Ep: L%(R) — L%(R), (Epf)(x) = ™0 (x).
Dilation by a> 0: Da: L%*(R) — L3(R), (Daf)(x) = =f(%).
Dyadic scaling: D: L2(R) — L%(R), (Df)(x) = 2V/2f(2x).

All these operators are unitary @3(R).

Important commutator relations:

TaEp = € 235, T,, TyDa = DaTpja: DaFb = Ey/aDa
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The Fourier transform

Forf ¢ L(R), theFourier transformis defined by

Fi(y) =f(y) := / b f(x)e"2™7 dx, v € R.

—00

The Fourier transform can be extended to a unitary operatb?@®).
Plancherel’s equation:

(f,0) = (f,9), ¥f,g € L*(R), and|[f|| = |If|.
Important commutator relations:
fTa == E_af, ./T.Ea:TaJT,
FDa = Dy,F, FD=D'F.
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B-Splines

The B-splinedBy, N € N, are given by

B1 = X[, Bn+1=Bn*Bx.

Theorem:GivenN € N, the B-splineBy has the following properties:
() supp Bq = [0,N] andBy > 0 on]0, N[.

(i) 22 Bn(x)dx= 1.

(iii) ZkeZ BN(x -k =1

(iv) ForanyN € N,

g 1_e—27ri'y N
0= (S5)

(DTU Mathematics) Talk, Inzell, 2012 September 18, 2012

43/14.



N
B-Splines

Figure: The B-splinedB, andBs.
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Centered B-Spline8y

The centered B-splin&, N € N, are given by
E = X[-1/2,1/2) BfN\:l = éﬁ * EI
Theorem:GivenN € N, the centered B-splinBy has the following
properties:
(i) suppéﬁ — [-N/2,N/2] andBy > 0 on] — N/2,N/2].
(i) [ Bn(x)dx=1.

(iii) ZkeZ BN(x -k =1
(iv) ForanyN € N,
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Classical wavelet theory

e Given a functiony € L?(R) andj,k € Z, let
Pik(X) == 272(2x — k), x € R.
e In terms of the operatorEf (x) = f(x — k) andDf (x) = 21/2f(2x),
Yk = DTy, j, k€ Z.

o If {1 k}jkez is an orthonormal basis far(R), the functiony is called a
wavelet.In this case ever§ € L?(R) has the representation

f=> (f, ¥k

J,KEZ
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Multiresolution analysis - a tool to construct a wavelet

Definition: A multiresolution analysis ford(R) consists of a sequence of

closed subspaced/ }jez of L2(R) and a functionp € Vo, such that the
following conditions hold:

@ ---Voi1cVoCVy---.
(i) GV = LAR) and n;V; = {0}.
(i) feV, e x—f(2)] e Vi1
(iV) feVog= T € Vg, Vk e Z.
(v) {Tk¢}kez is an orthonormal basis for /
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Construction of wavelet ONB

¢ The functiong in a multiresolution analysis satisfies a scaling equatior

~ ~

¢(2y) = Ho(7)9(v), ae v €eR,

for some 1-periodic functioblg € L(0, 1).
o Let

T .
Ha(y) = Ho(y + 5)e*™.

e Then the function) defined via

$(2y) = Hi(7)(7)

generates a wavelet orthonormal ba{@éTka}j,keZ.
o Explicitly: if Hi(v) = 3z k€K7, then(x) = 23", dkp(2x + K).
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Construction of wavelet ONB

Theorem:Let ¢ € L2(R), and let

V; := 5par{ D Tkg ez
Assume that the following conditions hold:
(i) inf,e)_c|6(7)| > O for somee > 0;
(i) The scaling equation

~ ~

?(2y) = Ho(7)9o(v),
is satisfied for a bounded 1-periodic functiblg;
(i) {Tk¢}kez is an orthonormal system.

Then¢ generates a multiresolution analysis, and there exists/aleta) of
the form

P(x) =2 dep(2x+ k).

keZ
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Desirable properties for wavelet bases

¢ thaty has a computationally convenient form, for example tha a
piecewise polynomial (a spline);
Not satisfied for the conventional wavelets like the Daubeéés’
wavelets and the Battle-Lemaré wavelets

e regularity ofy;
e symmetry (or anti-symmetry) ab, i.e., that

() = P(=x) or ) (x) = —¢(=x), X € R;

e compact support of, or at least fast decay;
o thaty hasvanishing moments.e., that for a certaill € N,

/ Xp(x)dx=0forl =0,1,...,N—1.
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N
Vanishing moments

e Vanishing moments are essential in the contextashpression.
Assuming thafj k }j kez is an orthonormal basis far?(R), every
f € L2(R) has the representation

f= (vt )

J,KEZ

All information aboutf is stored in the coefficient§(f , ¥ k) }j kez, and

(9) tells us how to reconstru€tbased on the coefficients. In practice on
can not store an infinite sequence of non-zero numbers, sbami®
select a finite number of the coefficients to keep. Done by
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I EEEEEEE——.
Thresholding for wavelet based, = > (f, ¥ k) ¥j k.

Thresholding: Chooses a certain> 0 and keep only the coefficients, v k)
for which

[(fs dik)] = e

If ¢ has a large number of vanishing moments, then only relstiesV
coefficients(f, 1/ k) will be large:

Theorem:Assume that the functiont € L?(R) is compactly supported and
hasN — 1 vanishing moments. Then, for ahytimes differentiable function
f € L2(R) for whichf) is bounded, there exists a constant- 0 such that

[(F, )| < C27IN2TI/2 v ke Z.
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Desirable properties for wavelet bases

Further relevant properties:

o Compact support (or at least fast decay)/dé essential for the use of
computer-based methods, where a function with unboundgglosu
always has to be truncated. For the same reason we oftenlveant t
support to be small.

¢ The condition ofiy being symmetric is helpful in image processing,
where a hon-symmetric wavelet will generate non-symmeirmiors,
which are more disturbing to the human eye than symmetrazsrr
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Non-existence of symmetric wavelets

One can not combine the classical multiresolution analygts the desire of
having a symmetric wavele:

Proposition:Assume that» € L2(R) is real-valued and compactly supported
and let

V; = spa{D' Tkdkez, | € Z.

Assume thate, {V;}) constitute a multiresolution analysis. Then, if the
associated wavelet is real-valued and compactly supported and has eithel
symmetry axis or an antisymmetry axis, theims necessarily the Haar
wavelet.

Thus, under the above assumptions we are back at the fumweiovant to
avoid!

Can we overcome the shortcomings (no explicit formula for), no
symmetry) by considering wavelet frames instead of bases -hile keeping
the convenient properties of multiresolution analysis?
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Spline wavelet8y

The B-splinedBy, N € N, are given by

Bl = X[O,l}a BN_|_1 = BN * Bl.

One can consider any order splirigg and define associated
multiresolution analyses, which leads to wavelets of tipety

() = aBn(2X+K).

keZ

These wavelets are call@&httle—Lema® wavelets.

Only shortcoming: except for the casl = 1, all coefficientsy are
non-zero, which implies that the wavelgthas support equal t&.
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Spline wavelets - can we do better tdr> 1?

Can show:

e There does not exists an ONBI Tyt }j ez for L?(R) generated by a
finite linear combination

() = aBn(2X+K).

e There does not exists a tight frar{]Bkaw}j,kGZ for L>(R) generated by
a finite linear combination

$(X) =) aBn(2x+K).
e There does not exists a pairs of dual wavelet fraf@Jyv)}j kez and

{DI Tk} kez for which+ andy) are finite linear combinations of
functionsDTyBy;, j,k € Z.
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Spline wavelet frames

Solution: consider systems of the wavelet-type, but generated by thare
one function.

Setup for construction of tight wavelet frames by Ron andnShe
Let o € L?(R) and assume that

(i) There exists a functioRly € L°°(T) such that
Y0(27) = Ho(7)o(7)-

(i) lim,—oto(7) = 1.
Further, letHy, ..., H, € L°°(T), and definap, ..., ¢¥n € L?(R) by

be(27) = He()do(y), £=1,...,n.
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The unitary extension principle

e We want to find conditions on the functiohf, . . ., H, such that
Y1,. ..,y generate a multiwavelet frame fof(R).

e LetH denote thén + 1) x 2 matrix-valued function defined by

Ho(v) Ti/2Ho(7)
Hi(v) Ty2Hi(v)
H(F}/) = ’ ’ ;v €ER

Hn(v) Ti/2Hn(7)
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The unitary extension principle

Theorem (Ron and Shen, 1997kt {vy, H,})_, be as in the general setup,
and assume that H)*H(v) = | for a.e.y € T. Then the multiwavelet systen
{DkaW}j,keZ,e:l,...,n constitutes a tight frame ford(R) with frame bound
equal tol.

The matrixH()*H () has four entries, but it is enough to verify two sets of
equations:

Corollary: Let {4, H,}}_, be as in the general setup and assume that

n
D He(P =1,
=0

and
n

> Hi(1)T12He(y) = 0,
=0

for a.e.y € T. Then{D Tkt }j kez,¢~1...n CONStitutes a tight frame fdr?(R)
with frame bound equal to 1.
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The unitary extension principle and B-splines

The UEP can be applied to any order B-spline!

Figure: The two wavelet frame generataps and«), associated withyg = Bs.
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The unitary extension principle and B-splines

Exmple:Foranym= 12, ..., we consider the center&dspline

of order 2n. Then
. 2m
~ sin(m
Yo(y) = <7( ’Y)) :

Ty

It is clear that lim_o 120(7) = 1, and by direct calculation,

. 2m . 2m
o(2y) = <S|n(27w)> _ <25In(7r7) COS(W’y)) _ co@™(ry)do().

2y 27y
Thusvyg satisfies a refinement equation with two-scale symbol
Ho(y) = co$™(my).

(DTU Mathematics) Talk, Inzell, 2012 September 18, 2012 61/14



N
The unitary extension principle and B-splines

Now, consider the binomial coefficient

2m\  (2m)!
14 To(2m— o)l
and define the functiondy, . .., Hom € L°°(T) by
He(y) = < 22n ) sin’ () co™ ¢ (7).

Using that cogr(y — 1/2)) = sin(xy) and
sin(r(y — 1/2)) = — cogm),

Tyabi(o) = /(%) - cod ) s (o).
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The unitary extension principle and B-splines

Thus, the matriX is given by

Ho(v)  Ti2Ho(v)
Hi(v)  Ti2Hi(y)
H(v) = ' ' =
Ham(v)  Ti/2Ham(7)
cog™(my) sSirf™ ()

( Z{n)sin(ﬂ) cos™ () — ( 2£n ) cos(m) sir™(m)

( o jsiﬁm(wy) ( o ) co2(7y)
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The unitary extension principle and B-splines

Using the binomial formula

(x+y)?" = inf < o ) Xy?mt,

=0

2m 2m
S = Y (2 ) sit(ry) codm ()
=0 =0

¢
= ( (my) + C052(7T’}/)) =1 v€T.
Using the binomial formula witk = -1,y =1,

2m
ZH@ JTa/2H( )—sinzm(m)cosm(m)Z(—De( 22“ )
(=0

= S|n2m(7w) cogM(ry)(1—1)*™ = 0.
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The unitary extension principle and B-splines

Thus the nfunctionsyn, . . . , ¥ defined by

be(v) = He(v/2)00(7/2)

_ ( 2m > SiP™ (v /2) co™ ¢ (1y/2)
B ¢ (my/2)2m

.....
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Shortcomings of the UEP

e The computational effort increases with the order of thepe B};:
For higher orders, we need more generators, and more non-zer
coefficients appear it,.

e There is a limitation on the possible number of vanishing reots),
can have: in the B-spline case, at least one of the functigreain only
have one vanishing moment. This leads to sub-optimal appedion
properties.
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More recent extension principles

e Mixed extension principle: construction of dual waveletrfres

o Oblique extension principle: equivalent to the UEP, buivmtes more
natural constructions of frames with high approximatiodess and
optimal number of vanishing moments

e Mixed oblique extension principle: dual frame variant of EP, but
computationally much simpler (avoids spectral factoitegt
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N
General theory for wavelet frames

Definition: Let s € L2(R). A frame forL2(R) of the form{DI Ty} kez is
called a dyadic wavelet frame.
The associated frame operator:

S: L*(R) — LA(R), Sf= > (f, DI Tky)) DI Tcwp.
I,KEZ

The frame decomposition:

f=> (f,SDTk)DI Ty, f € L2(R).
j,kEZ

Inconvenient - one needs to calculate

(f,S7IDITee), Vi, k € Z.
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Wavelet frame coefficients(f, DI i)

Improvement: can show that

S IDITw = DIS 1Tyep.
Unfortunately, in general

DIS Ty # DTS 1.

We can not expect the canonical dual frame of a wavelet frameothave

wavelet structure.
Bownik and Weber: example of a wavelet systemy }j kez for which

e The canonical dual does not have the wavelet structure;

o There exist infinitely many functions for which {¥); x}j kez is a dual
frame.
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General theory for wavelet frames

Example:Let {4 k}j ez be a wavelet ONB fot?(R). Givene €]0, 1], let
0 = + eD.

Then
¢ {0 k}jkez is a Riesz basis

e The canonical dual frame b x }; kez doesnot have the wavelet
structure.

e For a Riesz basis, the dual is unique: so no dual with wavilattsire
exists!

¢ If 4 has compact support, théralso has compact support, and all the
functions{6, «}j kez have compact support.

e For the canonical dual frarn[ngLk}j’keZ, the functions have compact
support wherk # 0. However, the functions*lej,o do not have
compact support.
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N
Gabor systems

Gabor systems: have the form

{E7Mg(x — na) kmnez,

for someg € L?(R), a,b > 0. Short notation:

{Emanag}m,nEZ = {e27rimbxg(x - na)}m,HEZ
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N
Gabor systems

Example:

o {€¥™51)(X) }mez is an ONB forL2(0, 1)

o Forn e Z, {&"m x 0 33X — M) }mez = {€7™x[01 (X — N)}mez i

an ONB forL?(n,n + 1)

o {&™0.1(X — N)}mnez is an ONB forL?(R)
Problem: The functionyg 1 is discontinuous and has very slow decay in th
Fourier domain:
sinmy

1 . .
X0 (7) = / e ™ dx=e ™
0 ™

Thus, the function is not suitable for time-frequency asisly
Question: Can we obtain more suitable Gabor bases by replagifng by a
smoother functiory?
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Gabor systems

A related short coming - thBalian—Low Theorem:
Theorem:Assume tha{EqnpThaQ}mnez iS @ Riesz basis. Then

([ moizax) ( [ heian ) = .

A function g generating a Gabor Riesz basis can not be well localized in
both time and frequency.

For example: impossible that the estimates

C
lg(x)| < m>
R C

hold simultaneously.

This motives the construction of Gabor frames!
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Gabor frames and Riesz bases

o If {EmbThad}mnez is a frame, then

{fc}k21 is a Riesz basis= ab= 1.

For the sake of time-frequency analysis: we want the Galaondr
{EmbThal}mnez to be generated by a continuous functgwith compact
support.
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Gabor systems{EmpTnad}mnez

Lemma:lf g is be a continuous function with compact support, then
¢ {EmbThad}mnez can not be an ONB.
¢ {EmpThaQ}mnez can not be a Riesz basis.
¢ {EmpThaQ}mnez can be a frame i < ab < 1;

Thus, it is necessary to consider frames if we want Gaboesystvith good
properties.
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Gabor frame§ EmpTnad}mnez, Necessary conditions

The following necessary condition fQEmpTha0}mnez to be a frame for
L%(R) depends on the interplay between the functiand the translation
parametegr, and is expressed in terms of the function

G(x) := > _lg(x—na)’, x € R,

nezZ

Proposition:Let g € L2(R) anda, b > 0 be given, and assume that
{EmbTnal}mnez is a frame with boundé, B. Then

bA< ) |g(x—na)[* < bB, ae xeR.

neZ
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Gabor systemg EmpThad}tmnez

Lemma:Suppose thdt is a bounded measurable function with compact
support and that the function

=3 Jgx—na)2, xe R

nezZ

is bounded. Then

2 2
> It EneTwg)? = § [ I100P S latx - naf?

m,nez nez
+ —Z/ )f(x—k/b) > g(x — na)g(x — na— k/b) dx
k20 nez

Important special cas@he formula simplifies iy has (small) compact
support.
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Gabor frames{EnpThad} mnez, sufficient conditions

Theorem:Letg € L?(R), a,b > 0 and suppose that

::— sup >

XE [0 a} kezZ

> g(x—najg(x — na— k/b)| <

nezZ

Then{EmpThad}mnez iS a Bessel sequence with bouBdIf also

SR AN

k£0

nez

) " g(x— najg(x —na— k/b)']

then{EmpTnad}mnez is a frame forL?(R) with boundsA, B.
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N
Gabor systems with compactly supported

Corollary: Let g € L?(R) be bounded and compactly supported. Then
{EmbTnal}mnez is a Bessel sequence for aayb > 0.

Recall:

G(X) =) _lg(x—na)f?, xe R.

nezZ

Corollary: Leta, b > 0 be given. Suppose thgtc L?(R) has support in an
interval of Iength% and that the functio®s is bounded above and below. The
{EmbTnad}mnez is a frame forL2(IR) with boundsA, B. The frame operatd
and its inversé&s—* are given by

_G 1_b 2
Sf=f, s =cf. fel’(R).
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Gabor frames and B-splines

Corollary: Forn € N, the B-splines3, and§; generate Gabor frames for all
(a,b) €]0,n[x]0,1/n.

Question: Characterization ofa, b) € R? for which B, generates a Gabor
frame?

The exact answer is unknown, and is bound to be complicated:
1) {EmbThaB2}mnez can not be a frame for arty> 0 whenevea > 2.

2) [Grochenig, Janssen, Kaiblinger, Pfander, 2002]:b-er2,3, . . .,
{EmbThaB2}mnez can not be a frame for argy> 0.
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Gabor frameq EmThaX(o,c/}mnez

ExampleSurprisingly complicated to find the exact rangecaf 0 and
parameters, b > 0 for which { EanaX[o,c[}m,neZ is a frame!
Via a scaling, assume that= 1. Janssen (2002) solved 8 cases:

(1) {EmTnaXjoc[}mnez iS nota frame it < aora > 1.
(i) {EmTnax[octmnez is aframeif 1> ¢ > a.
Assuming now thak < 1,c > 1, we further have
(V) {EmTnax[octmnez is a frame ifa ¢ Q andc €]1, 2.
(V) {EmTnaX[oc[}mnez is not a frame ifa = p/q € Q, ged(p, ) = 1, and
2-3<c<2

(Vi) {EmTnaX[oc/}mnez isnotaframeifa > 3 andc=L -1+ L(1- a)
withL € N, L > 3.

Complete solution 2012 by Q. Sun (14 cases, 88 pages!)
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The duals of a Gabor frame

For a Gabor fram¢EmpThaQ}mnez With associated frame operatSrthe
frame decomposition shows that

f= Z <fvs_lEmanag>Emanag, vf € LZ(R).

m,nNEZ

We need to be able to calculate the canonical dual frame
{S 1 EmbThagd} mnez — difficult!
A simplification can be obtained via
Lemma:Letg € L?(R) anda, b > 0 be given, and assume that
{EmbThaO}mnez is a Bessel sequence with frame oper&ofhen the
following holds:
() SEnpTha= EmplnaSforallmne Z.
(ii) If {EmbTnaQ}mnez is a frame, then also

S EmpTha = EmpTnaS L, Ym,n € Z.
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The duals of a Gabor frame

Theorem:Letg € L2(R) anda, b > 0 be given, and assume that
{EmbThal}mnez is a Gabor frame. Then the following holds:

() The canonical dual frame also has the Gabor structure arigeis by
{Emanaglg}m,neZ-

(i) The canonical tight frame associated WitfinnTnad}mnez iS given by
{Emanas_l/zg}m,neZ-
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The duals of a Gabor frame

Proposition:Let g € L?(R), and assume thatas well agy decay
exponentially. Let, b > 0 be given and assume th@nThad}tmnez is @
frame. Then EmpTnaS ¥2g}mnez is a tight frame, for whicts~1/2g as well
asF(S Y2g) decay exponentially.

Theoretically perfect!

Can be applied to the Gaussigfx) = —*/2 _ pyt the resulting generators
are not given explicitly.
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The duals of a Gabor frame

Example
e The Gaussian
g =e*
generates a Gabor frami&mpThad}mnez for all a,b €]0, 1[. The Fourier

transform
g(x) = Vre ™
has exponential decay. Also, the dual gener&tdig has exponential
decay in time and frequency.
e The function
h(x) = S 2%

generates a tight Gabor franiBn,Thah}mnez for all a, b €]0, 1], andh
as well ash decay exponentially.

2 2 . . .
Problem: S1/2¢~*" andS-te X are not given explicitly.
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The duals of a Gabor frame

Solution: Don’t construct a nice frame ar@xpecthe canonical dual to be
nice.

Construct simultaneously dual pairs{EmpTnhag},{EmbTnah} such thatg
and h have the required properties, and

f= Z <f7 Emanah>Emanag, vf e LZ(R)

mneZ
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Pairs of dual Gabor frames

Two Bessel sequencé&mbTnad}mnez and{EmbTnah}mnez form dual frames
if

f= Z <f> Emanah>Emanag, vf e LZ(R)
mnez

Ron & Shen, A.J.E.M. Janssen (1998):

Theorem:Two Bessel sequencéBmpTnad}mnez and{EmpThah}mnez form
dual frames if and only if

> g(x—n/b—ka)h(x — ka) = bdyo, ae. x € [0,a].
kez
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History

e Bolsckei, Janssen, 1998-2000: Baorational, characterization of Gabor
frames with compactly supported window having a compactppsrted
dual window;

¢ Feichtinger, Grochenig (1997): window &y implies that the canonical
dual window is inSy;

e Krishtal, Okoudjou, 2007: window ibIV(LOO,El) implies that the
canonical dual window is ikV(L*>, ¢1).
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Duality principle

The duality principle (Janssen, Daubechies, Landau, antiaa, and Ron
and Shenconcerns the relationship between frame properties fonetifon g
with respect to the lattic§(na, mb) }mnez and with respect to the so-called
dual lattice{(n/b, m/a) }mnez:

Theorem:Let g< L2(R) and ab > 0 be given. Then the following are
equivalent:

() {EmbTna0}mnez is a frame for 2(R) with bounds AB;

(ii) {\/%) Em/aTn/b9}mnez is a Riesz sequence with boundsBA
Intuition: If {EmpThad}mnez is a frame fon_z(R), thenab < 1, i.e., the
sampling pointg{(na, mb) }m nez are “sufficiently dense.” Therefore the
points{(n/b, m/a)}mncz are “sparse,” and therefm{eﬁ Em/aTn/b0}mnez
are linearly independent and only span a subspaté (&).
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Wexler-Raz’ Theorem

Wexler-Raz’ Theoremtf the Gabor system$§EmpThad}mnez and
{EmbTnah}mncz are Bessel sequences, then the following are equivalent:

(i) The Gabor systemE&EmpTnad}mnez and{EmpThah}mnez are dual
frames;

(ii) The Gabor SyStem% Em/aTn/bg}m,nGZ and{\/%] Em/aTn/bh}m,nGZ
are biorthogonal, i.e.,

1 1
(ﬁ) Em/aTn/bga ﬁ) Em/aTn’/bh> = 5m,m(5n,n/-
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Explicit construction of dual pairs of Gabor frames

In order for a fram¢fi } 2, to be useful, we need a dual frarffg},, . i.e.,
a frame such that

oo

f = (f,g0f, vf € H.
k=1

How can we construct convenient dual frames?

Ansatz/suggestionGiven a window functiorg € L?(R)generating a frame
{EmbThad}mnez, look for a dual window of the form

K

h(x) = D ag(x+ k).

k=—K

The structure oh makes it easy to derive propertiestolbased on properties
of g (regularity, size of support, membership un various vesparces,....)
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Explicit construction of dual pairs of Gabor frames

Theorem(C., 2006)Let N € N. Let g€ L?(R) be a real-valued bounded
function for which

* supp g< [O,N],
* > ez 9X—n)=1
Let b€]0, 55 ]. Then the function g and the function h defined by
N-1

h(x) = bg(x) +2b > g(x+ n)
n=1

generate dual frame&EmpThG}mnez and{EmpTnh}mnez for L2(R).
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Candidates fog - the B-splines

For the B-spline case:
e The functionsBy and the dual window

N—1
h(X) = bBy(x) +2b) ~ By(x+n)

n=1
are splines;
e By andh have compact support, i.e., perfect time—localization;

e By choosingN sufficiently large, polynomial decay é‘ﬁ andh of any
desired order can be obtained.

Note:

. N
— sinty\ "
BN<7>=< o ) e Y,
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Example

For the B-spline

X xe€ [0, 1],
Bo(x) =¢2—x  x€1,2]
0 x ¢ [0,2],

we can use the result fare]0, 1/3]. Forb = 1/3 we obtain the dual
generator

1

h = —

0 = 3
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N
Example

Figure: The B-splineN, and the dual generatbrfor b = 1/3; and the B-splind3
and the dual generatbrwith b = 1/5.
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Other choices¥es!

Theorem:(C., Kim, 2007)Let N € N. Let g€ L?(R) be a real-valued
bounded function for which

* supp gC [0, N],
> ez 9X—n)=1
Let b€]0, xit+]. Define he L2(R) by

N—-1
o) = > ang(x+n),

n=—N+1
where

a=b an+an,=2b,n=12--- N—-1

Then g and h generate dual fram@SmnpTng}mnez and{EmpTnh}mnez for
L2(R).
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Example: B-splines revisited
1) Take
a=b,a,=0forn=-N+1,...,-1a,=2bbn=1...N—1

This is the previous Theorem. This choice gives the shostggport.
2) Take

ANtL=aNg2=-=an-1=D:
if gis symmetric, this leads to a symmetric dual generator

N-1
hx)=b >  g(x+n)

n=—N+1

Note: h(x) = b on suppg.
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B-splines revisited
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Figure: The generatorB, andBz and their dual generators via 2).
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Explicit constructions

Another class of examples:

Exponential B-splinesGiven a sequence of scala?g, o, ..., 08 € R, let

Sy = 961(')X[o,1](') » 962(')X[o,1](') % eBN(.)X[Ql}(.),

e The functionéy is supported orf0, N].

o If By =0foratleaston& =1,...,N, then&y satisfies the partition of
unity condition (up to a constant).

o If 3 # B« for | # k, an explicit expression fafy is known (C., Peter
Massopust, 2010).
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N
Explicit constructions

Assume thatyy = (k— 1)3,k=1,...,N. Then

En(X) =

eﬁkx, X € [0,1];

Z [eﬂil 4+t eﬁje—l]

N—1 | 0<ji<-<je—1<N—-1

(_]’\_‘)él—l Z J1yeeey jo—17#k—1 eﬂk(X*fﬁ»l) X e [@ — 1, g]
E N T 4=2,...,N
k=0 I k+1-j)
j=1
j#k+1
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N
Explicit constructions

N—1
H (eﬁm - 1)
ZgN N T
i ~ AN
Via the Theorem: construction of dual Gabor frames with gatoes
N—1
&N, ) = > abn(x+k).
k=—N+1
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From Gabor frames to wavelet frames - duality condition

Theorem:Two Bessel sequencéBmpTnad}mnez and{EmpThah}mnez form
dual frames if and only if

(i) Dkez 9(x —ka)h(x — ka) = b, a.e. x € [0, .
(i) >z 9(x—ka—n/b)h(x —ka) =0, ae xe [0,a], ne Z\ {0}.

Theorem:Given a> 1, b > 0, two Bessel sequencéB, Tkt }j kez and

{Dy Tkst }j kez, Wherey, ¢ € L2(R), form dual wavelet frames for’(R) if
and only if the following two conditions are satisfied:

() Yjez(@v)d(dr) =bforaesy € R.
(i) For any numbery # 0 of the forma = m/al, m j € Z,

Z ?Z(ah)?j(ajv +m/b) =0, ae ycR.

{(,mez? | a=m/a}
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]
From Gabor frames to wavelet frames

C., Say Song Goh, 201metod for construction of dual pairs of wavelet
frames based on dual pairs of Gabor frames.

Let# > 1 be given. Associated with a functigne L?(R) with the property
thatg(log, | - |) € L?(R) we define a function) € L?(R) by

D) = gllogy (7))

Then o

¥(@7y) = g(jlogy(a) + logy(|7))-
When applied to the dual Gabor framSnpThén tmnez, {EmbTnhntmnez :
ConstructionAof dual pairs of wavelet frames with genesaﬂoandqz, for

which ¢ ande) are compactly supported splines with geometrically
distributed knot sequences.
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N
Example

The exponential B-spling, with 61 = 0,8, =1:

(0, x¢ (0,2,

gZ(X) =€~ 17 X € [07 1]7

e—e e, xelL2].
Then

D &(x-k =e-1 xR,
keZ

so we consider the function

,_ -1
9(x) := (e~ 1) &(x).
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Example

Thus, the functiory(x) := (e — 1)~1&,(x) has support if0, 2] and satisfies
that

> gx—n) =1

nezZ

Taking

1
h(x):==b ) g(x+n)

n=-1

leads to a pair of dual Gabor framéElmsTng}m,neZ, {E%Tnh}m,nez.
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Example

e Lety be defined via
0, | ¢ 1€,

¥(y) = gloge(lv)) = gn(l7]) = S B2, hle i,

e—e 'l

\—— > € e €.

o $ is a geometric spline with knots at the poirtd, e, +€.
e Letb = 1571 Then the function) defined by

S0 = hiin() = £ 3 G0

n=-1
iAs a dual generator.
e ¢ is a geometric spline with knots ate~1, +1, +-€2, +-€3.
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Figure:Plots of the geometric splinefsandi.

o=t
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From wavelet frames to Gabor frames

TheMeyer waveletthe first example of a function € L?(R) such that
1 € C*(R) has compact support.
The Meyer wavelet is really a class of wavelets.
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]
From wavelet frames to Gabor frames

TheMeyer wavelas the functiony € L?(R) defined via

A emrsin(3 (30| ~ 1),  it1/3< ]| <2/3
B(7) = { €™ ot 5 (w(38nl/2 - 1)), if2/3< 4] <4/3,
0, it |7] ¢ [1/3,4/3),

wherev : R — R is any continuous function for which

0, ifx<0O,
v(X) = :
1, ifx>1,

and
v(X) +r(l—-x) =1, xe R.

Known: {D, k1 }j kez is an orthonormal basis far(R), and

suppy = [-4/3,-1/3] U [1/3,4/3).
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(DTU Mathematics)

From wavelet frames to Gabor frames
Let

exp [— {exp[x/(1 —x)] — 1}—1] , if0<x<1,

vo(X) 0, if x <0,
1, if x> 1,
1
v(X) == E(Zlo(X) —1(l-x)+1), xcR.
Lsin(3(v(3-2~ 1)), if —p3<x<1-p3,
T(X) = Fcos5(w(3 -2~ 1)), if1-pE<x<2- 3
0, if X ¢ [~103,2 — {n3);

Thenr is real-valued, compactly supported, belong€t®(R), and
{Emy2TnT }mnez is a tight frame with bound = 1.
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]
From wavelet frames to Gabor frames

Figure: The functionr, which isC> and has compact support. The Gabor system
{Em/2TnT fmnez is a tight frame with bound = 1.
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Part IlI:

Research problems related to frames and
operator theory
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N
Open problems

¢ An extension problem for wavelet frames
e The duality principle in general Hilbert spaces
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An extension problem for wavelet frames
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Extension of Bessel sequences to tight frames

Theorem:For each Bessel sequengg} 2, in a Hilbert spacé, there exist
a family of vectors{gk} .-, such that

{fdies U {oktiees

is a tight frame forH.
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N
Extension of Bessel sequences to dual frames

Thorem:Let {fi }ic) and{gi}ic| be Bessel sequences in a Hilbert spate
Then there exist Bessel sequen¢psicy and{q; }icj in H such that
{fitia U {p }ics and{gi }iel U {qj}ics form a pair of dual frames fdk.
Proof. LetT andU denote the preframe operators {dr}ic and{g }tic,
respectively, i.e.,

T,U:2(1) = H, T{a}ia = Y _cfi, U{clic = _ca
i€l i€l
Let {g;}icy, {bj }ics denote any pair of dual frames fat. Then

F=UT+(1-UTHf = S (Ffi)g+ > (1 —UT)f,a)h

i€l jel
= > (g + > (f, (1 —UT*)"a)b
i€l jel

The sequencei}icr, {gi }ier, and{bj }ic; are Bessel sequences by definitior
and one can verify thaf(l — UT*)*a;}je; is a Bessel sequence as well. [
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N
Extension of Gabor Bessel sequences to tight frames

Theorem (D. Li and W.Sun, 2009)et { EmbThai }mnez be Bessel sequence:
in L2(R), and assume thaib < 1. Then the following hold:

¢ There exists a Gabor systefBmpTnad2 }mnez such that
{EmbThad1}mnez U {EmbThal2}mnez

is a tight frame forL2(RR).

e If g1 has compact support afslipy; | < b~1, theng, can be chosen to
have compact support.
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N
Extension of Gabor Bessel sequences to dual frame pait

Theorem (C., Kim, Kim, 2011)tet {EmbThad1 }mnez and{EmpbTnah1 }mnez
be Bessel sequenceslifi(R), and assume thaib < 1. Then the following
hold:

e There exist Gabor syster{&mpTnad2 }mnez aNd{EmpTnah2 fmnez in
L?(R) such that

{Emanagl}m,nEZ U {Emanagz}m,neZ and{Emanahl}m,neZ U {EmbTnah2 }n

form a pair of dual frames fdr?(R).

¢ If g1 andh; have compact support, the functiaggsandh, can be chosen
to have compact support.

Note: closely related to work by Han (2009), where it is assdthat
{EmbTnald1 }mnez and{EmpTnah1 }mnez are dual frames for a subspace.
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Extension of Gabor Bessel sequences to dual frame pait

Key step in the proof: Takéa; }ic3, {bj }ics to have Gabor structure, i.e.,
8 = EmpThad1- Then

(I =UT")"g = (I — TU")EmbTnads = EmbTna(l — TU")01,

which has Gabor structure!
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]
The wavelet case

Let {DiTytp1 }j ez and{DiTety1 }; kez be Bessel sequencesliA(R). Take
{&}ics, {bj }ics to have wavelet structure. Then

(I —UT")*g = (I — TU")D' Ty

Unfortunately, the operatdfU* in general does not commute witHT!
Thus, we can not copy the technique from the Gabor analysis.

Open questionCan a pair of wavelet Bessel systen{rﬂTWﬁLkeZ and
{Dkal/}l}LkeZ be extended to a pair of dual frames by adding just one pair
wavelet systems?

Known: Any pair of wavelet Bessel systemiB! Tii1 }j kez and
{ Dka%}j,keZ can be extended to a pair of dual frames by addivgpairs of
wavelet systems.
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]
The wavelet case

Theorem (C., Kim, Kim, 2011)Let {DiTyb1 }j ez and{DiTyihs }j kez be
Bessel sequences lif(R). Assume that the Fourier transformiof satisfies
suppysy C [-1,1].

Then there exist wavelet systefR! Tytz }j kez and{Dka%}LkEZ such that
{DI i1 }j ez U {D/ Tktb2}j kez and {DI T }j ez U {D Titb2}j kez

form dual frames fot?(R).
Corollary: (C., Kim, Kim, 2011):In the above setup, assume thatis
compactly supported and that

suppus C [~1.1]\ [~¢.

for somee > 0. Then the functiong», andi» can be chosen to have
compactly supported Fourier transforms as well.
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N
The wavelet case - Open problems:

o Let {DiTct)1}jkez and{DiTe1 }; kez be Bessel sequencesliA(R).

Assume that supp is NOT contained in—1, 1]. Does there exist
wavelet system$DI Tyi }j kez and{DI Tkt }j kez such that

{DITith1 i kez U {D Tt} kez and {D Tithn Y kez U {D/ Titb2}j kez

form dual frames fot.?(R)?

e Or can we find just one example of a pair of Bessel sequences
{D'Ty1}j kez and{D'Ti)1 }j kez that can not be extended to a pair of
dual wavelet frames, each with 2 generators?

e Any positive or negative conclusion will be new!

Note: A pair of wavelet Bessel sequences can always be eedendiual
wavelet frame pairs by adding two pairs of wavelet systems.
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]
The wavelet case

o Conjecture, Han, 200Q:et {D! Tyy/1 }j kez be a wavelet frame with upper
frame boundB. Then there exist® > B such that for eacK > D, there
existsy, € L?(R) such that

{DITir1 ) kez U {D' Tkt }jkez

is a tight frame foiL(R) with boundK.
e Based on an example, where

suppiy € [-1,1).
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The duality principle in general Hilbert space:
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N
Gabor systems

Gabor systems: have the form

{E7Mg(x — na) kmnez,

for someg € L?(R), a,b > 0. Short notation:

{Emanag}m,nEZ = {e27rimbxg(x - na)}
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Duality principle, Wexler-Raz’ Theorem

The duality principle:

Theorem:Let g< L2(R) and ab > 0 be given. Then the following are
equivalent:

() {EmbTna0}mnez is a frame for 2(R) with bounds AB;
(ii) {\/%) Em/aTn/b}mnez is @ Riesz sequence with boundBA

Wexler-Raz’ Theoremtf the Gabor system$§EmpThad}mnez and
{EmbTnah}mncz are Bessel sequences, then the following are equivalent:

(i) The Gabor system&EmpThad}tmnez and{EmpTnah}mnez are dual
frames;

(i) The Gabor system{s\/%] Em/aTn/b3}mnez and{\/%] Em/aTn/oN}mnez
are biorthogonal, i.e.,

1 1
<ﬁ) Em/aTn/bga ﬁ) Em(/aTn’/bh> = 5m,m(5n,n’-
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N
Duality principle

Can the duality principle in Gabor analysis be recast as eapsse of a
general theory, valid for general frames?
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N
Abstract duality in a Hilbert spack

R-dual of a sequenc }ic| in a Hilbert spacé+, introduced by Casazza,
Kutyniok, and Lammers:

Definition: Let{& }ici and{h;i }ic; denote orthonormal bases fét, and let

{fi}ie: be any sequence i for which>";, |(fi,§)|> < oo forallj € I. The
R-dual of{f; }ic| with respect to the orthonormal basés }ic; and{h;}ic| is
the sequencéw; }j| given by

wi=>» (fi,g)h,icl (10)

i€l
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N
Abstract duality - results by Casazza, Kutyniok, Lammer:

Theorem:Define the R-duafw; }jc| of a sequencéf; }ic| as above. Then:
() Foralli el,

fi = Z(wj’ hi)g, (11)
jel
i.e., {fi }iel is the R-dual sequence by }j| w.r.t. the orthonormal bases
{hi}icr and{& i
(i) {fi}iel is a Bessel sequence if and ofly; }ic| is a Bessel sequence.
(i) {fi}iel satisfies the lower frame condition with bound A if and only if
{w;}jel satisfies the lower Riesz sequence condition with bound A.
(iv) {fi}ic is aframe forH with bounds AB if and only if{w; };c| is a Riesz
sequence i with bounds AB.
(v) Two Bessel sequencéf}ic; and{g; }ic| in H are dual frames if and
only if the associated R-dual sequenges}jci and{~; }jc| satisfy that

(Wi, ) = ik, J,Ke L (12)
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N
The duality principle in Gabor analysis

Theduality principle:

Theorem:Let g< L2(R) and ab > 0 be given. Then the Gabor system
{EmbTnal}mnez is a frame for 2(R) with bounds AB if and only if
{\/%) Em/aTn/b9}mnez is a Riesz sequence with boundBA
e Can this result be derived as a consequence of the abstlityydu
concept?
e Thatis, can{ﬁ Em/aTn/b3}mnez be realized as the R-dual of

{EmbTnal}mnez W.r.t. certain choices of orthonormal bad@s,n}mnecz
and{hm,n}m,nez?
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N
Abstract duality

Result by Casazza, Kutyniok, Lammers:

o If {EmpTna0}mnez is a frame andib = 1, then{\/%] Em/aTn/o3}mnez
can be realized as the R-dual{@mpThaQ}mnez W.I.t. certain choices of
orthonormal baseée }ic; and{h; }ic.

o If {EmbTha0}mnez is atight frame, thel{ﬁ Em/aTn/bd}mnez can be
realized as the R-dual ¢EmpThad}mnez W.I.t. certain choices of
orthonormal baseée }ic; and{h; }ic.
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N
Abstract duality - a general approach

Question A: What are the conditions on two sequené&$ic|, {wj}jc1 such
that{w; };e is the R-dual offf; }ic; with respect tsomechoice of the
orthonormal baseée }ic) and{h; }ic|?

o We will always assume thdf;i }ic| is a frame forH.
o We arrive at the following equivalent formulation of QuestiA:

Question B: Let {fi }ic| be a frame fof{ and{wj}jc| a Riesz sequence .
Under what conditions can we find orthonormal bagg$ic; and{h; }ic, for
‘H such that

fi =) (w,h)e, (13)

jel
holds?

Idea: Fix an ONB{e }ic; and search fofh; }ic| such that (13) holds!
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N
Abstract duality

Theorem:(C., Kim, Kim) Let {wj }jci be a Riesz basis for the subspace W o
H, with dual Riesz basiéw fkei . Let{e }ic) be an orthonormal basis fd¥.
Given any fram€f; }ic| for H, the following hold:

(i) There exists a sequengh; }ic| in H such that
fi=> (u,h)g, Viel (14)
jel
(i) The sequencefh }ic| satisfying(14) are characterized as
hi = m +n;, (15)

where m e W+ and
[ee)
n=> (a.f)wk i€l.
k=1
Question C: When is it possible to find an orthonormal ba&lis}ic| for H of
the form (15)?
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N
Abstract duality

Theorem:(C., Kim, Kim) Let {wj };c| be a Riesz sequence spanning a prope
subspace W df (bounds CD) and{g }ic; an orthonormal basis fot.
Given any fram€f; }ic| for H (bounds AB) the following are equivalent:

(i) {wj}jer is an R-dual of{f; }ic| W.r.t. {& }ic| and some orthonormal basis

{hitier.
(i) There exists an orthonormal badk; }ic| for H satisfying
fi = Z<wj',hi>q, Viel.
jel

(iii) The sequencén; }ic is a tight frame for W with frame bound £ 1,

[ee]

= (& fi)w, i€l

k=1

Can show:{n; }i¢ is always a frame fow with boundsA/D, B/C!
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N
The duality principle in Gabor analysis

Key question:Given a frame(fi }ic| and a Riesz sequenge; }ic|, both with
boundsA, B. Let {wk }kel denote the dual Riesz basis. Finally, let

W := spar{wj}jel -

e Can we find an ONHe }i¢| such thaf{n; }ic, given by

[e.e]

n = Z(%waNk, iel,
k=1
is a tight frame foW with bound 1?

¢ Or can we find a case where NO choice{ef}ic; makes{n; }ic| a tight
frame forW with bound 17?
Yes!
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N
Abstract duality

Example (Diana Stoevalet {z } be an orthonormal basis. Consider the
overcomplete frame

it =1{2.2,2,%,2,2,%,2,7%, . . .}
for H and the Riesz sequence
{gl} = {\/5217 23,725,727, 29, . . '}7

which have the same optimal boundis= 1,B = 2.
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N
Abstract duality

Assume that there exist orthonormal base$ and{h;} so that{g;} is an
R-dual of{fi} wrt {e} and{h;}, i.e.

(o)

g=> (figh,jeN. (16)
i=1
Then -
3 =02 = Z(fi)e2>hi7
i=1

which implies that

(z3, ) = (21, &), (B, 2) = (21, &), (z,3) = (2, &),
(23,ha) = (23,€2), (23,h5) = (23,&2), (23,D6) = (z4,&2), ..,
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N
Abstract duality

and thus,

1 = |zf= lea,h. Z|Z€2|Z+Z|Zz| 1,€
= 1+Z|(Zzi—1,ez>
i=1

Thereforeg, 1 z_1,Vi € N. Inthe same waygs L z_;1,Vi € N,
e4 L 2z 1,Vi € N, etc. In particular,

2z 1lg,Vi>2 andzz L g, Vi>2

which is a contradiction. O
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N
Abstract duality

Not all Riesz sequences with given bounds are R-duals ofranyd with the
same bounds.

Conclusion:

o Either the theory of R-duals is not an extension of the dyailinciple
for Gabor frames;

¢ Or the theory for R-duals is an extension of the duality ppls; but for
some complicated reasons that is not just related to the @lthe frame
bounds.
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N
Abstract duality

Special case - a toy problerAssume thaff; }ic| is a Riesz basis fak with
boundsA, B, and that{wj }j<| is a Riesz basis fdk, also with bound#\, B.
Then, for any ONB{(g }ic| the equation

fi= Z<wj',hi>q, Viel

jel
has the unique solution

oo

h=n = Z<Q<7fi>w~k, iel.
k=1

Question:Can we find an ONHe }ic| such that{n; }ic| is an ONB forH?
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N
Abstract duality

Corollary: (C., Kim, Kim) Assume thafwj }j is a tight orthogonal Riesz
sequence spanning a proper subspacgfatith (Riesz) bound A and that
{fi }iel is a tight frame forH with frame bound A. Then the following hold:

(i) Given any orthonormal basigs }ic| for H, there exists an orthonormal
basis{h; }ic for H such that

fi= Z(wj,hi>q.

jel
(i) {witiel is an R-dual offf; }ie .
As a special case we obtain the following known result:

Corollary: (Casazza, Kutyniok, LammerK){EmnpThaQ}mnez is a tight frame
then{\/%) Em/aTn/b}mnez can be realized as the R-dual fmpThad}mnez.
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