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Introduction

Definition (Subdivision scheme)

Given f 0 ∈ l∞(Zn),

f k+1 := Sk f k , Sk : l∞(Zn) −→ l∞(Zn), k ≥ 0.

Our goal: To define a subdivision scheme such that
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• Stationary: Sk = S

• 3-direction triangular mesh

• A single inserting rule Ψ for any edge
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Univariate case (n = 1)

A subdivision scheme reproduces set of function V if for any F ∈ V

f k = (F (α2−k ))α∈Z =⇒ f k+1 = (F (α2−(k+1)))α∈Z.
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A subdivision scheme reproduces set of function V if for any F ∈ V

f k = (F (α2−k ))α∈Z =⇒ f k+1 = (F (α2−(k+1)))α∈Z.

Nira Dyn, David Levin and Ariel Luzzatto.
Exponentials reproducing subdivision schemes.
Foundations of Computational Mathematics, 3(2):187–206, 2003.

Costanza Conti and Lucia Romani.
Algebraic conditions on non-stationary subdivision symbols for
exponential polynomial reproduction.
J. Comput. Appl. Math., 236(4):543–556, September 2011.

Exponential polynomials

V = {

g
∑

i=0

νi
∑

n=0

ci ,nt
n exp(γi t) : ci ,n ∈ R}.
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Univariate case (n = 1)

Vγ = {c̃0,0 cos (γt) + c̃1,0 sin (γt) + c̃2,0 : c̃i ,n ∈ R}

Linear non-stationary scheme:

f k+1
2α+1 =

1

2
f kα +

1

2
f kα+1 − Γkγ

(

f kα+2 − f kα+1 − f kα + f kα−1

)

Γkγ =
1

2

1
(

2

√

1+cos(γ2−k )
2 + 1

)2

− 1
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3
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π
2 ), . . .) −→ γ = π

2

Rosa Donat, Sergio López-Ureña.
A non-linear stationary subdivision scheme that reproduces
trigonometric functions.
In preparation.
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Univariate case (n = 1)

Annihilation property

f kα−1 − (2 cos(γ2−k) + 1)f kα + (2 cos(γ2−k) + 1)f kα+1 − f kα+2 = 0,

f kα = F (α2−k)
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(

2

√

1+cos(γ2−k )
2 + 1

)2
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=
1

2

1
(

1 +

√

1 +
f k
α+2−f k

α−1

f k
α+1−f k

α

)2

− 1

Non-linear stationary scheme

f k+1
2α+1 =

1

2
f kα +

1

2
f kα+1 −

1
2

1


1+

√

√

√

√1+
f k
α+2

−f k
α−1

f k
α+1

−f kα





2

−1

(

f kα+2 − f kα+1 − f kα + f kα−1

)
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Bivariate case (n = 2)

f k = {f kα , α ∈ Z
2}

f k+1
2α = f kα

f k+1
2α+(1,1) = Ψk((f kα+β)β∈B)

f k+1
2α+(1,0) = Ψk((f kα+R−1β)β∈B)

f k+1
2α+(0,1) = Ψk((f kα+Rβ)β∈B)

a0

a0

a1

a1

a2

a2

a2

a2

a3

a3

a0 a0a1 a1

a2 a2

a2 a2

a3

a3
B R

−1B
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Bivariate case (n = 2) Space

Notation

z = (z1, z2), γ = (γ1, γ2), γ̄ = (γ1,−γ2).

Space to reproduce

Vγ = span {1, exp(±γ · z), exp(±γ̄ · z)} .

which is

Vγ = span {1, cosh(γ1z1 ± γ2z2), sinh(γ1z1 ± γ2z2)} ,

Vıγ = span {1, cos(γ1z1 ± γ2z2), sin(γ1z1 ± γ2z2)} .
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Bivariate case (n = 2) Space

Vγ = span {1, exp(±γ · z), exp(±γ̄ · z)}

a0

a0

a1

a1

a2

a2

a2

a2

a3

a3

B

a0 a0a1 a1

a2 a2

a2 a2

a3

a3 R
−1B

F (Ξk+1
2α+ei

) = Ψ
(

(F (Ξk
α+R iv ))v∈B

)

, i ∈ {−1, 0, 1}, ∀α ∈ Z
2, ∀F ∈ Vγ

F ∈ Vγ =⇒ F (•+ v) ∈ Vγ

B and Vγ are symmetric respect to the axis z1 = z2
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Bivariate case (n = 2) Space

Vγ = span {1, exp(±γ · z), exp(±γ̄ · z)}

a0

a0

a1

a1

a2

a2

a2

a2

a3

a3

B

a0 a0a1 a1

a2 a2

a2 a2

a3

a3 R
−1B

F (Ξk+1
(1,1)

) = Ψ
(

(F (Ξk
v ))v∈B

)

, ∀F ∈ Vγ (diagonal edge)

F (Ξk+1
(1,0)) = Ψ

(

(F (Ξk
R−1v ))v∈B

)

, ∀F ∈ Vγ (horizontal edge)
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Bivariate case (n = 2) Linear non-stationary scheme

ξk := (ξ1,k , ξ2,k) := (cosh(2−kγ1), cosh(2
−kγ2)), ξj ,k+1 =

√

1 + ξj ,k
2

.

a0 a0a1 a1

a2 a2

a2 a2

a3

a3

ah0 =
1

2
ξ−1
1,k+1,

ah1 = 0,

ah2 = −
1

16
ξ−1
1,k+1ξ

−2
1,k+2,

ah3 =
1

8
ξ1,kξ

−1
1,k+1ξ

−2
1,k+2,
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Bivariate case (n = 2) Linear non-stationary scheme

ξk := (ξ1,k , ξ2,k) := (cosh(2−kγ1), cosh(2
−kγ2)), ξj ,k+1 =

√

1 + ξj ,k
2

.

a0

a0

a1

a1

a2

a2

a2

a2

a3

a3

ad0 = −

1
2ξ

−1
1,k+1ξ

−1
2,k+1(ξ1,k + ξ2,k + 2) + ξ1,k + ξ2,k

2(ξ1,k + ξ2,k − 2)
,

ad1 = 0,

ad2 =
ξ−1
1,k+1ξ

−1
2,k+1 − 1

4(ξ1,k + ξ2,k − 2)
,

ad3 =
ξ−1
1,k+1ξ

−1
2,k+1(ξ1,k + ξ2,k)− 2

4(ξ1,k + ξ2,k − 2)
.
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Bivariate case (n = 2) Annihilation property
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Bivariate case (n = 2) Annihilation property

Definition

(∆γ
vF )(z) := F (z + v)− exp(γ · v)F (z).
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Bivariate case (n = 2) Annihilation property

Definition

(∆γ
vF )(z) := F (z + v)− exp(γ · v)F (z).

Theorem

∆γ1
v1
∆γ2

v2
· · ·∆γm

vm
F = 0, ∀v1, v2, . . . , vm ∈ R

2

∀F ∈ span {exp(γ1 · z), exp(γ2 · z), . . . , exp(γm · z)}
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2
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Annihilation of Vγ

∆0
2−kv∆

γ

2−ke
−1
∆−γ

2−ke
−1
F = 0, ∀F ∈ Vγ ,

∆0
2−kv∆

γ

2−ke1
∆−γ

2−ke1
F = 0, ∀F ∈ Vγ
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Bivariate case (n = 2) Annihilation property

If the orientation is horizontal, the annihilation property leads to...

0 = f kα+(2,1) − f kα+(1,0) − 2ξ2,k(f
k
α+(1,1) − f kα ) + f kα+(0,1) − fα+(−1,0)

0 = f kα+(1,2) − f kα+(2,1) − 2ξ1,k(f
k
α+(0,1) − f kα+(1,0)) + fα+(−1,0) − f kα+(0,−1)

0 = fα+(0,−1) − f k(−1,−1) − 2ξ1,k(f
k
α+(1,0) − f kα ) + f kα+(2,1) − fα+(1,1)

0 = f kα+(−1,0) − f kα+(−1,−1) − 2ξ1,k(f
k
α+(0,1) − f kα ) + f kα+(1,2) − f k(1,1)

0 = f kα+(−1,0) − f kα − 2ξ1,k(f
k
α+(0,1) − f kα+(1,1)) + f kα+(1,2) − f kα+(2,2)

0 = fα+(0,−1) − f kα − 2ξ1,k(f
k
α+(1,0) − f kα+(1,1)) + f kα+(2,1) − fα+(2,2)

0 = f kα − f kα+(−1,−1) − 2ξ1,k(fα+(1,1) − f kα ) + f kα+(2,2) − f kα+(1,1)
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Bivariate case (n = 2) Annihilation property

If the orientation is diagonal, the annihilation property leads to...

0 = f kα+(2,1) − f kα+(1,0) − 2ξ1,k(f
k
α+(1,1) − f kα ) + f kα+(0,1) − f kα+(−1,0)

0 = f kα+(1,2) − f kα+(0,1) − 2ξ2,k(f
k
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









Ψ
ξ1,k
h ((fv )v∈B), if unique solution for the 6 equations

Ψξk
d ((fv )v∈B), if not unique, but fα 6= fα+(1,1)

Ψ0((fv )v∈B), otherwise
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d ((fv )v∈B), if not unique, but fα 6= fα+(1,1)

Ψ0((fv )v∈B), otherwise

If data does not come from Vγ , we use Ψξk
d ((fv )v∈B) almost all the

time

We should be caution of fα 6= fα+(1,1) in practice for reproducing Vγ
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Reproduction examples

Sphere: (u, v) 7−→ (sin(π/2v) cos(π/2u), sin(π/2v) sin(π/2u), cos(π/2v))

C.C., S.L-U., L.R. Self-adapting reproduction IM-W 2018 17 / 23



Reproduction examples

Hyperboloid:
(u, v) 7−→ (cosh(9/10v) cos(π/2u), cosh(9/10v) sin(π/2u), sinh(9/10v))
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Reproduction examples

Elliptic hyperboloid:
(u, v) 7−→ (sinh(9/10v) cos(π/2u), sinh(9/10v) sin(π/2u), cosh(9/10v))
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Reproduction examples

Hyperbolic paraboloid: (u, v) 7−→ (u, v , u2 − v2)
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Reproduction examples

Elliptic paraboloid: (u, v) 7−→ (u, v , u2 + v2)

C.C., S.L-U., L.R. Self-adapting reproduction IM-W 2018 21 / 23



Reproduction examples

Elliptic paraboloid: (u, v) 7−→ (v cos(u), v sin(u), v2)
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Reproduction examples

Cone: (u, v) 7−→ (v cos(u), v sin(u), v)
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