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Outline

Scalar subdivision scheme → algebraic conditions for polynomial
reproduction

Hermite subdivision scheme → algebraic conditions for polynomial
reproduction
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Scalar subdivision scheme

initial data x0 = {x0j , j ∈ Z} mask a = {aj ∈ R, j ∈ Z}
with finitely many aj 6= 0

Refinement rule: x`+1
j =

∑
i∈Z aj−2ix

`
i , ` ∈ N

subdivision operator Sa with x`+1 = Sax
`, ` ∈ N
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Parametrization

Attach data points x`i to parameter values t`i ∈ R.
refinement step

sequence index
Fix: t`i+1 − t`i = 2−`, i ∈ Z, t00 = 0.

Step `
t`i−1 t`i t`i+1

x`i

Step `+ 1
t`+1
2i−1 t`+1

2i t`+1
2i+1

x`+1
2i

Step `+ 1

t`+1
2i

or

Relative shifts: τ` = (t`0 − t`+1
0 )2`+1, ` ∈ N

Primal: τ = 0 Dual: τ = −1
2 (Chaikin’s algorithm)
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Convergence

Convergence: Sa convergent if piecewise linear function F ` given
as F `(t`i ) = x`i converges to continuous limit function in uniform
norm (on compact intervals).

Convergence: Sa.asdfasdfasdfasdfasdfaasdfasdfasdfasdfasdfasdfadsfasdfasdfa
sdfaaaaaaasadfasdfasdfas
asdf
asdf
asdf
asdf
asdf
asdf
asdf
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Polynomial reproduction

Step-wise polynomial reproduction: Sa reproduces polynomials of de-
gree d if for any polynomial p of degree 6 d and any initial sequence

x0i = p(i) ⇒ x`i = p
( i + τ

2`

)
for all ` > 1 and all i .
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Symbol

Symbol of subdivision scheme: a(z) =
∑

i∈Z aiz
i , z ∈ C \ {0}

(Laurent polynomial)

Convergence of Sa =⇒ a(1) = 2 and a(−1) = 0

⇐⇒ reproduction of constants

space

Goal: Algebraic conditions characterising polynomial reproduction.
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Results

Let Sa be a convergent, non-singular subdivision scheme.

Theorem 1 [Conti, Hormann, 2011]: Sa reproduces linear polynomials if

and only if τ` = a′(1)
2 for all ` and a′(−1) = 0.

Theorem 2 [Conti, Hormann, 2011]: Sa reproduces polynomials of degree
d if and only if

a(k)(1) = 2
k−1∏
j=0

(τ − j) and a(k)(−1) = 0

for k = 0, . . . , d .
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Hermite subdivision scheme

Hermite data: f ` = {f`(j) ∈ R2×1, j ∈ Z}

→ vector consisting of function value

and derivative f`(j) =

[
g(j)
g ′(j)

]
Refinement step:

D`+1f`+1(i) =
∑
j∈Z

Ai−2jD
`f`(j) ∀ i ∈ Z, ` > 0,

with mask A = {Aj ∈ R2×2, j ∈ Z} and D = diag(1, 1
2).

Symbol: A(z) =
∑

j∈Z Ajz
j A′(z) :=

∑
j∈Z jAjz

j−1
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Step-wise polynomial reproduction

HA Hermite subdivision scheme with parametrization τ (primal or dual).

Step-wise polynomial reproduction of degree d:

f0(j) =

[
p(j)
p′(j)

]
⇒ f`(j) =

[
p((j + τ)/2`)
p′((j + τ)/2`)

]
for all j , ` > 1 and polynomials p of degree 6 d .

tWe are interested in polynomial reproduction because...

... it implies spectral condition.

... it is related to approximation order.
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Svenja Hüning 10 of 17



Result

Theorem: HA reproduces constants if and only if

A(−1)

[
1
0

]
=

[
0
0

]
, A(1)

[
1
0

]
=

[
2
0

]
.

HA reproduces polynomials up to degree d > 1 if and only if it reproduces
constants and for all k = 1, . . . , d we have

A(k)(−1)

[
1
0

]
+

k∑
`=1

αk,` · A(k−`)(−1)

[
0
1

]
=

[
0
0

]
,

A(k)(1)

[
1
0

]
+

k∑
`=1

α̃k,` · A(k−`)(1)

[
0
1

]
=

[
2qk,2τ (− τ

2 )
q̃k,2τ (− τ

2 )

]
.
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Svenja Hüning 11 of 17



Example

Hermite scheme introduced by J.-L. Merrien

A−1 =

[
1
2 λ

1
2(1− µ) µ

4

]
, A0 =

[
1 0
0 1

2

]
, A1 =

[
1
2 −λ

1
2(µ− 1) µ

4

]
.

Reproduction of cubic polynomials if and only if λ = −1
8 and µ = −1

2 .

Goal: Construction of a ’nice’ Hermite scheme which reproduces
testtest polynomials of higher degree by using algebraic conditions.
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Example

Start with

Ā−3 =

[
b1 b2
b3 b4

]
, Ā−1 =

[
a1 a2
a3 a4

]
, Ā0 =

[
1 0
0 1

2

]
,

Ā1 =

[
a1 −a2
−a3 a4

]
, Ā3 =

[
b1 −b2
−b3 b4

]
.

Reproduces polynomials up to degree 5 if b3 = 0, b2 = 1
384 , a1 = 1

2 ,
a2 = −17/128 ≈ −0.13, a3 = 135/176 ≈ 0.77 and
a4 = −189/1408 ≈ −0.13.
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, Ā3 =

[
b1 −b2
−b3 b4

]
.

Reproduces polynomials up to degree 5 if b3 = 0, b2 = 1
384 , a1 = 1

2 ,
a2 = −17/128 ≈ −0.13, a3 = 135/176 ≈ 0.77 and
a4 = −189/1408 ≈ −0.13.
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Example

test

−2 0 2
0

0.5

1

−2 0 2

−0.05

0

0.05

−2 0 2

−2

0

2

−2 0 2

0

0.5

1

Figure: Column by column: Limit function and derivative for initial data

[
1
0

]
(

resp.

[
0
1

])
at 0 and

[
0
0

]
else.
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Generalisation

Theorem: HA of order m = 2, 3 reproduces constants if and only if

A(−1)e1,m = 0m, A(1)e1,m = 2e1,m.

HA reproduces polynomials up to degree d > 1 if and only if it reproduces
constants and for all k = 1, . . . , d we have

A(k)(−1)e1,m +
m∑
s=2

( k∑
`=s−1

αm
k,` · A(k−`)(−1)es,m

)
= 0m,

A(k)(1)e1,m +
m∑
s=2

( k∑
`=s−1

α̃m
k,` · A(k−`)(1)es,m

)
= qm.
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Generalisation ?

Conjecture: HA of order m = 2, 3, ... reproduces constants if and only if

A(−1)e1,m = 0m, A(1)e1,m = 2e1,m.

HA reproduces polynomials up to degree d > 1 if and only if it reproduces
constants and for all k = 1, . . . , d we have

A(k)(−1)e1,m +
m∑
s=2

( k∑
`=s−1

αm
k,` · A(k−`)(−1)es,m

)
= 0m,

A(k)(1)e1,m +
m∑
s=2

( k∑
`=s−1

α̃m
k,` · A(k−`)(1)es,m

)
= qm.
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Thank you for your attention!
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