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1 B-spline divided difference, degree p

Bipe(X) = (&ipr1 =G &aprl(- = X)0, xR
(y — x)" := max((y — x)P,0)

Popoviciu, Chakalov, 1930’s
Curry&Schoenberg,1966



1 B-spline divided difference, degree p

Bipe(X) = (&ipr1 =G &aprl(- = X)0, xR
(y =) == max((y — x)",0)

Popoviciu, Chakalov, 1930’s
Curry&Schoenberg,1966

Trigonometric and Tchebycheffian divided differences can be
used to define more general B-splines
Karlin 1966, L&Winther 1978



2 recurrence relation

Bios ) = gljp gél

Biog(x) ::{1, f X € [&8i11),

0, otherwise.

Sitpt1 —X
+ 5
j.p-1.6(X) E oot — Gy R 1.£(X)

Popoviciu, Chakalov, Cox, deBoor, Mansfield
difficult to generalize



3 integrating the differentiation formula

The differentiation formula:

DB; £= vaP*tE . Bj+1,p71,§
o Yip-1&  Vi+1p-1¢
§i+p . 3
Yip-1£ = [5 Bi,p1,§(t)dt:g"”;)§’



3 integrating the differentiation formula

The differentiation formula:

DB; £= vaP*tE - Bj+1,p71,§
o Yip-1&  Vi+1p-1¢
5i+p . 3
Yip-1£ = [5 Bi,p1,§(t)dt:§’+fjoé’

Integrating:
x B t x B. _ t
B p(X) ;:/ Bip140) )dt—/ /AT AU TR
§ Yip-1g S Yirtp-1g

Sommer, Strauss,1988
We use this idea to define more general B-splines



More general spaces

B-splines defined using pieces taken from one space:

p
U= (up,...,up) :={) cuj: ;e R} C CP[a,b]
j=0



More general spaces

B-splines defined using pieces taken from one space:

p
U= (up,...,up) :={) cuj: ;e R} C CP[a,b]
j=0
Examples:

» Algebraic polynomials
Pp:=(1,x,...,xP)



More general spaces

B-splines defined using pieces taken from one space:
p

U= (up,...,up) :={) cuj: ;e R} C CP[a,b]
j=0

Examples:
» Algebraic polynomials
Pp:=(1,x,...,xP)
» Trigonometric polynomials
(1,cos(ax),sin(ax),...,cos(anx),sin(onx)), p=2n



More general spaces

B-splines defined using pieces taken from one space:
p

U= (up,...,up) :={) cuj: ;e R} C CP[a,b]
j=0

Examples:
» Algebraic polynomials
Pp:=(1,x,...,xP)
» Trigonometric polynomials
(1,cos(ax),sin(ax),...,cos(anx),sin(onx)), p=2n

» Exponential polynomials
(1,cosh(ax),sinh(ax),...,cosh(anx),sinh(anx)), p=2n



More general spaces

B-splines defined using pieces taken from one space:
p

U= (up,...,up) :={) cuj: ;e R} C CP[a,b]
j=0

Examples:

» Algebraic polynomials
Pp:=(1,x,...,xP)

» Trigonometric polynomials
(1,cos(ax),sin(ax),...,cos(anx),sin(onx)), p=2n

» Exponential polynomials
(1,cosh(ax),sinh(ax),...,cosh(anx),sinh(anx)), p=2n

» General exponentials
(e%X,...,e%X), a;eR, o;#ajfori#j.



Defining B-splines recursively for more general spaces
B-splines defined using pieces of

p
U= (up,...,Up) :={)_ cuj: ¢;e R} C CP[a, b]
j=0

Fork=1,....p

sk(x—¢)) Sk(Sjk+1—X)
BY ,(x):=—2—2 _BY X)+ / B X),
e 5 (Gn 5 1T G (G ey — By 1)
where

]

U () = {17 if X € [GiGit1),

B; i
0, otherwise.

sk(t) =t = B}[fpé = B; , ¢ the usual polynomial B-splines
Assume:

> Sq,...,Sp€ CP71[0,b— 4]

» 5k(0):=0, sk(t) >0fort>0

U . . .
> h
Bj’ p. Piecewise in U.
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Three Examples

» algebraic polynomials: s, (f) :=t, all k
piecewise in P

» trigonometric B-splines: s,(t) :=sin(at)/a, all k, p=2n:
piecewise in (1,cos (ox),sin(ax),...,cos(anx),sin(anx))

» exponential B-splines: sk(f) :=sinh(at)/a, all k, p=2n:
piecewise in
(1,cosh(ax),sinh(ax),...,cosh(anx),sinh(onx))

Using the recurrence relation it can be shown:
> B}I’Jpé = O, X < éj! X > éj+p+1

Bioe >0, & <x<&jipyi (if §aprr — &< 2minthe

trigonometric case)
B € CP~H(&) at a knot of multiplicity .
partition of unity if rescaled

v

v

v

v

Marsden identity, - - -
L&Winther 1979, Schumaker 1982



Are there other examples?

The continuity property implies that sy = s all k (independence
of k). Thus

__Sx=¢§) S(Sjrk+1 —
By e(x):= Cor —]@)B/k 1)+ T

The continuity property also implies

x)
Gt T a1

2s(h)s'(h) = §'(0)s(2h), all h > 0.
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Are there other examples?

The continuity property implies that sy = s all k (independence
of k). Thus

U ] s(x—¢&) S(&jrk1—X)
Bk ) = g ) P800 (g =y P ()

The continuity property also implies

2s(h)s'(h) = §'(0)s(2h), all h > 0.

This only holds for algebraic polynomials , trigonometric
polynomials and exponential polynomials (Schumaker 1982)

» polynomials since 2h=2h
» trigonometric since 2sin(h)cos (h) = sin(2h)
» exp since 2sinh (h)cosh(h) = sinh(2h)
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Two recurrence relations for general Tchebycheffian
B-splines

L1985: By = aB} | +(1—a)B}>

1o 0<a<t

Dyn, Ron1988 : B})J =a BgU’p,1 + ang;H + angp71 a4BEf’p,1
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Why Z00?

Exponential B-splines in Tension
Per Erik Koch and Tom Lyche

Abstract. describes material to sppeat ia [4]. We defne B-
splies for exp d‘iﬂ. in tension and derive their main properties.
Ou: pﬂnﬂpﬂ mull is & simple and stable way nf\’almhhn‘ with these

§1. B-splines

Splines in teasion, considered first by Schweikert [13], (sce also [2,6-12,15,16]),
are piecewise i the space T{", where for any integer & > 2 and any positive p

TP = span{e™, €%, 1,5, -~ &}
Thnpmmelumcanbeumﬂ[mdnpemnlm]mw!knotmmvdl =
(tis s small, then the spline behaves like a cubic polynomial on
Toy hiLe f py 8 Tnrge {increased tension), then the spline is almost = straight
Jine on Iz, We note that T is the null space of the linear differential operator
Ly = Dt = D2, Thez‘elnre it is natural to define 7y = xg—y (the set of
polynarnials of degree less than k) for p = 0 and Tf = ¥y for p = o0, and
k 2 3. We also note that if f € Ty then Df = df fdz € Ty

For simplicity we restrict attention to the cubic case, k = 4 in this paper.
With & = tigs — t; we define

i) = bz — ti,pi B3,
vila) = dltiar — 5, pia Be)y &)
wi(z) = uilz) ~ vipalz),

where for real 7, 7 2 0, and A > 0,

=*{(BA), ifr=0,
$(z,7,A) = { (sishrz —rz)/(r?sishra), if0<r<oo, (@
, if r = 00,
‘The function ¢ plays the role of the monomial z*.
Approximation Theory VI: Valun 361

e i W (i, p- 381384,
Copyright 1080 by Assdemic Fress, I
ISBN 0-12A74887-2.

Fighin of repraduciion in any form esceed



Some species (Schumaker 2002)

The Zoo of Splines

*Analytic splines *Monosplines

=Arc splines *Nu-splines

*Beta splines *Natural splines
*B-splines *L-splines

*Bemoulli splines *Lg-splines

*Box splines *Nonlinear splines
*Cardinal splines *One-sided splines
*Circular splines *Parabolic splines
*Complete splines *Perfect splines
*Complex splines *Periodic splines
*Confined splines *Poly-splines
*Deficient splines *Rational splines
*D”m splines +*Simplex splines
«Discrete splines +*Spherical splines
*Euler splines +Taut splines
*Exponential splines *Tchebycheffian splines
*(Gamma splines *Tension splines
*GB-splines +Thin plate splines
*HB-splines Trigonometric splines
*Hyperbolic Splines *Whittaker splines







Extended Tchebycheff space (ET)
Extended Complete Tchebycheff space (ECT)

b TOTAL i G
POSITIVIT pline Functions:

TCHENYCINFY SYSTEMS:
WITH APPLICATIONS 1%
ANALYEES AND STATISTICR

Basic Theory

Uit =

Karlin/Studden 1966, Karlin 168, Schumaker 1981/2007
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ET space

» [interval on the real line.

» pinteger, degree.

» Tp(l) C CP(I) linear space of dimension p+ 1

» T, is an ET space on / if any Hermite interpolation
problem with p+ 1 data on / has a unique solution in Tp(/).

» Equivalently: any nonzero element of Ty, has at most p
zeros in / counting multiplicities.

» (sinx,cosx) :={asinx+bcosx:a,becR}
is an ET-space on [0, ).



ECT space- and system

» Tp(l) C CP(I) is an ECT space if there exists a basis
{Up, ..., up} for Tp(/) such that every subspace

k
(U,...,ux) :=={) cuj:ceR}

J=0

is an ET-space on / for k =0,...,p.
> (Up,uy,...,Up) is called an ECT-system.



ECT space- and system

» Tp(l) C CP(I) is an ECT space if there exists a basis
{Up, ..., up} for Tp(/) such that every subspace

K
(U,...,ux) :=={) cuj:ceR}

J=0

is an ET-space on / for k =0,...,p.
> (Up,uy,...,Up) is called an ECT-system.

» (sinx,cosx):={asinx+bcosx:a,becR}
is an ECT-space on (0, x), but not on on [0, ).
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ECT examples

» algebraic polynomials, exponential polynomials are
ECT-spaceson /=R

» general exponentials on /=R provided (og, &1, -, 0p) iS
strictly monotone

» trigonometric polynomials on /= (a,a+2n/a), ac R

» exponential polynomials (e®* ... e%*)on =R

» generalized polynomials:
Py = (1,x,...,xP 2 U(x), V(x)), xel, U,V eCP(I),
(DP=1U, DP~1V) has at most one simple zero on /

» U(x)=cosax, V(x)=sinax, [=[aa+n),acR

» U(x) =coshoax, V(x)=sinhax, [=R
» U(X)=x", V(x)=x"""n>p, [=(0,)

Costantini, L, Manni 2005



Tchebycheffian B-splines

Karlin 1968, Schumaker 2007, Mazure, Mazure et al -
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Two existing definitions of Tchebycheffian B-splines

» using Tchebycheffian divided differences
» or by integrating the differentiation formula:

BY
o( %) -

where wy, ..., w, are sufficiently smooth positive functions
called "weights",

BY BY
]7,0_175 _ /+17P—1€

w w ?
,}/j?pftg ,y/+17p71~€

Eirk+1
Vs = /é B ¢(1)dt,
and

0, otherwise,

" ()= {wO(x), it x € [i8i+1),

We use the second definition allowing weights defined
piecewise.



Integrate the differentiation formula

D(’%&) _Bpre Blipie
Wo /' Vpg  Yiipore

The j-th Tchebycheffian B-spline B"" Y :R — R of degree p is
identically zero if §j, 11 = & and otherW|se defined recursively,

& (X) = wp(X) (/; L’%Lé(y) d}’—/x —Bﬁ;pq,g(ﬂ d}’),

i ’}//p71€ §j+1 ’)//+17P*17€

xS
I
o

’yi7

z/XB/ﬁaé(y)dy__{L if X > &kt
7& X T

Vike 0, otherwise



Degree one

J& wo(y)dy
M’ &< x <&,
S Woly)dy
B0 =0 o ey
Xgﬁz—oy Eiv1 <x<&jyo.
15 wo(y)dy

(1,x), (cos(1.2x),sin(1.2x)),{1,e*)
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Positivity
Using our definition
X Bwf (y) x BY B (y)
o (X) == Wp(X)</ %dy—/ Wdy),
g' ,}//p71€ §/+1 ,}//+17p*1,€

the most difficult property to prove is positivity. From positivity
the other properties follow easily. Bister, thesis, Karlsruhe, 1996



Positivity

Using our definition

XBW* (y) x BY B (y)
o) =t [t Sy [ et Say),

Vo1 S Vitp-1e

the most difficult property to prove is positivity. From positivity
the other properties follow easily. Bister, thesis, Karlsruhe, 1996

Lemma (L, Manni, Speleers)
The function

j+k
s:=) ¢ ;f';). £
i=J ’
has at most k sign changes provided all v, £ used to define
these B,!";) g are positive.

This lemma can be used to prove that all y’s are really nonzero
and that

e (X) >0, x€(&.8p1)



Inserting one knot
Let & = (&)"P*2 be a knot sequence obtained from

&= (5,)”“’+1 by inserting a knot & € [Em, Em 1) at position

m+1. Let
n+1

n
_ BW  _ A BW |
§= ,; GiBipe = ,; GiB



Inserting one knot
Let & = (&)"P*2 be a knot sequence obtained from

& = (&)/F"" by inserting a knot & € [&x,&m.1) at position
m-+1. Let 1
nt

n
_ BW  _ A BW |
= Z; GiBipe = ; B¢
j: =

then
Ci, i< m-—p
Ci=q ipe(8)Ci+(1—0,6(8))Ci1, m—p<i<m,
Ci—1, i>m.

where 0 < oc,-7p,§(§) <1.



Inserting one knot
Let & = (&)"P*2 be a knot sequence obtained from

& = (&)/F"" by inserting a knot & € [&x,&m.1) at position
m-+1. Let 1
nt

n
_ BW  _ A BW |
= Z; GiBipe = ; B¢
j: =

then
Ci, i< m-—p
Ci=q ipe(8)Ci+(1—0,6(8))Ci1, m—p<i<m,
Ci—1, i>m.

where 0 < oc,-7p,§(§) < 1. Moreover,

y 1 pi=p+1,
Qipe(8) =1 70 e 15 o
hp:é e 1"5“7'.;5" s otherwise
ip—1.8  lipi—1.8



de Boor like algorithm for ECT( L,1985)

Knot insertion was derived earlier using Tchebycheffian divided
differences and to give an evaluation algorithm for
Tchebycheffian splines

If s(x) =Y, c}o] Bj!f';);(x) and x € [Em, Em+1) then

s(x) = cPl where

0 0
cl,,],p c,[qip 1 c,[71,]
Cmfp—H Cm
o
k-+1 k
M = g ()l + (1 — o £ (x)) ),



GB-splines



Space

» partition A:={ng<n1 <---<Mys1}
» Space:

PYV(A) = (1,x,....xP 2 U(X), V(x)), X € [No,Nes1]:

> IP’,‘,’7V(A) is an ECT-space on each [n;",n; 4]



and Weights

» Weights on [n;",n;4]:
Wp i(X) = Wp_1,i(X) =---Wpi(Xx) =1



and Weights

» Weights on [n;", 1]
Wp,i(X) = Wp_1,i(X) = wp i(x) =1

> w i(x), woi(x) weights for the space (DP~'U, DP~'V) on
(" 117:4]



and Weights

> Weights on [/, n74]:

Wp i(X) = Wp_1,i(X) =---Wpi(Xx) =1
> w i(x), woi(x) weights for the space (DP~'U, DP~'V) on
", mi4]

» Global weights: w := (wp,...,Wp)
wi(x) = wji(x), X€Mini), i=0,...6, j=0,...p.



and Weights

> Weights on [/, n74]:

Wp i(X) = Wp_1,i(X) =---Wpi(Xx) =1
> w i(x), woi(x) weights for the space (DP~'U, DP~'V) on
", mi4]

» Global weights: w := (wp,...,Wp)
wi(x) == wji(x), X€Minis1), i=0,....0 j=0,...p.
» wje C([n;",ni 4, i=0,....¢,



and Weights

> Weights on [/, n74]:

Wp i(X) = Wp_1,i(X) =---Wpi(Xx) =1
> w i(x), woi(x) weights for the space (DP~'U, DP~'V) on
", mi4]

» Global weights: w := (wp,...,Wp)

WJ(X) = WjJ(X), XG[T],’,‘I’[,'+1), I'ZO,...,E, jZO,...,p.
» we C([nf,ni41), i=0,....0,
> [f W17,'(T],') = W17,'(T[,'+1) =1 then W € Cj71(n,‘), i=1...,0.



Example: Generalized B-splines of degree p

Ho Heta
> &1y 8niprt = M0y M0s - Mot 1y -+ Mg 1 -
> Ui, vi € (DP-TU,DP- V) on [§F,& 4]
ui(§) =1, ui(ir1)=0, vi(&)=0, vi(it1)=1.



Example: Generalized B-splines of degree p

Ho Heta
> &ty Cnprt = M5 M0s - Mot -5 M1 -
> Ui, vi € (DP-TU,DP- V) on [§F,& 4]
ui(6) =1, ui(§iy1) =0, V(&) =0, Vv(&iy1)=1.
» p=1:

vi(x), it xe[&;, &),
Bm,g(x) = Uip1(x), ifx€[&i1,8ir2),
0, otherwise.



Example: Generalized B-splines of degree p

Ho Hopq

— ——
> &1 8ntptt =M05- 3 M0s -5 Mgt s+ -, T4 1 -
> Ui, vi € (DP-TU,DP- V) on [§F,& 4]
ui(&) =1, ui(&ir1)=0, vi(&)=0, Vvi(&i1)=1.
vi(x),  itxe[&,&it1),
BY

1711§(X) = Ui (x), it x € [Eir1,8ir2),
0, otherwise.

» Polynomials: U(x) = xP~" and V(x) = xP

_ Siv1—x x=&

& & Vitx) = i1 =&’ < St

u;i(x)



Example;
Consider the partition A = {0,1,2,3}, and
x, ifxe[0,1), X2, ifxe[0,1),
Ux)=<e™, ifxe[l,2), V(x)={e*, ifxell,2),
x, ifxel[2,3), x2,  ifxe[2,3).



Example;
Consider the partition A = {0,1,2,3}, and

x, ifxel0,1), X2, ifxe[0,1),
Ux) =< e™, ifxe[1,2), V(x)=<e*, ifxel[l1,2),
x, ifxel2,3), x2,  ifxe[2,3).
Forp=1,
X, if x €[0,1),
BY, ,(x)= | SN((2—x)a)
1.1.£(X) sinh(a) if x €[1,2),
0, otherwise,

W if x € [1,2),

BYie(x)=13-x, if x € [2,3),

0, otherwise,



1’175 and BW1 £ oa=3
x, ifxe[0,1), X2, ifxel0,1),
Ux)=<e*, ifxe[1,2), Vkx)=<e*, ifxec[1,2),
x, ifxel[2,3), x2,  ifxe[2,3).
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andforp=2,and 8 := /2

Blog(x) =

sinh(ﬁ) B
"+ Boosn(p) | ¥

08
06
0.4r

0.2r-

X2,

14 cosh(B)—cosh((3 —2x)pB)

Bsinh(B)

0,

L L L L
1.0 20 5 3.0

B=0,B-4,8=25

if x € 0,1),

, ifxell1,2),

if x € [2,3),

otherwise.



Beyond GB

There are other interesting examples than GB-splines
<1 ) Xyent 7Xp747 U1 (X)7 V1 (X)7 UQ(X)v VQ(X»

under suitable assumptions on Uy, Vi, Us, V.
Mazure, Xu et al



conclusion

» Can define piecewise Tchebycheffian splines
» "There is always room in the Zoo"



Fine



