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Signal f € L2(RY), WkP(RY),...
Decompose f with respect to elementary building blocks.

This decomposition is based on prior transform of f.

Behind this transform is (in some cases) the action of a group.
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Overview

0 Introduction: shearlet groups and associated coorbit spaces
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Shearlet groups in dimension 2

The original shearlet group in dimension 2 is given by

a ab \ a>0,
H‘{i(o a1/2>' bE]R}
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Shearlet groups in dimension 2
The original shearlet group in dimension 2 is given by
a ab \ a>0,
H‘{i(o a1/2>' beR }
_Ji (e 0 1 b\ a>0,
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Shearlet groups in dimension 2
The original shearlet group in dimension 2 is given by
a ab \ a>0,
H‘{i(o a1/2>' beR }

_fif2 0 1 b\ a>0,
- 0 al/2 0 1) beR [

The anisotropic scaling inherent in the dilation group gives rise to shearlet
systems whose approximation-theoretic properties improve on the classical
wavelets.
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Generalized Shearlet Groups

Let H < GL(d,R) be an admissible group. H is called generalized shearlet
dilation group if there exist two closed subgroups S, D < H such that

@ S is a connected closed abelian subgroup of T(d,R), where T(d,R)
is the set of upper triangular matrices with 1 on their diagonal,

o D = {exp(rY) | r € R} for some diagonal matrix Y,

@ every h € H can be uniquely written as h = £ds for some d € D and
ses.
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Shearlet groups in dimension 3

Standard shearlet group

a 0 0 L b b\| . _,
Hy:=<{+ |0 aM 0 01 0 b b’eR < GL(3,R)
0 0 22/ \0 0 1 1,72

for A := ()\1, )\2) € Rz.
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Shearlet groups in dimension 3

Standard shearlet group

a 0 0 1 b1 b2 2>0
Hy:=<{+ |0 aM 0 01 0 b b’eR < GL(3,R)
0 0 a2/ \o 0 1 R

for \ := ()\1, )\2) € Rz.

v

Toeplitz shearlet group

for 6 € R.
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Shearlet transform

@ For a shearlet group H define G := RY x H with group law

(x,h) o (y,g) = (x + hy, hg)
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Shearlet transform

@ For a shearlet group H define G := RY x H with group law

(x,h) o (y,g) = (x + hy, hg)

o Unitary representation 7 of G on L?(R9)

[r(x, N)¢)(y) = | det(h)|~/2¢(h™(y - x))
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Shearlet transform

@ For a shearlet group H define G := RY x H with group law

(x,h) o (y,g) = (x + hy, hg)

o Unitary representation 7 of G on L?(R9)

[r(x, N)¢)(y) = | det(h)|~/2¢(h™(y - x))

e For ¢, f € L?(RY), we define the continuous shearlet transform

Syf : (x, h) = (f,7(x, h))
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Shearlet transform

@ For a shearlet group H define G := RY x H with group law

(x,h) o (y,g) = (x + hy, hg)

o Unitary representation 7 of G on L?(R9)

[r(x, N)¢)(y) = | det(h)|~/2¢(h™(y - x))

e For ¢, f € L?(R?), we define the continuous shearlet transform
Syt (x, h) = (£, m(x, h))
and the associated continuous shearlet system

S() == {n(x,h)¢ : (x,h) € G}
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Shearlet coorbit spaces

A function 0 # ¢ € L2(R?) is called admissible shearlet if Sy € L?(G),
ie.

/G [, 7w, YO dpg(x, h) < oo,

René Koch (RWTH Aachen) Analysis of Shearlet Coorbit Spaces Bernried 2018



Shearlet coorbit spaces

A function 0 # ¢ € L2(R?) is called admissible shearlet if Sy € L?(G),
ie.

[ 1wt P dna(x ) < o
For an admissible shearlet i) the map
Sy i LA(RY) = L%(G), f > Sypf

is a multiple of an isometry, which implies the inversion formula

1
F= o [ Sertemate i dus(en)
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Coorbit theory

For measurable, locally bounded, submultiplicative weight v : H — (0, o0)
and p, g € (1,00) define the weighted mixed LP:9-norm

s </H </1Rg v(h)P|f(x, h)[P dx> a/p |di/(]h)|>1/q
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Coorbit theory

For measurable, locally bounded, submultiplicative weight v : H — (0, o0)
and p, g € (1,00) define the weighted mixed LP:9-norm

s </H </1Rg v(h)P|f(x, h)[P dx) a/p |di/(]h)|>1/q

For a shearlet ¢ define the coorbit space norm ||f||co(reay := [|Sy ][0
The coorbit space Co (L9(G)) is given as completion of

{f € [2(RY) : Syf € LC*"(G)}.
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Coorbit theory

For measurable, locally bounded, submultiplicative weight v : H — (0, o0)
and p, g € (1,00) define the weighted mixed LP:9-norm

s </H </R3 v(h)P|f(x, h)[P dx) a/p |di/(7h)|>1/q

For a shearlet ¢ define the coorbit space norm ||f||co(reay := [|Sy ][0
The coorbit space Co (L9(G)) is given as completion of

{f € [2(RY) : Syf € Le’q(c;)}.

Features of coorbit theory
@ Consistency: independence of
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Coorbit theory

For measurable, locally bounded, submultiplicative weight v : H — (0, o0)
and p, g € (1,00) define the weighted mixed LP:9-norm

s </H </R3 v(h)P|f(x, h)[P dx) a/p |di/(7h)|>1/q

For a shearlet ¢ define the coorbit space norm ||f||co(reay := [|Sy ][0
The coorbit space Co (L9(G)) is given as completion of

{f € [2(RY) : Syf € Le’q(c;)}.

Features of coorbit theory

@ Consistency: independence of
o Discretization: f =, ; \i(f)m(gi)y
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Shearlet coorbit spaces

Remark (Fiihr & Voigtlaender)

Different dilation groups can induce the same coorbit space.
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Shearlet coorbit spaces

Remark (Fiihr & Voigtlaender)

Different dilation groups can induce the same coorbit space.

Different shearlet groups induce different shearlet coorbit spaces! l
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Shearlet coorbit spaces

Remark (Fiihr & Voigtlaender)

Different dilation groups can induce the same coorbit space.

Different shearlet groups induce different shearlet coorbit spaces!

In order to improve our understanding of the associated coorbit spaces
o Co (LYI(RY x H,))
o Co (LYI(RY % Hy))

the next aim is to identify them with certain decomposition spaces.
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Overview

9 Coorbit spaces as decomposition spaces
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Decomposition spaces

Definition (decomposition space)

Let p,g € (1,00), @ = (Q;)ics a covering of O and v : | — R>? a discrete
weight.
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Decomposition spaces

Definition (decomposition space)

Let p,g € (1,00), @ = (Q;)ics a covering of O and v : | — R>? a discrete

weight. Then define for a suitable partition of unity (¢;)ic/ subordinate to
Q the norm
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Decomposition spaces

Definition (decomposition space)

Let p,g € (1,00), @ = (Q;)ics a covering of O and v : | — R>? a discrete

weight. Then define for a suitable partition of unity (¢;)ic/ subordinate to
Q the norm

1l .iney = | (- 17 0P ler) |

René Koch (RWTH Aachen)

Analysis of Shearlet Coorbit Spaces

Bernried 2018



Decomposition spaces

Definition (decomposition space)

Let p,g € (1,00), @ = (Q;)ics a covering of O and v : | — R>? a discrete

weight. Then define for a suitable partition of unity (¢;)ic/ subordinate to
Q the norm

1l .iney = | (- 17 0P ler) |

and the space

D(Q, LP,19) = {f € D'(0) : [Ifllpig,uem < OO}
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Decomposition spaces

Definition (decomposition space)

Let p,g € (1,00), @ = (Q;)ics a covering of O and v : | — R>? a discrete
weight. Then define for a suitable partition of unity (¢;);e; subordinate to
Q the norm

Iflloa.ireny = || (- 1F 2 (@iPlles)

0aq

and the space

D(.12.49) = {f € D(O): Iflorounas) <}

Dual action and dual orbit

The dual action is given by H x RY — R? (h, &) — h~t¢ and for a shearlet
group this action has a unique open dual orbit H ¢y = O = R* x R9~1.
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Decomposition spaces

Definition (induced covering)

The family Q = (hi_TQ),-G, is a covering of O induced by H if
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Decomposition spaces

Definition (induced covering)

The family Q = (hi_TQ),-G, is a covering of O induced by H if
e Q C O is open with Q C O compact
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Decomposition spaces

Definition (induced covering)

The family Q = (hi_TQ),-G, is a covering of O induced by H if
e Q C O is open with Q C O compact
@ The set of elements (h;);c/ is well-spread in H,
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Decomposition spaces

Definition (induced covering)

The family Q = (hi_TQ),-G, is a covering of O induced by H if
e Q C O is open with Q C O compact

@ The set of elements (h;);cs is well-spread in H, i.e.
o (h;V);es is pairwise disjoint for a suitable unit neighborhood V C H
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Decomposition spaces

Definition (induced covering)

The family Q = (hi_TQ),-G, is a covering of O induced by H if
e Q C O is open with Q C O compact

@ The set of elements (h;);cs is well-spread in H, i.e.

o (h;V);es is pairwise disjoint for a suitable unit neighborhood V C H
o (h;jU);es covers H for some relatively compact unit neighborhood
UcH
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Decomposition spaces

Definition (induced covering)

The family Q = (hi_TQ),-G, is a covering of O induced by H if
e Q C O is open with Q C O compact

@ The set of elements (h;);cs is well-spread in H, i.e.

o (h;V);es is pairwise disjoint for a suitable unit neighborhood V C H
o (h;jU);es covers H for some relatively compact unit neighborhood
UcH

e 9 covers O
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Decomposition spaces

Definition (induced covering)

The family Q = (hi_TQ),-G, is a covering of O induced by H if
e Q C O is open with Q C O compact
@ The set of elements (h;);cs is well-spread in H, i.e.

o (h;V);es is pairwise disjoint for a suitable unit neighborhood V C H
o (h;jU);es covers H for some relatively compact unit neighborhood
UcH

e 9 covers O

Intuition: This covering determines the coorbit/decomposition space
associated to it.
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Decomposition spaces

Let O be a covering induced by H and define the discrete weight
u = (uj)ier by

“av(h;) for i€ I.

N =

uj := | det(h;)]
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Decomposition spaces

Let O be a covering induced by H and define the discrete weight
u = (uj)ier by

Theorem (Fiihr & Voigtlaender 2014)

The Fourier transform
F : Co(LD9(G)) — D(Q, LP, £])

is an isomorphism of Banach spaces.
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Overview

9 Rigidity of decomposition spaces and coarse geometry
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Rigidity of decomposition spaces

Let Q = (Qi)ics and P = (Pj)jcs be two induced coverings (potentially
induced by different groups!).
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Rigidity of decomposition spaces

Let Q = (Qi)ics and P = (Pj)jcs be two induced coverings (potentially
induced by different groups!).

Definition (intersection sets)
Define the intersection sets of @ and P for i € | and j € J by

={icl:QnNPj#0} and Jj:={j € J: QNP #0}.
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Rigidity of decomposition spaces

Let Q = (Qi)ics and P = (Pj)jcs be two induced coverings (potentially
induced by different groups!).

Definition (intersection sets)
Define the intersection sets of @ and P for i € | and j € J by

={icl:QnNPj#0} and Jj:={j € J: QNP #0}.

Definition (weak equivalence)
We call the coverings Q and P weakly equivalent if

sup |/j] < oo and sup|J| < 0.
jeJ
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Rigidity of decomposition spaces

Rigidity Theorem (Voigtlaender 2016)
Let Q = (Qi)ics and P = (Pj)jcs be induced coverings,

René Koch (RWTH Aachen) Analysis of Shearlet Coorbit Spaces Bernried 2018



Rigidity of decomposition spaces

Rigidity Theorem (Voigtlaender 2016)

Let Q = (Qi)ics and P = (Pj)jcs be induced coverings,
P1,P2,G1,q2 € (1,00) and u = (uj)jes, U’ = (uj’-)jeJ discrete weights.
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Rigidity of decomposition spaces

Rigidity Theorem (Voigtlaender 2016)

Let Q = (Qi)ics and P = (Pj)jcs be induced coverings,
P1,P2,G1,q2 € (1,00) and u = (uj)jes, U’ = (uj’-)jeJ discrete weights. If

D(Q,LP,43) =D (P, L, (%)
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Rigidity of decomposition spaces

Rigidity Theorem (Voigtlaender 2016)

Let Q = (Qi)ics and P = (Pj)jcs be induced coverings,
P1,P2,G1,q2 € (1,00) and u = (uj)jes, U’ = (uj’-)jeJ discrete weights. If

D(Q,LP () =D (P, L, (2),
then
Q@ p1=p2and g1 = q2,
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Rigidity of decomposition spaces

Rigidity Theorem (Voigtlaender 2016)

Let Q = (Qi)ics and P = (Pj)jcs be induced coverings,

P1,P2,G1,q2 € (1,00) and u = (uj)jes, U’ = (uj’-)jeJ discrete weights. If
D(Q, [P, (%) =D (P, L7 (%),

then

Q p1=p2and g1 = g2,

@ in the case (p1,q1) # (2,2) the coverings Q,P are weakly equivalent.
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Coarse Geometry

@ Study of metric spaces from a large scale point of view.
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Coarse Geometry

@ Study of metric spaces from a large scale point of view.

@ Induced coverings can be used to define a metric on their associated
orbits.
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Coarse Geometry

@ Study of metric spaces from a large scale point of view.

@ Induced coverings can be used to define a metric on their associated
orbits.

e For a metric space (X, d) define the bounded coarse structure on X
as the family of sets

C:= {AQXXX: sup d(x,y)<oo}.
(x,y)eA

Bernried 2018
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Coarse Geometry

@ Study of metric spaces from a large scale point of view.

@ Induced coverings can be used to define a metric on their associated
orbits.

e For a metric space (X, d) define the bounded coarse structure on X
as the family of sets

C:= {AQXXX: sup d(x,y)<oo}.
(x,y)eA

@ Weak equivalence of coverings is a property of their coarse structure
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Coarse geometry

Definition (quasi-isometry)

Let (X, dx),(Y,dy) be metric spaces. We callamap f: X —» Y
quasi-isometric (embedding) if there exist ¢, d, C, D > 0 such that

cdx(x,x') —d < dy(f(x), f(x")) < Cdx(x,x")+ D

holds for all x,x’ € X.
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Coarse geometry

Definition (quasi-isometry)

Let (X, dx),(Y,dy) be metric spaces. We callamap f: X —» Y
quasi-isometric (embedding) if there exist ¢, d, C, D > 0 such that

cdx(x,x') —d < dy(f(x), f(x")) < Cdx(x,x")+ D

holds for all x,x" € X.

coarse equivalence

Let (X, dx),(Y,dy) be metric spaces. Then X and Y are coarsely
equivalent if there exist quasi-isometric maps f : X = Y, g: Y — X such
that

| A

sup d((g 0 0. x)) <00 and - sup d ((F o )(1).)) < ox.
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Coarse geometry

Definition (quasi-isometry)

Let (X, dx),(Y,dy) be metric spaces. We callamap f: X —» Y
quasi-isometric (embedding) if there exist ¢, d, C, D > 0 such that

cdx(x,x') —d < dy(f(x), f(x")) < Cdx(x,x")+ D

holds for all x,x" € X.

coarse equivalence

Let (X, dx),(Y,dy) be metric spaces. Then X and Y are coarsely
equivalent if there exist quasi-isometric maps f : X = Y, g: Y — X such
that

| A

sup d((g 0 0. x)) <00 and - sup d ((F o )(1).)) < ox.

Example: (R, |-|) is coarsely equivalent to (Z,| - |).
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Coarse geometry

Definition (induced metric on dual orbit)

For an induced covering Q = (Q;);es of an orbit O C R" consisting of
relatively compact, open and connected sets, define a metric dg on O by

3 i’..., I oLa i’
inff{neN: @i Q€ Qst x€Q; , forx#y

dQ(Xay) = ye QianiijijJrl #Q
0, for x =y.

v
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Coarse geometry

Definition (induced metric on dual orbit)

For an induced covering Q@ = (Q;);es of an orbit O C R" consisting of
relatively compact, open and connected sets, define a metric dg on O by

. 3Qi,...,Qi, € Qs.t. x € Qjy,
inf<neN:
dQ(Xay) = y S Qin, QIJ N Qij+1 7& @

}, for x £y

0, for x =y.

v

Definition (induced metric on the group)

For a group H < GL(d,R) and a relatively compact, symmetric, connected
neighborhood of the identity W C H, define a metric dy on H by

inf{nGN: g the W"}, forg # h

d ,h) =
w(g:h) {0, forg=nh

René Koch (RWTH Aachen) Analysis of Shearlet Coorbit Spaces Bernried 2018 2

29



Theorem (Fiihr & K. 2017)

Let Q,P be induced coverings of an orbit O consisting of open connected
sets. Then the following statements are equivalent

@ Q and P are weakly equivalent.
@ id: (0,dg) — (O, dp) is a quasi-isometry.
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Theorem (Fiihr & K. 2017)

Let Q,P be induced coverings of an orbit O consisting of open connected
sets. Then the following statements are equivalent

@ Q and P are weakly equivalent.
@ id: (0,dg) — (O, dp) is a quasi-isometry.

A,

Theorem (Fiihr & K. 2017)

If H< GL(d,R) is an admissible group with dual orbit O C R9 and
€ € O such that He C Hy, where He = {h € H: h™'{ =¢} and Hp is the
connected component of E, then the orbit map

pe : (H,dw) — (0, dg), h— h™t¢

is a quasi-isometry.

.
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Overview

@ Comparison of shearlet coorbit spaces
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Standard shearlet group

a 0 0 1 b1 b2 2>0
Hy:=<¢+ [0 a" 0 0 1 0]|} b’eR < GL(3,R)
0 0 a2/ \0o 0 1 Lo

for A := (A1, \2) € R2.
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Shearlet groups are admissible with He = {E} for £ = ey.
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Shearlet groups are admissible with He = {E} for £ = e;. We get the
following commutative diagram:

(O’ dQ)\) 14d> (07 dQ)\/)

A -1
| 5
AN

(H)\a dW)\) E—> (H>\/7 dWA/)

: -1
with <p2")‘ = [pg‘} o id opg‘.
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Shearlet groups are admissible with He = {E} for £ = e;. We get the
following commutative diagram:

(O’ dQ)\) 14d> (07 dQ)\/)

A -1
| 5
AN

(H)\a dW)\) E—> (H>\/7 dWA/)

Lemma (Fiihr & K. 2017)
The following statements are equivalent
° gpg\’)‘/ is a quasi-isometry.

e id: (0, do,) = (0O, do,,) is a quasi-isometry.
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Application to standard shearlet groups (A # \):
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Application to standard shearlet groups (A # \):
@ Determine sequences (hp)nen, (h),)nen in Hy such that

dw, (hn, B)) < K
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Application to standard shearlet groups (A # \):
@ Determine sequences (hp)nen, (h),)nen in Hy such that

dw, (hn, n) <K
for some K > 0 and all n € N, but

iy, (227 (ha), 22 (Hy)) "% o,
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Application to standard shearlet groups (A # \):
@ Determine sequences (hp)nen, (h),)nen in Hy such that

dw, (hn, n) <K
for some K > 0 and all n € N, but

iy, (227 (ha), 22 (Hy)) "% o,

@ This implies that (pg\’)‘, is not a quasi-isometry.
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Application to standard shearlet groups (A # \):
@ Determine sequences (hp)nen, (h),)nen in Hy such that

dw, (hn, n) <K
for some K > 0 and all n € N, but

iy, (227 (ha), 22 (Hy)) "% o,

@ This implies that (pg\’)‘, is not a quasi-isometry.

@ The coverings Q) and Q)+ are not weakly equivalent.
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Application to standard shearlet groups (A # \):
@ Determine sequences (hp)nen, (h),)nen in Hy such that

dw, (hn, n) <K
for some K > 0 and all n € N, but

iy, (227 (ha), 22 (Hy)) "% o,

@ This implies that @2’)‘, is not a quasi-isometry.
@ The coverings Q) and Q)+ are not weakly equivalent.

@ The associated decomposition spaces don’t coincide.
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Application to standard shearlet groups (A # \):
@ Determine sequences (hp)nen, (h),)nen in Hy such that

dw, (hn, n) <K
for some K > 0 and all n € N, but

iy, (227 (ha), 22 (Hy)) "% o,

@ This implies that (pg\’)‘, is not a quasi-isometry.
@ The coverings Q) and Q)+ are not weakly equivalent.

@ The associated decomposition spaces don’t coincide.

Different shearlet groups lead to substantially different coverings of the
dual orbit through the dual action. We can show this without actually
computing any covering.
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Assume A1 < A and let

a ab; ab
W{:=< (0 aM o0
0 0 a™

2/3<a<4/3
-1<bh <1 ’

then set Wy := Wy U (Wj\)fl.
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Assume A1 < A and let

a
Wy = 0
0

zﬁ’f "(1)’2 2/3<a<4/3

then set Wy := Wy U (Wj\)fl. Furthermore, define a, := n for n € N,

b:=1, b :=2and

an anpb
h,:=0 ah
0 O

René Koch (RWTH Aachen)

Analysis of Shearlet Coorbit Spaces

0 a, apb’ 0
0], AH:=10 atr 0
a)? 0 0 a¥
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Then we get

hythl, =

€ W\ = dw, (hn, b)) = 1,

O O =
o~
= O O
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Then we get

110
hth,= (0 1 0] € Wa = dw, (ha, H,) =1,
001
and
AN 1A L a?/l_M 0
Ani= |2V ()| ) =0 1 0
0 0 1
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Then we get

1 10
hyth,=(0 1 0| € Wy = dw,(hn,h,) =1,
0 01
and
AN 1A 1oa 0
Ani= 2N (h)] @) =0 1 o
0 0 1
Since aﬁllf)‘l 170 o, the sequence (Ap)nen is not contained in any

relatively compact set.
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