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Introduction

Definition (Subdivision scheme)

Given f9 € Io(Z™),

Fil .= Skk Sk 1 (Z™) — I(Z"),  k>0.

Our goal: To define a subdivision scheme such that
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Introduction

Definition (Subdivision scheme)

Given f9 € Io(Z™),

Fil .= Skk Sk 1 (Z™) — I(Z"),  k>0.

Our goal: To define a subdivision scheme such that

e Bivariate (n = 2)

e Binary

e Interpolatory

e Stationary: Sk =35

e 3-direction triangular mesh

e A single inserting rule W for any edge

¢ Reproduction of trigonometric functions
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Univariate case (n = 1)

A subdivision scheme reproduces set of function V if for any F € V

K= (F(a2 " Naez = 1 =(Fa2= ) ez
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Univariate case (n = 1)

A subdivision scheme reproduces set of function V if for any F € V

K= (F(a2 " Naez = 1 =(Fa2= ) ez

[§ Nira Dyn, David Levin and Ariel Luzzatto.
Exponentials reproducing subdivision schemes.
Foundations of Computational Mathematics, 3(2):187-206, 2003.

[§ Costanza Conti and Lucia Romani.
Algebraic conditions on non-stationary subdivision symbols for

exponential polynomial reproduction.
J. Comput. Appl. Math., 236(4):543-556, September 2011.

Exponential polynomials

g Vi
V={>> cint"exp(rt): ¢in € R}.

i=0 n=0

IM-W 2018
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Univariate case (n = 1)

V, = {Co,0cos (yt) + Crosin(yt) + &0 : & n € R}

Linear non-stationary scheme:

1 1
’2‘2111 = 5’25 + Efcfﬂ - Ff/ (fcf+2 - foﬁ(—i-l — £+ fof—1>
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G = _fcf +35 f 41— Ff‘/ (fc5+2 - foﬁ(—i-l —fi 4 fk—l)

2a+1 T « « a

(2 1+4-cos( 'y2 k) +1>

o 0= (... cos(0),cos(%),cos(2- &),...) — v =
o f0=(...,cos(0),cos(%),cos(2-3),...) — y=
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Univariate case (n = 1)

V, = {Co,0cos (yt) + Crosin(yt) + &0 : & n € R}

Linear non-stationary scheme:

fzkatrll = _fcf +35 fa—i—l Ff‘/ (fcf+2 - foﬁ(—i-l —fi 4 fof—l)
=1
2
(2 1+cos y2— k)+1>
o 0= (... cos(0),cos(%),cos(2- &F),...) — y =2
o f0=(...,cos(0),cos(%),cos(2-5),...) —y=13

[§ Rosa Donat, Sergio Lépez-Urefa.
A non-linear stationary subdivision scheme that reproduces

trigonometric functions.
In preparation.
IM-W 2018
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Univariate case (n = 1)

Annihilation property

fX ) — (2cos(v27%) + 1)f¥ + (2cos(y27%) + 1)fk, — £X,, =0,

fk = F(a275)

(e
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Univariate case (n = 1)

Annihilation property

fo1 — (2cos(v27%) + 1)f + (2cos(127%) + )il — fli2 =0,

1, fk
k —k a+2 a
fa = F(a2 ) — COS(’Y2 ) 2(m — 1), V € Z.
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Univariate case (n = 1)

Annihilation property
foa_1 — (2cos(727%) + 1) + (2cos(v27) + 1)fly; — £ =0,
1 fk fk

k _ —k —ky\ __ at+2 ~ la—1
fa = F(a2 ) — COS(’Y2 ) = E(m — 1), V € Z.
1 1 1 1
rk==< =
2
(1 i
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Bivariate case (n = 2)

© Bivariate case (n = 2)
@ Space
@ Linear non-stationary scheme
@ Annihilation property
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Bivariate case (n = 2)

+R715)566)
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fk+1

2a+(0,1) k((fof—i-Rﬁ),BEB)
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Bivariate case (n = 2)  Space
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Bivariate case (n = 2)  Space

zZ = (21)22)7 V= (71772)7 '-_)/ = (717 _72)

| 5\

Space to reproduce

V, = span {1, exp(£7 - z),exp(£7 - 2)} .

which is

V,, = span {1, cosh(y1z1 £ 7222),sinh(7121 £ 1222)},
Viy = span {1, cos(y1z1 & y222),sin(y121 & 1220)} .
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Bivariate case (n = 2)  Space

Vy = span {1, exp(£y - z),exp(+7 - 2)}

a9 a)
a ao aQ as as an
an a( as ap ag ag a

ay a2 B Gy a3 (5 R -1 B

F(Z5ite) = Y ((FE  m))ver), i€{-1,0,1} VacZ? VF eV,

FeV,= F(e+v)eV,
B and V,, are symmetric respect to the axis z; = z»
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Bivariate case (n = 2)  Space

V, = span {1, exp(£y - z),exp(+7 - )}

a ay
a: aO a2 a asg a
) ap as a g a a

al a2 B G () () R - 1 B

FEED) =w ((F(Eé))veg) . VF €V, (diagonal edge)

FEKL) =v ((F(Eg_lv))ves) . VF €V, (horizontal edge)
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Bivariate case (n = 2) Linear non-stationary scheme
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Bivariate case (n = 2) Linear non-stationary scheme

1 .
k= (Euk Eak) 7= (cosh(27¥71),cosh(27592)),  &urn =y 7+2€J’k-

a as a
ah _ 15—1
0 — 2 1,k+1°
ay ag ag al
al =0,
G0 () () ah _ _ig—l 5—2
2 — 16 1,k+151 k+2>°

1
h -1 -2
a3 = 5517k51,k+1€1,k+2’
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Bivariate case (n = 2) Linear non-stationary scheme

1 .
€k = (E1k: E2,) = (cosh(27%71), cosh(27%72)),  &pnn = @

ag al
——2 d_ _ 3 kr16o ka1 (Erk + E2u +2) + i+ ok
a9 [ as ° 2(51,[{ + 52,[( - 2) ’

af =0,
1 -1
d_ S ir182kp1 — 1
2 Y& h+ &k —2)
Jd_ Ekrrorpn €k + &) —2
3 41+ &k — 2)

a
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Bivariate case (n = 2)  Annihilation property
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Bivariate case (n = 2)  Annihilation property

Definition

(ATF)(z) .= F(z + v) — exp(7y - v)F(2).
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Bivariate case (n = 2)  Annihilation property

(ATF)(z) .= F(z + v) — exp(7y - v)F(2).

V.
Theorem

o 2
ALAR---AY"F =0, Yvi,vo,...,vp €ER

VF € span{exp(71 - z),exp(72 - 2),...,exp(Vm - 2)}
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Bivariate case (n = 2)  Annihilation property

If the orientation is horizontal, the annihilation property leads to...

0= 1 a+(2,1) fof+(1o 265, k( oi(+(1 1) — fk) + fof+(o 1)~ ot (-1 0)

0= fa+(1,2) fa—i— 2,1) — 261, KX +(o 1)~ i Y1,0) t fatr(-1.0 — a+(o -1)
0= fot(o,-1) — "(_1,—1) — 261 k(X a+(1,0) ) + fa+(2 1) — fat(1,1)

0=f\ 10) — far 11y — 26k o) = fa) + fa oy — T

0= foi(+(—1,o) - fk — 261( olf+(0 1)~ fa—f—(l 1))+ i at(1,2) ~ fa+(2,2)

0= far(o-1) — fa — 261 k(ff a+(1,0) AN +(1,1 )) + 1 at(21) ~ fat(2,2)
0=fF—fk te1-1) — 2 k(far@r) — £) + fa+(1,1)
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Bivariate case (n = 2)  Annihilation property

If the orientation is diagonal, the annihilation property leads to...

0= 1 1) — farwo) — 2k(f ) = ) + £ 00y — o (—10)
0= 12) — faron) — 22k(F¥y 1) = ) + £ 10) — foioo)
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Bivariate case (n = 2)  Annihilation property

If the orientation is diagonal, the annihilation property leads to...

0=

Q‘H

+(2,1) - foi(-i-(l,O) - 2£1~,k(foi(+(1,1) — £+ fof+(o,1) - folf+(—1,0)

0= 12) — faron) — 22k(F¥y 1) = ) + £ 10) — foioo)

\Uil‘k((fv)ves), if unique solution for the 6 equations

W((fV)VEB) = ‘ng((fv)veB), nC not Unique, bth fa 7é fa+(171)
Vo((f,)ves),  otherwise

C.C.,S.L-U, L.R. Self-adapting reproduction IM-W 2018 16 / 23



Bivariate case (n = 2)  Annihilation property

If the orientation is diagonal, the annihilation property leads to...

0=

Q‘H

+(2,1) - foi(-i-(l,O) - 2£1~,k(foi(+(1,1) — £+ fof+(o,1) - folf+(—1,0)

0= 12) — faron) — 22k(F¥y 1) = ) + £ 10) — foioo)

\Uil‘k((fv)ves), if unique solution for the 6 equations

W((fV)VEB) = ‘ng((fv)veB), nC not Unique, bth fa 7é fa+(171)
Vo((f,)ves),  otherwise

o If data does not come from V., we use \Ilff((fv)veg) almost all the
time
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Bivariate case (n = 2)  Annihilation property

If the orientation is diagonal, the annihilation property leads to...

0=

Q‘H

+(2,1) - foi(-i-(l,O) - 2£1~,k(foi(+(1,1) — £+ fof+(o,1) - folf+(—1,0)

0= 12) — faron) — 22k(F¥y 1) = ) + £ 10) — foioo)

\Uil‘k((fv)ves), if unique solution for the 6 equations

W((fV)VEB) = ‘ng((fv)veB), nC not Unique, bth fa 7é fa+(171)
Vo((f,)ves),  otherwise

o If data does not come from V., we use \ng((fv)veg) almost all the
time

@ We should be caution of f, # f,,(1,1) in practice for reproducing V,
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Reproduction examples

e0¢

Sphere: (u, v) — (sin(7/2v) cos(m/2u),sin(7/2v)sin(m/2u), cos(m/2v))
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Reproduction examples

Hyperboloid:
(u, v) — (cosh(9/10v) cos(m/2u), cosh(9/10v) sin(m/2u), sinh(9/10v))
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Reproduction examples

Elliptic hyperboloid:
(u, v) — (sinh(9/10v) cos(7/2u), sinh(9/10v) sin(7/2u), cosh(9/10v))
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Reproduction examples

Hyperbolic paraboloid: (u,v) — (u, v, u? — v?)
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Reproduction examples

Elliptic paraboloid: (u,v) — (u, v, u? + v?)
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Reproduction examples

Elliptic paraboloid: (u,v) — (v cos(u), v sin(u), v?)
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Reproduction examples

Cone: (u, v) — (v cos(u), vsin(u), v)
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