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@ Formulation of the Problem

© Szegd Polynomial Approach

© Prony's Procedure

@ Position of Zeros

© A Recursive Approach

@ The 'Szegé-Part’ of the Signal

@ Zeros in the Interior of the Unit Circle

© Zeros on the Unit Circle
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The Signal

m
h(x) := Z)\je“’fx,xzo, A eC\{0}, m<oo,
j=1
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The Signal

m
h(x) := Z)\je“’fx,xzo, A eC\{0}, m<oo,
j=1

wj € [—a, 0] +i(—m, 7], wi # wj for i #j, a >0,
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The Signal

m
h(x) := Z)\je“’fx,xzo, A eC\{0}, m<oo,
j=1

wj € [—a, 0] +i(—m, 7], wi # wj for i #j, a >0,
zj = €% € [[e7,1]], where [[a,b]] :={z€ C : a<|z| < b}
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The Signal

h(x) := Z)\jewfx,sz, A e C\{0}, m<oo,
j=1

zj = e" € [[e7,1]], where [[a,b]] :={z € C : a < |z| < b}
analogously ((a, b]], [[a, b)), ((a, b)) for a,b e R, a < b;
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The Signal

h(x) = Y Xe¥ , x>0, N\eC\{0}, m<oo,
j=1

zj = e € [[e7,1]], where [[a,b]] :={z€ C : a<|z| < b}
analogously ((a, b]], [[a, b)), ((a, b)) for a,b e R, a < b;
especially [[1,1]] ={z : |z| = 1}.
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The Signal

m
h(x) := Z)\je“’fx,xzo, A eC\{0}, m<oo,
j=1

Known samples hy := h(k), k=0,...,N —1.
If reconstruction is desired: N > 2m.
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The Signal

m
h(x) := Z)\je“’fx,xzo, A eC\{0}, m<oo,
j=1

Problem: (Re)Construct/Approximate the signal h from given samples.
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The Signal

m
h(x) := Z)\je“’fx,xzo, A eC\{0}, m<oo,
j=1

Problem: (Re)Construct/Approximate the signal h from given samples.
Subproblem: Determination of the frequencies w;.
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Szeg6's Approach

Calculate the moments

Hj = ZLV:_E),_I hkﬁk+f ’ J: 0,1,2,...
Ty, j=-1,-2-3,...

Use them to define monic Szegd polynomials 3; resp. their
recurrence/reflection/Schur coefficients, e. g. by the Wiener-Levinson
method.— Details

Use these coefficients to build up a Hessenberg matrix whose eigenvalues
are the zeros of 5,,. Use them as approximants for z; = /.
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Prony's |dea

m

Prony polynomial pm, pm(z) := [[;Z;(z — z)
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Prony's |dea

Prony polynomial pm, pm(2) :=TT21(2 — z1) = Y ["o iz, Pm=1
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Prony's |dea

Prony polynomial pm, pm(2) :=TT21(2 — z1) = Y ["o iz, Pm=1

Po hm

(hj+#)j,u:o,..,,m—1 : -
Pm—1 hom—1
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Prony's |dea

Prony polynomial pm, pm(2) :=TT21(2 — z1) = Y ["o iz, Pm=1

Po hm
(hj+#)j,u:o,..,,m—1 ; -
Pm—1 hom—1
Calculate all zeros z; of pp,
wj:=Logz, j=1,...,m
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Drawbacks

@ m usually not a priori known
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Drawbacks

@ m usually not a priori known ~~ overestimate m.
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Drawbacks

@ m usually not a priori known ~~ overestimate m.

@ Szegd polynomials have either all its zeros in the interior of unit
circle: Problems if some |z;| = 1.
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Drawbacks

@ m usually not a priori known ~~ overestimate m.

@ Szegd polynomials have either all its zeros in the interior of unit
circle: Problems if some |z;| = 1.
... or all zeros of &, are unimodular: Problems if some |z;| < 1.
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@ m usually not a priori known ~~ overestimate m.

@ Szegd polynomials have either all its zeros in the interior of unit
circle: Problems if some |z;| = 1.
... or all zeros of &, are unimodular: Problems if some |z;| < 1.

@ Szegd: Moments depend sensitive on the samples and the quantity of
them.
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@ m usually not a priori known ~~ overestimate m.

@ Szegd polynomials have either all its zeros in the interior of unit
circle: Problems if some |z;| = 1.
... or all zeros of &, are unimodular: Problems if some |z;| < 1.

@ Szegd: Moments depend sensitive on the samples and the quantity of
them.

@ Prony: Small perturbations of any of the p; may result heavy
variations of the zeros of pp,.
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@ m usually not a priori known ~~ overestimate m.

@ Szegd polynomials have either all its zeros in the interior of unit
circle: Problems if some |zj| = 1.
... or all zeros of &y, are unimodular: Problems if some |z;| < 1.

@ Szegd: Moments depend sensitive on the samples and the quantity of
them.

@ Prony: Small perturbations of any of the p; may result heavy
variations of the zeros of pp,.

@ Perturbations=noised samples?
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m usually not a priori known ~» overestimate m.

Szegd polynomials have either all its zeros in the interior of unit
circle: Problems if some |zj| = 1.
... or all zeros of &y, are unimodular: Problems if some |z;| < 1.

@ Szegd: Moments depend sensitive on the samples and the quantity of
them.

@ Prony: Small perturbations of any of the p; may result heavy
variations of the zeros of pp,.

Perturbations=noised samples?

Calculations sensitive against numerical errors (‘inverse problem’).
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@ m usually not a priori known ~~ overestimate m.

@ Szegd polynomials have either all its zeros in the interior of unit
circle: Problems if some |zj| = 1.
... or all zeros of &, are unimodular: Problems if some |z;| < 1.

@ Szegd: Moments depend sensitive on the samples and the quantity of
them.

@ Prony: Small perturbations of any of the p; may result heavy
variations of the zeros of pp,.

There exist more stabilized variants of these classical methods (matrix
pencil, ESPRIT, optimization and approximation methods, ...). Some
methods can also detect and correct noised samples and can be used for
sparse approximation, too. < Basic ldeas
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On the Position of the Zeros

Consider ‘Prony-like’ polynomial

m m
pm(z) = D pZ=pm[[(z=2), pPm#0,
j=0 j=1
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On the Position of the Zeros

Consider ‘Prony-like’ polynomial
m ) m
pm(z) = > pZd=pn][(z=2), Pm#0,
j=0 j=1

= [[-2) [[(z-2)

|zj]<1 |zj|=1
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On the Position of the Zeros

Consider ‘Prony-like’ polynomial
m ) m
pm(z) = D pZ=pm[[(z=2), pPm#0,
j=0 j=1
= [[(=2) ][] (z—2)

|zj]<1 |zj|=1
= 55(Z)pm,5(2)

Bernried, Feb. 19-23, 2018 7 /19
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On the Position of the Zeros

Consider ‘Prony-like’ polynomial
m ) m
pm(z) = D pZ=pm[[(z=2), pPm#0,
j=0 j=1
= [[(=2) ][] (z—2)
|zj|<1 |zj|=1
= SJ(Z)pmfé(Z)

All zeros of pp, in [[e™, 1]]

0 # pm(0) = po = pm(—1)" sz
j=1
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On the Position of the Zeros

Consider ‘Prony-like’ polynomial
m ) m
pm(z) = > pZd=pn][(z=2), Pm#0,
j=0 j=1

= [[-2) [[(z-2)

|zj]<1 |zj|=1
= SJ(Z)pmfé(Z)

All zeros of pp, in [[e™, 1]]

0 # pm(0) = po = pm(—1)" sz
j=1

= |po| < |pm|; equality iff all zeros are unimodular.
|Pm| — |Po| > 0 (at least one zero has modulus < 1) = |pm|? — |po|? > 0.
/ 19

Bernried, Feb. 19-23, 2018 7/
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Construction of a Recurrence (0 # |po| < |pm|)

Reciprocal polynomial p},,

Pin(2) = 2"F(1/2) = Bo2" + ... + Py
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Construction of a Recurrence (0 # |po| < |pm|)

Reciprocal polynomial p},,

Pin(2) = 2"F(1/2) = Bo2" + ... + Py

Approach:
(1) p(l)
P’ 1Pm(2) = Pmzpm-1(2) + P01y P-1(2)
m—1
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Construction of a Recurrence (0 # |po| < |pm|)

Reciprocal polynomial p},,

Pin(2) = 2"F(1/2) = Bo2" + ... + Py

Approach:
(1) p(l)
P’ 1Pm(2) = Pmzpm-1(2) + P01y P-1(2)
m—1

Find the coefficients p&l) of pm—1,

Pm— 1 Z p(l) v, P,(:)_l 7& 0,

resp. its reciprocal polynomial p ;.
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From approach:

=(1)
_ _ _ Pm_
Pl 19(2) = Prbi-1(2) + 20— Pm-1(2) -
m—1
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From approach:

(1)
_ Pm=
Pint 192n(2) = PrmPin—1(2) + 2P0y Pm-1(2) -
m—1

Combination:

PP 1 pm(2) — OB 1pt(2)

P (1)
_(p .
= <!pm\2 lpo22m D )zpm—1(2)+Popm ( {") - 1) Pm-1(2)

m—

m—1
= PP — PO 1)+ 2 D (Prbla it = P 1 POPmoy 1) 2

v=0
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From approach:

(1)
_ Pm=
Pint 192n(2) = PrmPin—1(2) + 2P0y Pm-1(2) -

m—1

Combination:

PP 1 pm(2) — OB 1pt(2)

P (1)
_(p .
= (!pm\2 lpo22m D )zpm—1(2)+Popm ( f") - 1) Pm-1(2)

m—

m—1
= PP — PO 1)+ 2 D (Prbla it = P 1 POPmoy 1) 2

v=0
Normalization p,(j)_l € R\{0}: For p2, — |po|?> >0
» P(1)1
m— —
1% PmPv+1 — POPm—v— ) V:Ow"am_l’
v P?n—’POP(m + m 1)
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Iff |p,(11)_1|2 - |p(()1)|2 =0 = all zeros of p,,_1 are unimodular.
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Iff |p,(11)_1|2 - |p(()1)|2 =0 = all zeros of p,,_1 are unimodular.
(1) (Normalization p(2) € R\{0}) etc.

Otherwise restart with p,~ o
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Iff |p,(11)_1|2 - |p(()1)|2 =0 = all zeros of p,,_1 are unimodular.
Otherwise restart with PS)—l (Normalization p,(j)_z € R\{0}) etc.

We get (Pm—u)Z:O: 6 < m,

m—p[
pm*#(z) = Z p£H)ZV )
v=0

where p,_s has only unimodular zeros for § < m — 1.
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Iff |p,(11)_1|2 - |p(()1)|2 =0 = all zeros of p,,_1 are unimodular.
Otherwise restart with PS)—l (Normalization p,(f)_z € R\{0}) etc.

We get (Pm—u)Z:O: 6 < m,

m—p[
pm*#(z) = Z p£H)ZV )
v=0

where p,,_s has only unimodular zeros for § < m — 1.
Arbitray chosen leading coefficients kp_; 1= pg)_j € R\{0} of pm—j,

am—j = pm—j(0) = p(()j), especially

dm—§
Km—¢

=1
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Calculation of monomial coefficients

(am-1, c, Z(,l) known from before)

Fory=1,... m—§—1do

m—(p+1)
Cutl = Cy ;
H%nﬁu - |am*H|2
(normalization of pp,_(,+1))

Forv=0,...,m— u do

1

5£“+ ) Km— ;L/By+1 am— /J/Bm p—v—1

(from the recurrence approach)

A S
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Recurrence Relations

From approach:

Ry Y
V4 = Zp,—1\Z + —1\Z),
pu(2) Py (2) P 1(2)
K a
pu(z) = p “1p2_1(2)+zn #1p#_1(z) ., p=my...,m—9§.
p— p—
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Recurrence Relations

From approach:

Ry Y
V4 = Zp,—1\Z + —1\Z),
pu(2) Py (2) P 1(2)
K a
pu(z) = p “1p2_1(2)+zn #1p#_1(z) ., p=my...,m—9§.
p— p—

For § = m—1: po(z) := p§(z) := ko = ap € R\{0}.

Michael Skrzipek (FeU Hagen) Polynomials and Their Zeros

Bernried, Feb. 19-23, 2018 12/



Recurrence Relations

From approach:

Ry Y
V4 = Zp,—1\Z + —1\Z),
pu(2) Py (2) P 1(2)
K a
pu(z) = p “1p2_1(2)+zn #1p#_1(z) ., p=my...,m—9§.
p— p—

For § = m—1: po(z) := p§(z) := ko = ap € R\{0}.
For 6 < m — 1 the recurrence stops with p,,_s, /1%,_5 = |am_s|?, and all
zeros of p;,_s are unimodular.
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Recurrence Relations

From approach:

KR ay

m 5
V4 = Zp,—1\Z + —1\Z),
Pu(2) oy 2@+ T (2)
K a
pu(z) = p “1p2_1(2)+zn #1p#_1(z) ., p=my...,m—9§.
= p—

For § = m—1: po(z) := p§(z) := ko = ap € R\{0}.

For 6 < m — 1 the recurrence stops with p,,_s, /1%,_5 = |am_s|?, and all
zeros of p;,_s are unimodular.

Pm—s is @ common divisor of each pm_p: Pm—v = Pm—sSs—y for
v=0,...,0,

Michael Skrzipek (FeU Hagen) Polynomials and Their Zeros Bernried, Feb. 19-23, 2018 12 /19



Recurrence Relations

From approach:

Ry Y
V4 = Zp,—1\Z + —1\Z),
pu(2) Py (2) P 1(2)
K a
pu(z) = p “1p2_1(2)+zn #1p#_1(z) ., p=my...,m—9§.
p— p—

For § = m—1: po(z) := p§(z) := ko = ap € R\{0}.

For 6 < m — 1 the recurrence stops with p,,_s, /1%,_5 = |am_s|?, and all
zeros of p;,_s are unimodular.

Pm—s is @ common divisor of each pm_p: Pm—v = Pm—sSs—y for
v=0,...,0,

5(2) = gLnne-ie) + g sala)
K — a; _ _ .
(@) = SEESa@) ittt a(@) =10,

where sg 1= 55 == 1.
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All zeros of s; are in the interior of the unit circle. Furthermore, s; and
si—1, j=1,...,0, have no common zeros.
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All zeros of s; are in the interior of the unit circle. Furthermore, s; and
si—1, j=1,...,0, have no common zeros.

Theorem

In our model the Prony-like polynomial pn, can be factorized as

,Om(Z) == pm_5(2)55(z) 5

where all zeros of ppy,_s lie on [[1,1]] and a Szeg6 polynomial s5, whose
zeros are in [[e” %, 1)).
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Zeros in the Interior of the Unit Circle

Abbreviations «; ;= —2tm=5_fm=5 =1
J Kjtm—6—1 am—s ' Po '

. 2 ail? Kjtm—
=T (= 57) = (5= 57) B2 > 0 3= e and
m—40=w, 0<w<m.
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Zeros in the Interior of the Unit Circle

Abbreviations «; ;= —2tm=5_fm=5 =1
J Kjtm—6—1 am—s ' Po '

: 2 12 .
5= s (= 5) = (0= 57) B > 0 vy= sty ane
m—40=w, 0<w<m.
For j=1,...,0:

1 %k
zsi_1(z) = —si(z)— —s_4(z
j-1(2) ,yjj() %_11()
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Zeros in the Interior of the Unit Circle

Abbreviations «; ;= —2tm=5_fm=5 =1
J Kjtm—6—1 am—s ' Po '

. 2 ail? Kjtm—
=T (= 57) = (5= 57) B2 > 0 3= e and
m—40=w, 0<w<m.

For j=1,...,0:
1 Qaj
zsi-1(z) = ;SJ(Z) — —'s74(2)
j j
-2
1 TR TI] oBi-1 ay
= —s(2) - 2T —sa(2) - su(2)

% % -1 % ;)'yuﬁu Y
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Zeros in the Interior of the Unit Circle

Abbreviations «; ;= —2tm=5_fm=5 =1
J Kjtm—6—1 am—s ' Po '

i 2 laj|? Kitm—
B = 1l= (W - ek ) = (’VJ - )5171 >0, ;= et and
m—40=w, 0<w<m.

Forj=1,...,4:
1 o
zs5i1(2) = —si(2) = *si4(2)
i j
1 aj o a;fB; 12 @
= (7)) LU (7)) AL “_s,
5@ - s - L )
s0(2) so0(2) 0
si(z si(z 0
i 1(2) A 1(. ) L1
: : s :
s5-1(2) s5-1(2) ss(z)

Hence, the zeros of s; are the eigenvalues of A € C%9.

Michael Skrzipek (FeU Hagen) Polynomials and Their Zeros Bernried, Feb. 19-23, 2018



A = DBD!

where D := diag (5o, ..., 8s5-1), D" = diag (ﬁ 10 By 1) and

_ 2
_ Qwaw+l 1— dwtl
Rwkw+1 Kuw+l
_ Bwaw+2 _ Aw+1dw42 1 — |3ws2
RwRw+2 Rw+1Rw+2 Rw+2
 Bwdwis—1 _ Bwi13wis—1 . _ 35-—235-1 R P
Rowkwt+s—1 Rw+1Rw+s—1 Ks—2K§—1 Kewtd—1
_ Awdw+s _ Aw+1dw+s .. _ Aw+6—23w+s _ Aw+5—13w+s
RwRw+s Rw+1Rw+s Rw+s—2Rw+s Rw+s—1Rw+s

Bernried, Feb. 19
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Zeros on the Unit Circle

Consider py,(z) = >0, p) 2" on [, 1]].
Simplification: Assume pl(,w) € R (or consider p,,p,,), write
z=¢'l, —m<t< 7 ie pu(e'l) = uu(t) +iwvy(t) with

u,(t) = Zp&” cosvt ,
v=0

vo(t) = Zpl(,“’) sinvt .
v=0

Common zeros t; of u, and v, in (—m, ]| yield the zeros z; of pp, in
[[1,1]] and the frequencies via w; =it;, j=1,...,w.
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pw([[1,1]]) symmetric to the real axis: Consider p,(e'f) for t € [0, 7]
instead for —m < t < 7.
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pw([[1,1]]) symmetric to the real axis: Consider p,(e'f) for t € [0, 7]
instead for —m < t < 7.

} vo(t) = () sin(v+ 1)t

Vo—1(t) = ——= = .
bma(t) sin t V_Op’”rl sint
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pw([[1,1]]) symmetric to the real axis: Consider p,(e'f) for t € [0, 7]
instead for —m < t < 7.

vo(t) = () sin(v+ 1)t

Vo-1(t) == ——- = .
bma(t) sin t V_Op’”rl sint

Transformation x := cost, t € [0, 7], x € [—-1,1], is bijective and we have
pu(e't) = wuy(t)+isint U,(t)
w w—1
= Z p,(/”) T,(x)+iv1—x? Z pl(fj_)l U, (x)
v=0 v=0
= ry(x)+ivV1—x%r,_1(x)
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pw([[1,1]]) symmetric to the real axis: Consider p,(e'f) for t € [0, 7]
instead for —m < t < 7.

vo(t) = () sin(v+ 1)t

Vo-1(t) == ——- = .
bma(t) sin t V_Op’”rl sint

Transformation x := cost, t € [0, 7], x € [—-1,1], is bijective and we have
pu(e't) = wuy(t)+isint U,(t)

w w—1
= S P +iVI-x2Y pl Un(x)
v=0 v=0
= ry(x)+ivV1—x%r,_1(x)

Zeros of p,, on [[1,1]] are either £1 or can be obtained from the common
zeros of r,, and r,—1 in (—1,1).
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@ Detect and divide out possible zero of p,, in =1 by Horner's
algorithm, assume that p,,(£1) # 0.
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@ Detect and divide out possible zero of p,, in =1 by Horner's
algorithm, assume that p,,(£1) # 0.

o Calculate r, /5 := ged(ry, ro—1) € M,,/2 with the Euclidean algorithm
for Chebyshev expansions.
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@ Detect and divide out possible zero of p,, in =1 by Horner's
algorithm, assume that p,,(£1) # 0.

o Calculate r, /5 := ged(ry, ro—1) € M,,/2 with the Euclidean algorithm
for Chebyshev expansions.

@ It has all its w/2 (simple) zeros in (—1,1) and can be obtained e.g.
by Newton's method with deflation.
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@ Detect and divide out possible zero of p,, in =1 by Horner's
algorithm, assume that p,,(£1) # 0.

o Calculate r, /5 := ged(ry, ro—1) € M,,/2 with the Euclidean algorithm
for Chebyshev expansions.

@ It has all its w/2 (simple) zeros in (—1,1) and can be obtained e.g.
by Newton's method with deflation.

@ This deflation can be done by the Euclidean algorithm for Chebyshev
expansions, too.
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Zeros Near the Unit Circle

Distinguishing between ‘interior’ and ‘on the boundary’ of unit circle is
numerical fragile. Replace test criterion

1 |2mn

>0 resp.=0, 0<u<si<m-—1,

Km—p
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Zeros Near the Unit Circle

Distinguishing between ‘interior’ and ‘on the boundary’ of unit circle is
numerical fragile. New test criterion

>e, O0<exl, 0<u<dé<m-1.

Em—p

May influence 6 = d(¢)
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Zeros Near the Unit Circle

Distinguishing between ‘interior’ and ‘on the boundary’ of unit circle is
numerical fragile. New test criterion

1 |2m=n

>e, O0<exl 0<pu<éi<m-1.

Km—pu

Normalization: |[Km—,| > €.
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Zeros Near the Unit Circle

Distinguishing between ‘interior’ and ‘on the boundary’ of unit circle is
numerical fragile. New test criterion

1 |2m=n

>e, O0<exl 0<pu<éi<m-1.

Km—pu

Normalization: |[Km—,| > €.
ss has all it zeros in [[e™*,1 —¢€)), pm—s has deg(gcd(uw, v,)) zeros on the
unit circle.
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Zeros Near the Unit Circle

Distinguishing between ‘interior’ and ‘on the boundary’ of unit circle is
numerical fragile. New test criterion

am—p

1-— >e, O0<exl 0<pu<éi<m-1.

Km—pu

Normalization: |[Km—,| > €.
ss has all it zeros in [[e™*,1 —¢€)), pm—s has deg(gcd(uw, v,)) zeros on the
unit circle.

@ Determine remaining m — ¢ — deg(gcd(u., v,)) zeros of pp, in

[[1—¢1)).
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Zeros Near the Unit Circle

Distinguishing between ‘interior’ and ‘on the boundary’ of unit circle is
numerical fragile. New test criterion

am—p

1-— >e, O0<exl 0<pu<éi<m-1.

Km—pu

Normalization: |[Km—,| > €.
ss has all it zeros in [[e™*,1 —¢€)), pm—s has deg(gcd(uw, v,)) zeros on the
unit circle.

@ Determine remaining m — ¢ — deg(gcd(u., v,)) zeros of pp, in
[[1—¢1)).

e Consider pp,_son [[L—¢€,1—¢€]], i.e. pm_s((1—¢€)-) on the unit circle.
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Zeros Near the Unit Circle

Distinguishing between ‘interior’ and ‘on the boundary’ of unit circle is
numerical fragile. New test criterion

am—p

1-— >e, O0<exl 0<pu<éi<m-1.

Km—pu

Normalization: |[Km—,| > €.
ss has all it zeros in [[e™*,1 —¢€)), pm—s has deg(gcd(uw, v,)) zeros on the
unit circle.

@ Determine remaining m — ¢ — deg(gcd(u., v,)) zeros of pp, in
[[1—¢1)).

e Consider pp,_son [[L—¢€,1—¢€]], i.e. pm_s((1—¢€)-) on the unit circle.

@ Repeat this e. g. by a bisection strategy on

[[1 —e,1—¢]], € := 5, until all zeros are found.
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