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Hilbert- and Riesztransforms
Hilbert transform

’What is the amplitude and phase of a signal?‘

Let f € L2(R"),

F(f)=F = [gn Fx)e 205 d, F € ()
n=1:
o #:12(RR) — [2(R,R), f — FL(iLF
H|Ibert(tran)sform( ) Hgf(©)
> =1d
e f+iAff analytical signal

e invertible (i A4

@ Phase decomposition of the analytic signal

f+iAf = a(cos(¢p) +isin(¢p))
e a:=|f+Ii/f| :[R—»IRS amplitude
o ¢p:=arg(f+iAf):R— [0,27] phase
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Hilbert- and Riesztransforms
Riesz transform

’What is the Hilbert transform of images?‘

o Ry :_LQ(R”) — L2(R™), fr—»g‘l(’l‘—“f(é))
partial Riesz transform (a €{l,...,n})
] RaRﬁ = RﬁRa #+1d
o R:L[2(R"R)— L?(R",R"), f—Y"_ eqRaf
Riesz transform; {eq}"_, canonical basis of R™**
Clifford algebra: €2 = —e, eqep = —egeq,Va#p#0
e invertible ¥7_  R2=-1d = R = Id 2o g,
@ commutes with translation and dilation — Row
implementation via wavelets Function ¥, and
S.H., et al. IEEE transactions on image processing 2010 Riesz transforms

S

R11//
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Hilbert- and Riesztransforms
Directionality and steerability

’What is the difference to Hilbert transforms?‘

@ Riesz transforms are directional
@ Direction of Riesz transforms is steerable:
@ Representation of the rotation group:
Let p € O(n) a rotation S, : L>(R") — L*(R"), f — f(p-)

n
Sp—l ORaO o= Z pa,ﬁ(Rﬁ).
p=1

R 2_1/2(§1+/R;) ﬁz
Figure : Steerability of the Fourier multiplier of the Riesz transform

Stefan Held (TUM) Higher Riesz transforms Inzell 2012 4 /24



Hilbert- and Riesztransforms
The monogenic signal

- \

’What is the amplitude and phase of an |mage7‘

o Let x=epxo+X _1€aXa:= - €0%0 +xeRrn*!
= 1xIcos (arg (™)) + & sin (arg(21)) ),
where || = (X"_; Ixal?)'/?)

image A\

e Monogenic signal: f,,:= eof + Rf € L>(R",R"*1) amplltude
@ Phase-amplitude decomposition

f + Rf = a(cos(¢) + dsin(¢))
|f + Rf| :R" — IR{’r amplitude phase &
° ¢: :arg(f+l|Rf|) — [0,27] phase
o d:

|Rf| —S"1 phase direction

@ a.=

direction
Stefan Held (TUM)

Higher Riesz transforms

Inzell 2012

D



Hilbert- and Riesztransforms

Phase direction

Real part f Amplitude
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’What is analytic about the analytical signal?‘

Let
o f,fpel?R") fora=1,...,n

e u(xp,x):= eoP).(0 * f(x0,X) + X0 _1 €a Py * fa(X0,X)
Pxo (x) := fpn €271{6X) e=271t1X0 gt Poisson kernel

_ d d
@ 0:= 60% +ZZ:1 ead—xa
Then

fi = AF fo=Rof,Ya=1,...,n

if and only if du=0 which is equivalent to the Cauchy Riemann equations

d d
g U0 — o UL = 0 uo Zaldx ug=0
d = i A = =
d_Xou1+d_X1u0_O o u“+dx UO—O,VOC—].,...,”
anuﬁ dx,; ug=0,Va#pg=1,...,n
u is an analytical function u is a monogenic function
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Higher Riez transforms

What are higher Riesz transforms?

o Higher Riesz transforms: R*:= R/ ---Ry", a € NJ
& _ (X
|X|\al
= The Fourier multipliers of a higher Riesz transform should be a set of
polynomials {H,}; such that
° Z/Hf(x) =+1V¥x€S" ! = self inverting
o homogenous: 3k eN: H(ax) = akH(x), VaeR,x € R
= dilation invariance, boundedness

o Representation of the rotation group
Vp eSO(n)3D : Hi(px) =X, D, Hr(x) = steerability

o Fourier multiplier (I |) homogenous polynomials

Ri 2712(Ri+R,) R
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Higher Riez transforms
Polynomial spaces for higher Riesz transforms

’Which polynomial spaces shall we use?‘

@ k-homogeneous polynomials
(k-homogenous: p(ex) =ekp(x), ve> 0)
R™):= _ @ ca€R, xeR"
Br(R") {leal—k CaX™ Ca &1 X } An element of §,(S?!)
B =Bu(S"") =Bu(R")
e rotation invariant

o . Pr2 Pk < Pi2---

e unflexible, too big
o (5" 1) spherical harmonics :

Sn-1

Pr =9k &P
o pefH— Ap(E)IxIK=0, VxeR"
e minimal rotation invariant An element of $3(S?!)
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Higher Riez transforms
Properties of spherical harmonics

. . . . . . 2
’ Do spherical harmonics meet our reqmrements?‘ Spherical harmonics in R

© Dpen, #k = L(5")

o H LA, Vk#1eNg

dim(#4) = do = (") - (57
Let Sk = {Sk}* < 7, ONB
Addition theorem

Zld 1/2

unitary irreduzible representation of SO(n):
Let peSO(n) > EI@’; €SO(dhk):

(S5 (o), .., Sé‘nyk(px)) = DF(SF (%), "’S‘Ij(n,k (x)) y2 =2x1x0
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Higher Riez transforms
Examples for spherical harmonics in R?

k=0: y{) -1, yg -0 Spherical harmonics in R2
k=1 vi= I);_ll Y2 = E(—j
2_ 2
k=2 vi= X1|X|2X 2, ¥= 2|XXI|)2<2
=3 y13 _ Xl3 - 3X22X1 ’ yg _ 3X12X2 - X23

1%

3

yg’ = 3x12x2 -X5
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Higher Riez transforms
Examples for spherical harmonics in R3

k=0 | m=0 y=1 ’H
k=1 | m=0 yo=2 QH
1 |x] _
_ e ,... @
m=1 ylc 71 Yis= ﬁ /
k=2 =0 0_ 2X3 G —x5 6 !
oM T T
1 @, .. @
X2 X: - X1X: “ :
m:]_ y2,c = |)2<123 s -y2,5 = ﬁ 1 /
@, .. @
— 2 X1X. B I 2 _ XX B y
m=2 Y5 1)1(122 S| Ve = 1|X|22 |
Figure : Basis elements of spherical harmonics for R3 (not normalized).
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Higher Riez transforms
Higher Riesz transforms

’What is a higher Riesz transform?‘

° 3:R"—>5”_1,X—>ﬁ

o Let p € Py partial higher Riesz transform of degree k € N:
Ry: L2(R") — LX(R"), f — F}(i"(po0)F(F))
o Let Sk:= (SK"* <. 76 ONB
Ry = 1/2Zd"k e/RSk higher Riesz transform of degree k
{ea} canonlcal basis of RAnk+1 Clifford algebra: eg =—e€p, enep=—€gea,Va #f
° Invertlble o (Rsk) =1= R?=(-1)k'1d
@ Irreducible representation of the rotation group: Let p € SO(n)

° (Rslk"”’ngnk)op = @f;(Rslk,...,Rgdkk) = steerable.

Stefan Held (TUM) Higher Riesz transforms Inzell 2012 13/ 24



Higher Riez transforms

Combined higher Riesz transforms

’Are there more steerable higher Riesz transforms?

Let KcNp
o Let P=®keK<7fk={P=ZkeKZ,"1ka5k pfeR, Sf e Sk}
° Sp:={5k}k€K ONB of P

@ Steerable: reducible representation of the rotation group
Let p€SO(n) D} :=diag(Df)kek

p(px @Pp(x =;Z(©£)/,mpﬁ15§1(x)
o Higher Riesz transform Ry : L?(R") — L2(R", RE: k),
f o Ricf = (Zek dn) 2 (Rpf) cs,
o Invertible: ZkEKZ;I:"'f(—l)k_lRék =1d
1

@ Special case: P = Riesz transforms of higher order
[Michael Unser, Dimitri Van De Ville 2009, 2010]
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Higher Riez transforms
Customized higher Riesz transforms

’ Do higher Riesz transforms corresponding to a differential operator exist?‘

Let p:S" ! — R a polynomial e.g. p € Py
@ There exists a minimal space P(S"1) = @ Hy that contains plgn-1
Complement {p} to get an ONB Sy of B

o
@ Ry higher Riesz transform with geometrical properties of p
@ Interpretation: Directional information of a derivative
o Let pePy, fe WK2 (WK2(RM) = {fel2(R"): DYf € L2(R"), V|a| < k}).
o p(D)f = Ry(=A)K/2f ((~2)k/2 fractional Laplacian)
o ie. p(D)f = FL(p(2mie)F(F)) = Ryp(2m)FL(1+ K (F)) = R, F
such that f e L2(R")

o If fisradial, sois f.
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Higher Riez transforms
Higher monogenic signals

’A phase decomposition using higher Riesz transforms?‘

Let P =@ cx H) for some KN
@ Higher monogenic signal f,, x := (f, Rf)
o Phase decomposition f,, = a(cos(¢) + dsin(¢))
o a:=|Ryflpdimp) amplitude
o d:= M_;% e RIM(P) phase direction
o ¢ =arg(f +IiRyf) phase

@ Interpretation of the phase direction: d coefficient vector in the basis
of P such that Ryf is maximal
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Higher Riez transforms

’What is monogenic about the higher monogenic signal?‘

Let
o ke2N-1, f,fp e [>(R"), @=1,...,dn .

dp
o u(xg,x) = egPx, * f(x0,x) +Z,:'1k e1Py, * fo(x0, X),
(Pxo(x) := Jgn 82”'“ X) e=2ItX0 ¢t Poisson kernel)

o 0k =2 k+z,"ke5’<( ), ak_a z z,"kesk( )
Then
fa/ = RS‘/;f
if and only if
Oxu=0.
Which is equivalent to a set of generalized Cauchy Riemann equations.

aZk n 62 k
Furthermore 040, = - 52 +(Xh_, %)
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Higher Riez transforms
Implementation via wavelet frames

’ How are the higher Riesz transforms implemented?‘

The (higher) Riesz transform

e maps (tight) frames to (tight) multiframes (Proof uses Clifford frames
— frames with Clifford algebra valued coefficients. See S.H., et al.
IEEE transactions on image processing 2010)

@ maps wavelets to wavelets
e of a radial function is steerable

= Implementation via a tight steerable wavelet frame
We need a tight wavelet frame with radial mother wavelet
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Higher Riez transforms
Isotrope Waveletframes

’ Do suitable radial wavelet frames exist?\

) cos(27q(lI€l)), V||'f||€(1 il

o F(¢):= sin(2nq(%|l€|l)), VI|€||€(4,2 Fouri_er transforms of v
for different g
0, otherW|se,

where g € C([% iD:0=q(t)<3 vte[} 1l
q(3)=3. a(3)=0

° [V Ta‘I’ :jEZ,a€Z"} is a tight wavelet
frame of L2(R") with frame bound 1.

@ S.H., et al. IEEE transactions on image processing
2010

The wavelet
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Higher Riez transforms

Examples of Higher Riesz transforms of the given wavelets

k | Fourier domain  image domain || k | Fourier domain  image domain
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Conclusion
Conclusion

@ Higher Riesz transforms yield steerable wavelets

@ Multiscale decomposition: amplitude, phase and geometrical
information

@ Higher Riesz transforms taylored from minimal rotation invariant
spaces

@ Simple implementation via tight multiwavelet frames using fast Fourier
transform

@ Based on a isotropic, tight wavelet frame construction in arbitrary
dimension

Thank you for your attention
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@ S. H., Martin Storath, Brigitte Forster, and Peter Massopust.
Steerable wavelet frames based on the riesz transform.
IEEE Transactions on Image Processing, 19(3):653-667, 2010.

@ Martin Storath and Stefan Held.
Monogenic Wavelet Toolbox.

@ Michael Unser and D. Van De Ville.
Wavelet steerability and the higher order riesz transform.
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Cauchy Riemann equations for the higher monogenic signal

’What is monogenic about the higher monogenic signal?‘

Let f,fp € L2(R"), @=1,...,dpx.

Then f, = ngf

if and only if ug(xo,x) := Py * f(x0,%), Ua(Xx0,x) := Py, * fa(X0,X),
where Py (x) := [pn €2/(8X) = 27lto gt Poisson kernel

satisfy the generalized Cauchy Riemann equations:

Sg(D)ua(x) =SK(D)up(x), Ya,B=1,...,dpnu;

oku
5 ka(x) + (=) 1SK(D)up(x) =0, Va =1,...,dns;
X0
n ak
Y. SK(D)ua(x) = =2(x), faa. xR, xR,
a=1 0x
0
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Are there differential operators behind higher monogenicity?‘

o Let ke2N-1, u=Y " equq € LP(RTH,RI*) 1< p<oo
Then u satisfies the generalized Cauchy Riemann equations if and only

k .
if u= ZZH:O u, satisfies
oxu=0,

where 9 = aa—kk + 272‘1‘ e/SIk(D).
o (i {eSH(D D))* =¥ (SK(D))* = -k
o Leto, =2 z,ay()

02k n 92 \k
Then Oka = 3 2k +( a=1 @)
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