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For f € ((Z%) :={f : Z° - R}
© Hankel operator
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Hf): x> x*f = Zf(-+a)x(a):
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© Toeplitz operator

ez’
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Infinite matrix representation.
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© Hankel operator

fla+p): gi%]

Hf): x> x*f = Zf(-+a)x(a):

aeZs

© Toeplitz operator

eZs
T(f): x> x+f = Y fl--a)x(@)= [f(a—ﬁ): 5czs ]
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Finite segments - matrices
O A Bczs.
@ Linear operators C4 — CB:

Hap(f) = [f(a+ﬁ): gg;‘ ] Tas(f) = [f(a—ﬁ): ;‘j;‘]

© Multiindexed matrices.

Explicit

Hpp(f)x= (Xl *xla, Ta(f)x= XIB*f)la, X € ((Z).

Canonical embedding: CB > x|g — x € {(Z5).
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Rank
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Definition
Rank of a Hankel or Toeplitz operator:

r(f) == sup rankHap(f), rr(f) = sup rankT,g(f).
A,BcZs A,BcZs

Hankel rank / Toeplitz rank of f € £(Z%).

Nonnegative rank

r;(f) := sup rankHy p(f).
ABeNS

Clearly: r;,(f) < ru(f).
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Shift invariance e
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Definition

Z c £(Z?%) is called shift invariant if

feX & fe 2, aelZs.

Definition

Principal shift invariant space of f € {(Z5)

S(f) := span {t°f : a € Z%}.

Example: exponentials
Q fla)=e'".

Q °f = e“'*f = eigenfunction. = dim.#(e") = 1.
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Some facts

™
Theorem
If f € €(Z%) is finitely supported, then dim .7 (f) = oo.

Theorem

ra(f) =rr(f) =r5(f), [ elZ®.

Theorem

dim (f) < o = dim .7 (f) = ry(f).

Theorem (Prony connection)

dim .7 (f) < o =3 f= Zfa,(~) e“’T', fw €TL

weQ)
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More background
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Terminology

@ Bilinear forms

(-, ) : f(Zs) X foo(Zs) - C, (f,X) o { f(j][

© Well defined? By finite support.

Algebraic formulation

@ Symbol x(2) := Z x(@)z% — xelyo(Z%), ze (C\ (O)°.
aeZs

© Difference equations (algebraic formulation):

xxf=x0)f, X*f:xﬁ(r‘l)f.
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Difference equation with constant coefficients

Af =bxf=bl)f =bt(c V) f=b~+f, b=b(-).

Duality for bilinear form
o f) - xxf=xX0f <« (4f)
oo(Z5) X L(Z5) — UZ5) — AXUZ9

@ Laurent polynomials A = span {z®: a € Z5}.
@ Difference equations on A x {(Z%). = Multiplication!

Fundamental identity of “adjoint operators”

(p/ Taf) = ((')a p/f)/ pe€ A/ f € g(Zs)
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Observation

0= (p/f) = 0= (p/ Taf) = (()ap,f)

Theorem
felZ%), peA,
Q S ={peA:(p,f)=0}cA is an ideal.
Q S=1{felZ:(pf)=0}czs is shift invariant.
Definition

Ideal .# is called zero dimensional if

#{zeC°’:p(2)=0,pe ¥} < .

V.
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Homogeneous solutions of partial differential equations
Given finite set P c I, characterize solutions f of

PD)f =0 ie., pD)f =0, peP.

Solution
@ Common zeros of (P) = {Xp qpP:qp €< H}.
@ P(0) = 0 yields 0" € ker P(D) and vice versa.

Theorem|[Grobner]

Any zero dimensional ideal .# c IT is of the form

peys =3 qD)p(&) =0, qe 2, ek

V.
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Polynomial subspaces

A subspace & c Il is called
© shift invariant: pe & = p(-+a) € Z, a € Nj.
© D-invariant: pe ¥ = D*pe £, a € Nj.

Structural multiplicities
Multiplicity space 2; in
aD)p(&) =0, qe 2,

is D-invariant.
Counting is not enough: different types of triple zeros ...
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Homogeneous solutions of partial difference equations
Given finite set P c A, characterize solutions f € £(Z°) of

P(t)f =0 i.e., (p,f)=0, peP.

Remark
@ System P is important.
© Depends only on (P), not on P.
© Any basis works = Computer Algebra.

Prony’s problem - yet another déja-vu
Given f € ¢(Z°) find basis P such that P(7)f = 0.
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A Strange Operator

el
Taylor and Newton formula
© For f eIl and () = [Tpea(- — B)

f=). %D“f 00 =}, %A“ﬂO)c)a.

S S
neINO acelNO

- 1 | 1,
@ Mixing: Lf := ) —Af(0)(), L7'f= ) —DF(0) 0.

S ° S
ae]NO aE]NO

Theorem
@ # shift invariant & L% D-invariant.
Q@ L7 (p)=2(Lp), p €IL

L(p) :=span{p(- +a) : a}, 2(p) .= span{D"p : a}.

o
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Why shift invariance?

le Z ea} Ot (,.[llfw wa ,

we) weQ)

where f,, € .#(f,,). Shift invariance needed: 2, = L-1.7(f,).

Theorem
For zero dimensional (H(2)) are equivalent:
Q Hr)-= ﬂkerég o 24(D). (Ideal)
0€®
Q kerH = (L.20)(0)0". (Kernel)
0€®
Intuition:

@ Frequencies = zeros of symbol.

@ Shift invariant polynomial spaces = multiplicities of the zeros.
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Comparison between differential and difference operators

Structure of homogeneous solutions

| differential | difference
operator | p(D)f, peP | p(t)f, peP
solutions | D-invariant | shift invariant
frequencies | zeros of (P) zeros of (P)
polynomials s L2

In both cases: exponential polynomials.
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Comparison between differential and difference operators

Structure of homogeneous solutions

| differential | difference
operator | p(D)f, peP | p(t)f, peP
solutions | D-invariant | shift invariant
frequencies | zeros of (P) zeros of (P)
polynomials s L2

In both cases: exponential polynomials.

Remark
Partially things work also for ideals of general dimension.
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What did we do so far?
Relationship between

© Hankel- and Toeplitz operators of finite rank.
© Partial difference equations.

© Shift invariant spaces.

©Q Exponential polynomial sequences.

Observation

O It’'s essentially the same.

© Glue: Prony’s problem.

© Key: cancellation filters & ideals.
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A Typical Argument ™ gvissir

Q 7 c ((Z°) finite dimensional and shift invariant.

Q fi,...,/N € .Z basis of .Z.

@ dim.”(fj) < oo = rankHys g(fj) = ru(fj) for some B.

© ru(f)) = rank Hy p(fj) for some A.

@ kerH,p(f)) defines zero dimensional Prony ideal <Pj>.
Q@ Ideal (P4,...,Py) defines dual space.

@ Prony = f; are exponential polynomials.

Theorem

Every finite dimensional shift invariant subspace of £(Z%) is of
exponential polynomial form.
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Definition

Vandermonde matrix for A ¢ Z° and = c (C )\ {0})°:

a €A

V(A,E) = [é”‘ Ciem

Theorem (Factorization)

If ry(f) < oo, then there exists finite Q c (C )\ {0})° and
nonsingular, diagonal F such that

H(f) = V (25,62) Fo V(25,69) .
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One More Result
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Definition

Vandermonde matrix for A ¢ Z° and = c (C )\ {0})°:

V(A,E) = [5“: acA ]

el

Theorem (Factorization)

If ry(f) < oo, then there exists finite Q c (C )\ {0})° and
nonsingular, diagonal F such that

H(f) = V (z5,62) Fo v (25,2)

Small print: a little bit more complicated for multiplicities, Hermite interpolation, block diagonal ...
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