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Some applications and names

I splines in tension,
I shape approximation,
I exact representation of conic sections without rationals,
I isogeometric analysis, · · ·
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Costantini, Dyn, Jerome, Koch, Laurent, L, Mainar, Manni,
Mazure, Mühlbach, Nürnberger, Pelosi, Pena, Pottmann,
Prautzsch, Roman, Ron, Sampoli, Sanchez-Reyes, Scherer,
Schumaker, Schweikert, Sommer, Speleers, Strauss, Sun,
Wang, Xu, Zhou,· · ·
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1. divided difference
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3. integrating differentiation formula
4. convolution
5. blossoming
6. generalized binomial expansion (Marsden identity)
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1 B-spline divided difference, degree p

Bj ,p,ξξξ (x) := (ξj+p+1−ξj)[ξj , . . . ,ξj+p+1](·−x)p
+, x ∈ R

(y −x)p
+ := max((y −x)p,0)

Popoviciu, Chakalov, 1930’s
Curry&Schoenberg,1966

Trigonometric and Tchebycheffian divided differences can be
used to define more general B-splines
Karlin 1966, L&Winther 1978
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2 recurrence relation

Bj ,p,ξξξ (x) :=
x−ξj

ξj+p−ξj
Bj ,p−1,ξξξ (x) +

ξj+p+1−x
ξj+p+1−ξj+1

Bj+1,p−1,ξξξ (x)

Bi ,0,ξξξ (x) :=

{
1, if x ∈ [ξiξi+1),

0, otherwise.

Popoviciu, Chakalov, Cox, deBoor, Mansfield
difficult to generalize



3 integrating the differentiation formula

The differentiation formula:

DBj ,p,ξξξ =
Bj ,p−1,ξξξ

γj ,p−1,ξξξ
−

Bj+1,p−1,ξξξ

γj+1,p−1,ξξξ

γi ,p−1,ξξξ :=
∫

ξi+p

ξi

Bi ,p−1,ξξξ (t)dt =
ξi+p−ξi

p

Integrating:

Bj ,p,ξξξ (x) :=
∫ x

ξj

Bj ,p−1,ξξξ (t)
γj ,p−1,ξξξ

dt−
∫ x

ξj+1

Bj+1,p−1,ξξξ (t)
γj+1,p−1,ξξξ

dt , x ∈ R

Sommer, Strauss,1988
We use this idea to define more general B-splines
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More general spaces

B-splines defined using pieces taken from one space:

U = 〈u0, . . . ,up〉 := {
p

∑
j=0

cjuj : cj ∈ R} ⊂ Cp[a,b]

Examples:
I Algebraic polynomials

Pp := 〈1,x , . . . ,xp〉
I Trigonometric polynomials
〈1,cos(αx),sin(αx), . . . ,cos(αnx),sin(αnx)〉, p = 2n

I Exponential polynomials
〈1,cosh(αx),sinh(αx), . . . ,cosh(αnx),sinh(αnx)〉, p = 2n

I General exponentials
(eα0x , . . . ,eαpx ), αi ∈ R, αi 6= αj for i 6= j .
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Defining B-splines recursively for more general spaces
B-splines defined using pieces of

U = 〈u0, . . . ,up〉 := {
p

∑
j=0

cjuj : cj ∈ R} ⊂ Cp[a,b]

For k = 1, . . . ,p

BU
j ,k ,ξξξ (x) :=

sk (x −ξj)

sk (ξj+k −ξj)
BU

j ,k−1,ξξξ (x)+
sk (ξj+k+1−x)

sk (ξj+k+1−ξj+1)
BU

j+1,k−1,ξξξ (x),

where

BU
i ,0,ξξξ (x) :=

{
1, if x ∈ [ξiξi+1),

0, otherwise.

sk (t) := t =⇒ BU
j ,p,ξξξ = Bj ,p,ξξξ the usual polynomial B-splines

Assume:
I s1, . . . ,sp ∈ Cp−1[0,b−a]

I sk (0) := 0, sk (t) > 0 for t > 0
I BU

j ,p,ξξξ piecewise in U.



Three Examples
I algebraic polynomials: sk (t) := t , all k

piecewise in Pp

I trigonometric B-splines: sk (t) := sin(αt)/α, all k , p = 2n:
piecewise in 〈1,cos(αx),sin(αx), . . . ,cos(αnx),sin(αnx)〉

I exponential B-splines: sk (t) := sinh(αt)/α, all k , p = 2n:
piecewise in
〈1,cosh(αx),sinh(αx), . . . ,cosh(αnx),sinh(αnx)〉

Using the recurrence relation it can be shown:
I BU

j ,p,ξξξ = 0, x < ξj , x > ξj+p+1

I BU
j ,p,ξξξ > 0, ξj < x < ξj+p+1 (if ξj+p+1−ξj < 2π in the

trigonometric case)
I B ∈ Cp−µ (ξ ) at a knot of multiplicity µ.
I partition of unity if rescaled
I Marsden identity, · · ·

L&Winther 1979, Schumaker 1982
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Are there other examples?

The continuity property implies that sk = s all k (independence
of k ). Thus

BU
j ,k ,ξξξ (x) :=

s(x −ξj)

s(ξj+k −ξj)
BU

j ,k−1,ξξξ (x)+
s(ξj+k+1−x)

s(ξj+k+1−ξj+1)
BU

j+1,k−1,ξξξ (x),

The continuity property also implies

2s(h)s′(h) = s′(0)s(2h), all h > 0.

This only holds for algebraic polynomials , trigonometric
polynomials and exponential polynomials (Schumaker 1982)

I polynomials since 2h = 2h
I trigonometric since 2sin(h)cos(h) = sin(2h)

I exp since 2sinh(h)cosh(h) = sinh(2h)
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Two recurrence relations for general Tchebycheffian
B-splines

L1985 : BU
p = αBU1

1,p−1 + (1−α)BU2
1,p−1, 0≤ α ≤ 1

Dyn,Ron1988 : BU
p = a1BU

1,p−1 + a2BU
2,p−1 + a3BU

3,p−1a4BU
4,p−1
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The Zoo of splines



Why Zoo?



Some species (Schumaker 2002)
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Extended Tchebycheff space (ET)
Extended Complete Tchebycheff space (ECT)

Karlin/Studden 1966, Karlin 1968, Schumaker 1981/2007



ET space

I I interval on the real line.
I p integer, degree.
I Tp(I)⊂ Cp(I) linear space of dimension p + 1

I Tp is an ET space on I if any Hermite interpolation
problem with p + 1 data on I has a unique solution in Tp(I).

I Equivalently: any nonzero element of Tp has at most p
zeros in I counting multiplicities.

I 〈sinx ,cosx〉 := {asinx + b cosx : a,b ∈ R}
is an ET-space on [0,π).
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ECT space- and system

I Tp(I)⊂ Cp(I) is an ECT space if there exists a basis
{u0, . . . ,up} for Tp(I) such that every subspace

〈u0, . . . ,uk 〉 := {
k

∑
j=0

cjuj : cj ∈ R}

is an ET-space on I for k = 0, . . . ,p.
I (u0,u1, . . . ,up) is called an ECT-system.

I 〈sinx ,cosx〉 := {asinx + b cosx : a,b ∈ R}
is an ECT-space on (0,π), but not on on [0,π).
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ECT examples

I algebraic polynomials, exponential polynomials are
ECT-spaces on I = R

I general exponentials on I = R provided (α0,α1, · · · ,αp) is
strictly monotone

I trigonometric polynomials on I = (a,a + 2π/α), a ∈ R
I exponential polynomials (eα0x , . . . ,eαpx ) on I = R
I generalized polynomials:

PU,V
p := 〈1,x , . . . ,xp−2,U(x),V (x)〉, x ∈ I, U,V ∈ Cp(I),
〈Dp−1U,Dp−1V 〉 has at most one simple zero on I

I U(x) = cosαx , V (x) = sinαx , I = [a,a + π), a ∈ R
I U(x) = coshαx , V (x) = sinhαx , I = R
I U(x) = xn, V (x) = xn+1,n ≥ p, I = (0,∞)

Costantini, L, Manni 2005
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p := 〈1,x , . . . ,xp−2,U(x),V (x)〉, x ∈ I, U,V ∈ Cp(I),
〈Dp−1U,Dp−1V 〉 has at most one simple zero on I

I U(x) = cosαx , V (x) = sinαx , I = [a,a + π), a ∈ R
I U(x) = coshαx , V (x) = sinhαx , I = R
I U(x) = xn, V (x) = xn+1,n ≥ p, I = (0,∞)

Costantini, L, Manni 2005



Tchebycheffian B-splines
Karlin 1968, Schumaker 2007, Mazure, Mazure et al ·



Two existing definitions of Tchebycheffian B-splines
I using Tchebycheffian divided differences

I or by integrating the differentiation formula:

D
(Bw

j ,p,ξξξ

wp

)
=

Bw
j ,p−1,ξξξ

γw
j ,p−1,ξξξ

−
Bw

j+1,p−1,ξξξ

γw
j+1,p−1,ξξξ

,

where w0, . . . ,wp are sufficiently smooth positive functions
called "weights",

γ
w
i ,k ,ξξξ :=

∫
ξi+k+1

ξi

Bw
i ,k ,ξξξ (t)dt ,

and

Bw
i ,0,ξξξ (x) :=

{
w0(x), if x ∈ [ξiξi+1),

0, otherwise,

We use the second definition allowing weights defined
piecewise.
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Integrate the differentiation formula

D
(Bw

j ,p,ξξξ

wp

)
=

Bw
j ,p−1,ξξξ

γw
j ,p−1,ξξξ

−
Bw

j+1,p−1,ξξξ

γw
j+1,p−1,ξξξ

The j-th Tchebycheffian B-spline Bw
j ,p,ξξξ : R→ R of degree p is

identically zero if ξj+p+1 = ξj and otherwise defined recursively,

Bw
j ,p,ξξξ (x) := wp(x)

(∫ x

ξj

Bw
j ,p−1,ξξξ (y)

γw
j ,p−1,ξξξ

dy −
∫ x

ξj+1

Bw
j+1,p−1,ξξξ (y)

γw
j+1,p−1,ξξξ

dy
)
,

γ
w
i ,k ,ξξξ = 0 =⇒

∫ x

ξi

Bw
i ,k ,ξξξ (y)

γw
i ,k ,ξξξ

dy :=

{
1, if x ≥ ξi+k+1,

0, otherwise



Degree one

Bw
j ,1,ξξξ (x) = w1(x)



∫ x
ξj

w0(y)dy∫ ξj+1
ξj

w0(y)dy
, ξj ≤ x < ξj+1,

∫ ξj+2
x w0(y)dy∫ ξj+2
ξj+1

w0(y)dy
, ξj+1 ≤ x < ξj+2.

0.5 1.0 1.5 2.0

0.2

0.4

0.6

0.8

1.0

〈1,x〉, 〈cos(1.2x),sin(1.2x)〉,〈1,e2x〉



Properties of Tchebycheffian splines

I local support

I positivity
I smoothness: "degree = smoothness + multiplicity"
I linear independence
I "partition of unity"
I knot insertion
I · · ·
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Positivity
Using our definition

Bw
j ,p,ξξξ (x) := wp(x)

(∫ x

ξj

Bw
j ,p−1,ξξξ (y)

γw
j ,p−1,ξξξ

dy −
∫ x

ξj+1

Bw
j+1,p−1,ξξξ (y)

γw
j+1,p−1,ξξξ

dy
)
,

the most difficult property to prove is positivity. From positivity
the other properties follow easily. Bister, thesis, Karlsruhe, 1996

Lemma (L, Manni, Speleers)
The function

s :=
j+k

∑
i=j

ciBw
i ,p,ξξξ

has at most k sign changes provided all γw
r ,`,ξξξ used to define

these Bw
i ,p,ξξξ are positive.

This lemma can be used to prove that all γ ’s are really nonzero
and that

Bw
j ,p,ξξξ (x) > 0, x ∈ (ξj ,ξj+p+1).
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Inserting one knot
Let ξ̌ξξ = (ξ̌i)

n+p+2
i=1 be a knot sequence obtained from

ξξξ = (ξj)
n+p+1
j=1 by inserting a knot ξ̌ ∈ [ξm,ξm+1) at position

m + 1. Let

s =
n

∑
j=1

cjBw
j ,p,ξξξ =

n+1

∑
i=1

čiBw
i ,p,ξ̌ξξ

then

či =


ci , i ≤m−p
αi ,p,ξξξ (ξ̃ )ci + (1−αi ,p,ξξξ (ξ̃ ))ci−1, m−p < i ≤m,

ci−1, i > m.

where 0 < αi ,p,ξξξ (ξ̃ ) < 1. Moreover,

αi ,p,ξξξ (ξ̃ ) =

1 µi = p + 1,
γw
i ,p−1,ξ̃ξξ

···γw
i ,µi−1,ξ̃ξξ

γw
i ,p−1,ξξξ ···γ

w
i ,µi−1,ξξξ

otherwise
.
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de Boor like algorithm for ECT( L,1985)

Knot insertion was derived earlier using Tchebycheffian divided
differences and to give an evaluation algorithm for
Tchebycheffian splines

If s(x) := ∑
n
j=1 c[0]

j Bw
j ,p,ξξξ (x) and x ∈ [ξm,ξm+1) then

s(x) = c[p]
m , where

c[0]
m−p c[0]

m−p+1 · · · c[0]
m

c[1]
m−p+1 · · · c[1]

m
. . .

...

c[p]
m

c[k+1]
j = αj ,k ,ξξξ (x)c[k ]

j + (1−αj ,k ,ξξξ (x))c[k ]
j−1,



GB-splines



Space

I partition ∆ := {η0 < η1 < · · ·< η`+1}
I Space:

PU,V
p (∆) := 〈1,x , . . . ,xp−2,U(x),V (x)〉, x ∈ [η0,η`+1],

I PU,V
p (∆) is an ECT-space on each [η+

i ,η−i+1]



and Weights

I Weights on [η+
i ,η−i+1]:

wp,i(x) = wp−1,i(x) = · · ·w2,i(x) = 1

I w1,i(x),w0,i(x) weights for the space 〈Dp−1U,Dp−1V 〉 on
[η+

i ,η−i+1]

I Global weights: w := (w0, . . . ,wp)
wj(x) := wj ,i(x), x ∈ [ηi ,ηi+1), i = 0, . . . , `, j = 0, . . . ,p.

I wj ∈ C j([η+
i ,η−i+1]), i = 0, . . . , `,

I If w1,i(ηi) = w1,i(ηi+1) = 1 then wj ∈ C j−1(ηi), i = 1 . . . , `.
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Example: Generalized B-splines of degree p

I ξ1, . . . ,ξn+p+1 =

µ0︷ ︸︸ ︷
η0, . . . ,η0, . . . ,

µ`+1︷ ︸︸ ︷
η`+1, . . . ,η`+1 .

I ui ,vi ∈ 〈Dp−1U,Dp−1V 〉 on [ξ +
i ,ξ−i+1]

ui(ξi) = 1, ui(ξi+1) = 0, vi(ξi) = 0, vi(ξi+1) = 1.

I p = 1:

Bw
i ,1,ξξξ (x) :=


vi(x), if x ∈ [ξi ,ξi+1),

ui+1(x), if x ∈ [ξi+1,ξi+2),

0, otherwise.

I Polynomials: U(x) = xp−1 and V (x) = xp

ui(x) =
ξi+1−x
ξi+1−ξi

, vi(x) =
x−ξi

ξi+1−ξi
, ξi < ξi+1.
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Example;
Consider the partition ∆ = {0,1,2,3}, and

U(x) =


x , if x ∈ [0,1),

eαx , if x ∈ [1,2),

x , if x ∈ [2,3),

V (x) =


x2, if x ∈ [0,1),

e−αx , if x ∈ [1,2),

x2, if x ∈ [2,3).

For p = 1,

Bw
1,1,ξξξ (x) =


x , if x ∈ [0,1),

sinh((2−x)α)

sinh(α)
, if x ∈ [1,2),

0, otherwise,

Bw
2,1,ξξξ (x) =


sinh((x−1)α)

sinh(α)
, if x ∈ [1,2),

3−x , if x ∈ [2,3),

0, otherwise,
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Bw
1,1,ξξξ and Bw

2,1,ξξξ , α = 3

U(x) =


x , if x ∈ [0,1),

eαx , if x ∈ [1,2),

x , if x ∈ [2,3),

V (x) =


x2, if x ∈ [0,1),

e−αx , if x ∈ [1,2),

x2, if x ∈ [2,3).

0.5 1.0 1.5 2.0 2.5 3.0

0.2

0.4

0.6

0.8

1.0



and for p = 2, and β := α/2

Bw
1,2,ξξξ (x) =

1

1 +
sinh(β )

β cosh(β )



x2, if x ∈ [0,1),

1 +
cosh(β )−cosh((3−2x)β )

β sinh(β )
, if x ∈ [1,2),

(x −3)2, if x ∈ [2,3),

0, otherwise.
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β = 0 , β = 4, β = 25



Beyond GB

There are other interesting examples than GB-splines

〈1,x , . . . ,xp−4,U1(x),V1(x),U2(x),V2(x)〉

under suitable assumptions on U1,V1,U2,V2.
Mazure, Xu et al



conclusion

I Can define piecewise Tchebycheffian splines
I "There is always room in the Zoo"



Fine


