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▸ liquid explosives identification
▸ induction motor current signature analysis (MCSA)
▸ magnetic resonance spectroscopy/imaging (MRS/MRI)
▸ fluorescence lifetime imaging (FLIM)
▸ direction/angle of arrival problems (DOA/AOA)
▸ radar imaging (ISAR/SAR)
▸ automotive radar
▸ transient detection
▸ echolocation
▸ speech/music signal processing
▸ . . .
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radar imaging (ISAR/SAR)

scattering amplitudes of the isolated scattering centres are extracted
from each slice. Third, the extracted scattering centres are
rearranged together along the third dimension. Therefore, 3D
reconstructed scattering centres model is determined, which can
characterise the target to a great extent. Notably, in practice, the 2D
U-ESPRIT cannot be directly utilised to estimate scattering centres
from the signals. This is because the contradiction that 2D U-
ESPRIT requests multiple snapshots; however, in radar imaging
applications only one snapshot of the radar data is available. To
resolve the problem, spatial smoothing technique is employed in
the algorithm.

The organisation of this paper is as follows. In Section 2, the
3D ISAR imaging model is established. Then, 2D U-ESPRIT-based
3D super resolution ISAR imaging algorithm is proposed in
Section 3. In Section 4, simulation results are presented. Finally,
Section 5 concludes this paper briefly.

2 3D ISAR imaging model
The geometry for monostatic 3D ISAR imaging is shown in Fig. 1.
Here, we assume that motion compensation (including envelope
alignment and phase focusing) has been implemented, and all
scatterers stay in the right range cells. Considering that the target is
in the far-field region of the radar, the distance between radar and
point Q(x,  y,  z) on the target can be approximated as

R ≃ R0 + x cos θ cos ϕ + y sin θ cos ϕ + z sin ϕ (1)

where R0 is the distance between radar and the origin O in target
coordinate. The backscattered field from a target can be
approximated as the sum of complex scattering signals from P
different scatterers on the target. With {si}i = 1

P  representing the
complex scattering amplitude, the backscattered field is given as
(see (2)) where (xi,  yi,  zi) denotes the ith scattering centre
locations; fh, θm and ϕn are the H × M × N sampling results in
frequency, azimuth and elevation domains, respectively; u(h,  m,  
n) stands for the Gaussian white noise samples, with mean zero and
variance σ2; and c is the speed of light. When practical ISAR
imaging is concerned, small frequency and angular bandwidths are
usual [1]. In this case, cos θm cos ϕn ≃ 1, sin θm cos ϕn ≃ θm and
sin ϕn ≃ ϕn can be tolerated, then the following approximation
holds true [10]:

x(h , m, n) = ∑
i = 1

P
si exp −j

4π f h
c R0

exp −j4π
c ( f h

xxi + f m
y yi + f n

zzi) + u (h , m, n)
(3)

with

f h
x ≅ f h = h δ f , f m

y ≅ f cθm = m f cδθ, f n
z = f cϕn = n f cδϕ ⋅ δ f ,

δθ and δϕ are the frequency step, azimuth angle step and elevation
angle step of the signal set, respectively. Here, we define ψxi =   − 
j4πxiδf/c, ψyi =   − j4πyifcδθ/c and ψzi =   − j4πzifcδϕ/c, then (3)
becomes

x(h , m, n) = ∑
i = 1

P
si exp −j

4π f h
c R0 exp(h ψ xi)

exp(mψyi)exp(nψzi) + u (h , m, n)
(4)

3 Proposed algorithm
By exploiting single sensor ISAR image sequences, various
approaches for 3D ISAR imaging have been developed such as
CLEAN, MUSIC and ESPRIT. In particular, the CLEAN technique
suffers from limited resolutions. The MUSIC algorithm has to
involve an exhaustive search for spectral peaks which produce a
heavy computational burden. Identically, the ESPRIT is also time-
consuming to some extent for the complex-valued computation
throughout. Moreover, the inevitable angle-ambiguity problems
only make the situations even worst. In addition, the computation
cost increases considerably with the number of parameters to be
estimated.

To solve the precision and complexity problems, a dimension-
reduced algorithm for 3D super resolution ISAR imaging is
proposed, where slice principle and 2D U-ESPRIT scattering
centre extraction technique are utilised. On one hand, the slice
principle reduces the dimension of original data tensor from three
to two, thus a lower-complexity is permitted. On the other hand, by
employing the conjugation of observed data, the 2D U-ESPRIT
increases the estimation accuracy of conventional ESPRIT, and is
more efficient in terms of the real-valued computation throughout.
The proposed combination algorithm is explained as follows.

First, the 3D data tensor is converted into a series of 2D matrix
by stacking slices of the 3D data along one specific dimension.
Then, scattering centres are extracted from each 2D slice by
employing 2D U-ESPRIT. Third, the extracted scattering centres
are rearranged together along the third dimension to obtain the 3D
ISAR result. Furthermore, besides 2D coordinates of the scattering
centres on each slice, complex scattering amplitudes can also be
estimated via LSM. At this point, a 3D reconstructed scattering
centres model with specific locations and amplitudes is determined,
which can characterise the target meaningfully.

3.1 Slice principle of 3D data

By capturing the target's profiles for two different orthogonal look
angles, the 3D scattered field data tensor is received, as presented
in (4). To reduce the dimensionality, we unfold the 3D data tensor
into a series of 2D data matrix by stacking slices of the 3D data
along one specific dimension. The slice principle is demonstrated
in Fig. 2a, where a 3D scatterer model is simulated. In Fig. 2b,
three different slices from the 3D ISAR data are exampled. It can
be found that the same scatterer displays different scattering
characteristics on different slices. As marked in white circles, some
scatterers are quite strong on one slice while somewhat obscure on
the other slices, which are related to their locations accordingly. 

After tensor-matrix transformation, the dimension of radar data
is reduced from three to two. Then, the scattering centres on each
slice can be estimated via 2D U-ESPRIT. Meanwhile, the slice
numbers provide information for the third dimension. By using the

x(h , m, n) = ∑
i = 1

P
si exp −j

4π f h
c R0

exp −j
4π f h

c (xi cos θm cos ϕn + yi sin θm cos ϕn + zi sin ϕn)

+ u (h , m, n)

(2)

Fig. 1  Geometry for monostatic 3D ISAR imaging
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of CLEAN technique, which is FFT-based, the precisions of the
results are a little weak in some extent. These comparisons show
that the proposed 3D super resolution method outperforms the
FFT-based method in accuracy sufficiently.

4.2 Real fighter target simulation

To demonstrate the capability of the proposed method in realistic
environments, we applied it to the simulated radar data of a real
fighter target, with the facet model in Fig. 7a and original 3D ISAR
image in Fig. 7b. 

Next, Z is selected as the specific dimension, that is, XY planes
at different heights of Z constitute the sets of 2D slices. In Fig. 8,
scattering centre extraction results of the 45th and 70th slices are
displayed as examples, where varied sizes of the circles represent
the different estimated scattering amplitudes. Also, the
corresponding slice images are superimposed. 

The 3D reconstruction results are shown in Figs. 9a and b,
where 3D structure and scattering intensity variation of the fighter

are exposed. Fig. 9c displays the reconstructed 3D ISAR image and
Fig. 9d compares the range profiles of the original and
reconstructed radar data, where the location and amplitude of the
peaks in the original range profile are retained in the reconstructed
range profile favourably. 

To illustrate the performance of the proposed algorithm further,
comparisons with 3D ESPRIT are carried out. In that method, the
3D coordinates of scattering centres are directly estimated, with the
3D reconstruction results demonstrated in Fig. 10. It is observed
that some false scatterers are extracted in Figs. 10a and b.
Furthermore, the reconstructed range profile in Fig. 10c is less
accurate in contrast with the original ones, as well as the
reconstructed 3D ISAR image in Fig. 10d. All these results indicate
a higher precision of the proposed combination algorithm than the
conventional 3D ESPRIT method. 

Fig. 5  3D reconstruction results of the point target with specific locations
(a) 3D view, (b) XY, XZ and YZ planes

 

Fig. 6  3D reconstruction results of the point target with specific locations and amplitudes
(a) 3D view, (b) XY, XZ and YZ planes

 

Fig. 7  Real fighter target
(a) Fighter model, (b) Original 3D ISAR image
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f (x) = α1 +α2x100

▸ Newton/Lagrange interpolation: 101 samples
▸ only 4 unknowns: α1, α2, x0, x100!
▸ how to solve it from 4 samples?
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n

∑
i=1
αixki

s = fs , n ≪ max(ki), ki ∈ N

n1

∑
i=1
αi ,1 cos(φi ,1xs) +

n2

∑
i=1
αi ,2 sin(φi ,2xs) = fs , φi ,{1,2} ∈ R

n

∑
i=1
αi exp(φixs) = fs , φi ∈ C
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φ(x) =
n

∑
i=1
αi exp(φix) + ε(x)

αi ∈ C
φi = βi + iγi , ∣I(φi)∣ <M/2, ∆ = 2π/M

equidistant xs = s∆, s = 0,1,2, . . . ,2n − 1, . . .

fs ∶=φ(xs), εs ∶= ε(xs)

▸ wide spectrum
▸ high resolution
▸ small SNR
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Figure: Sampling too coarsely introduces aliasing
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interpolation problem:

n

∑
i=1
αi exp(φixs) = fs , s = 0, . . . ,2n − 1

xs = s∆, ∆ = 2π/M

∣I(φi)∣ <M/2, Φi = exp(φi∆),

fs =
n

∑
i=1
αiΦ

s
i , s = 0, . . . ,2n − 1

⎧⎪⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎪⎩

α1 + ⋅ ⋅ ⋅ +αn = f0
α1Φ1 + ⋅ ⋅ ⋅ +αnΦn = f1
⋮

α1Φ
2n−1
1 + ⋅ ⋅ ⋅ +αnΦ

2n−1
n = f2n−1
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∆ = 2π
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finding Φi :

n

∏
i=1
(z −Φi) = zn

+ dn−1zn−1
+ ⋅ ⋅ ⋅ + d1z + d0

0 =
n

∑
i=1
αiΦ

s
i (Φ

n
i + dn−1Φn−1

i + ⋅ ⋅ ⋅ + d0)

=
n

∑
i=1
αiΦ

n+s
i +

n−1
∑
j=0

dj (
n

∑
i=1
αiΦ

j+s
i )

= fs+n +
n−1
∑
j=0

dj fs+j
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⎛
⎜
⎝

f0 . . . fn−1
⋮ ⋰ ⋮

fn−1 . . . f2n−2

⎞
⎟
⎠

⎛
⎜
⎝

d0

⋮

dn−1

⎞
⎟
⎠
= −
⎛
⎜
⎝

fn
⋮

f2n−1

⎞
⎟
⎠

Hankel matrix:

H(r)n =
⎛
⎜
⎝

fr . . . fr+n−1
⋮ ⋰ ⋮

fr+n−1 . . . fr+2n−2

⎞
⎟
⎠
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Hadamard polynomial:

H(0)n (z) =

RRRRRRRRRRRRRRRRRRR

f0 . . . fn−1 fn
⋮ ⋰ ⋮ ⋮

fn−1 . . . f2n−2 f2n−1
1 . . . zn−1 zn

RRRRRRRRRRRRRRRRRRR

n

∏
i=1
(z −Φi) =

H(0)n (z)

∣H(0)n ∣

= zn
+ dn−1zn−1

+ ⋅ ⋅ ⋅ + d1z + d0
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formally orthogonal polynomial:

γ ∶ z s
→ fs , s = 0,1, . . .

H(0)n (z)

∣H(0)n ∣
⊥γ z i , i = 0, . . . ,n − 1

γ
⎛
⎜
⎝
z i H

(0)
n (z)

∣H(0)n ∣

⎞
⎟
⎠
= 0, i = 0, . . . ,n − 1

[Henrici, 1974]
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roots of
H(0)n (z)

∣H(0)n ∣
from GEP:

H(0)n =

⎛
⎜
⎜
⎜
⎝

1 . . . 1
Φ1 Φ2 . . . Φn

⋮ ⋮

Φn−1
1 . . . Φn−1

n

⎞
⎟
⎟
⎟
⎠

⎛
⎜
⎜
⎜
⎝

α1

⋱

αn

⎞
⎟
⎟
⎟
⎠

⎛
⎜
⎜
⎜
⎝

1 Φ1 . . . Φn−1
1

⋮ Φ2 ⋮

⋮ ⋮

1 Φn . . . Φn−1
n

⎞
⎟
⎟
⎟
⎠

= V T
n DαVn

H(1)n = V T
n Dα

⎛
⎜
⎝

Φ1

⋱

Φn

⎞
⎟
⎠

Vn
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det (H(1)n − λH(0)n ) = det
⎛
⎜
⎝
V T

n Dα
⎛
⎜
⎝

Φ1 − λ

⋱

Φn − λ

⎞
⎟
⎠

Vn

⎞
⎟
⎠

= 0 for λ = Φi , i = 1, . . . ,n

[Hua and Sarkar, 1990]
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finding φi :

exp(φi) = exp(R(φi))eiI(φi)

∣I(φi)∣ <
M
2
∶

arg(Φi) = arg(exp(φi∆))

= I(φi)
2π
M
∈ ]−π,π[
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finding αi :

n

∑
i=1
αiΦ

s+j
i = fs+j , s = 0, . . . ,n − 1, 0 ≤ j ≤ n

⎛
⎜
⎝

Φj
1 . . . Φj

n
⋮ ⋮

Φj+n−1
1 . . . Φj+n−1

n

⎞
⎟
⎠

⎛
⎜
⎝

α1

⋮

αn

⎞
⎟
⎠
=
⎛
⎜
⎝

fj
⋮

fj+n−1

⎞
⎟
⎠

remaining interpolation conditions are linearly dependent
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finding n:

N < n ∶ ∣H(r)N ∣ /≡ 0, r = 0,1, . . .

N = n ∶ ∣H(r)N ∣ ≠ 0 if Φi ≠ Φj for i ≠ j [Kaltofen and Lee, 2003]

N > n ∶ ∣H(r)N ∣ ≡ 0, r = 0,1, . . .
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Exponential analysis

φ(x) =
4
∑
i=1
αi exp(φix)

α1 = 1 φ1 = 0

α2 = 2.4 φ2 = −5 + 19.97i

α3 = −2.1 φ3 = 3 + 45i

α4 = 0.2 φ4 = 5.3i

evaluate at xs = s 2π
100 , M = 100, ∣I(φi)∣ < 50

sequence f0, . . . , f7, . . . is linearly generated
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2 4 6
10−16

10−10

10−4

102

Figure: H(0)N singular, N = 6

1010111101111100
0111

0010
11101

00110010011

Universiteit
Antwerpen 31/58



Sparse
interpolation,
exponential
analysis,

Padé
approximation,

tensor
decomposition

Motivation

Sparse
interpolation

Exponential
analysis

Approximation
theory

Exponential
analysis

Tensor
decomposition

References

Exponential analysis

φ(x) = 174.13 exp(−x/22) + 19.348 exp(−x/80) + ε(x)

10 log10

⎛
⎜
⎜
⎜
⎝

255
∑
s=0
φ2(xs)

255
∑
s=0
ε2(xs)

⎞
⎟
⎟
⎟
⎠

= 34

180

160

140

120

100

80

60

40

20

0

-20
0 50 100 150 200 250 300

first term
second term
noise

Figure: Individual components
including the discrete noise
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2 4 6 8
10−1

100

101

102

103

104

Figure: Log-plot of singular values of H(0)8 with 34 dB white Gaussian
noise added
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fs =
n

∑
i=1
αi exp(φixs), s = 0,1, . . . ,2n − 1

f (z) =
∞
∑
j=0

fjz j , fj = 0, j < 0

p(z) =
m

∑
i=0

aiz i ,

q(z) =
n

∑
i=0

biz i

⎛

⎝

∞
∑
j=0

fjz j⎞

⎠
q(z) − p(z) = ∑

i≥m+n+1
ciz i
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Approximation theory

⎧⎪⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎪⎩

f0b0 = a0

f1b0 + f0b1 = a1

⋮

fmb0 + ⋅ ⋅ ⋅ + fm−nbn = am

b0 = 1

⎧⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎩

fm+1b0 + ⋅ ⋅ ⋅ + fm−n+1bn = 0

⋮

fm+nb0 + ⋅ ⋅ ⋅ + fmbn = 0

H(m+1−n)n

⎛
⎜
⎝

b1

⋮

bn

⎞
⎟
⎠
= −
⎛
⎜
⎝

fm+1
⋮

fm+n

⎞
⎟
⎠

[m/n](z) ∶= p(z)/q(z)
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Approximation theory

fs =
n

∑
i=1
αi exp(φixs)

=
n

∑
i=1
αiΦ

s
i

f (z) =
∞
∑
j=0

fjz j

=
n

∑
i=1

αi

1 − zΦi

= Laplace transform of
n

∑
i=1
αi exp(φix)
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f (z) = [n − 1/n](z) = p(z)/q(z)

q(z) =
n

∏
i=1
(1 − zΦi)

= zn H(0)n (1/z)

∣H(0)n ∣

= d0zn
+ d1zn−1

+ ⋅ ⋅ ⋅ + dn−1z + 1
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→ H(m+1−r)r regular, r ≥ n

∞
∑
j=0

fjz j from rational function

H(r)ν singular, ν > n, r > m + 1 − ν

↓
H(r)n regular, r ≥ m + 1 − n
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Approximation theory
f (z) + ε(z) analytic except for a countable number of poles
[Nuttall, 1970] and essential singularities [Pommerenke, 1973]

⇓

[ν − 1/ν](z)→ f (z) + ε(z) in measure on compact sets, i.e.

Λ2 ({z ∶ ∣f (z) + ε(z) − [ν − 1/ν](z)∣ ≥ τ})→ 0
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Approximation theory

mathematical (noise free):

1. build H(0)ν , ν = 0,1,2, . . .

2. H(0)ν = UΣV T singular value decomposition

3. Σ =
⎛
⎜
⎝

σ1

⋱

σν

⎞
⎟
⎠
, σ1 ≥ σ2 ≥ ⋅ ⋅ ⋅ ≥ σn > σn+1 = ⋅ ⋅ ⋅ = σν = 0

4. find Φi , φi , αi , i = 1, . . . ,n from H(1)n vi = ΦiH
(0)
n vi and the

interpolation conditions
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numerical (with noise):

1. take ν large enough so that in the singular value decomposition
noise is clearly separated from n

2. solve H(1)ν vi = λiH
(0)
ν vi , i = 1, . . . , ν, λi = Φi , i = 1, . . . ,n

3. find φi

4. solve
n

∑
i=1
αi exp(φixj) = fj , 0 ≤ j ≤ 2ν − 1
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φ(x) =
4
∑
i=1
αi exp(φix)

α1 = 1 φ1 = 0

α2 = 2 φ2 = −0.2 + 39.5i

α3 = 4 φ3 = −0.5 + 40i

α4 = 8 φ4 = −1

evaluate at xs = s 2π
100 , M = 100, ∣I(φi)∣ < 50

∥ε(z)∥∞ = 10−2, uniform random noise
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102

Figure: Singular values H(0)ν with n = 4, ν = 6
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Figure: Singular values H(0)ν with n = 4, ν = 50
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φ(x) = 174.13 exp(−x/22) + 19.348 exp(−x/80) + ε(x)

10 log10 (
∑

255
s=0 φ

2(xs)

∑
255
s=0 ε2(xs)

) = 34

2 4 6 8

100

102

104

10 20 30

100

102

104

Figure: Log-plot of singular values of H(0)8 and H(0)36 with 34 dB white
Gaussian noise added
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Tensor decomposition

tensor T = (tj1...jk )
d
j1,...,jk=0 ∈ C

(d+1)×⋅⋅⋅×(d+1)

of order k and dimension d + 1

e.g. k = 3, d = 1

(
t000 t010 t001 t011

t100 t110 t101 t111
)

associate (d + 1)-variate homogeneous polynomial of degree k to T :

d

∑
j1≤⋅⋅⋅≤jk=0

(∑
π

tπ(j1)...π(jk)) zj1 . . . zjk

e.g. t000z3
0 + (t100 + t010 + t001)z2

0 z1 + (t110 + t101 + t011)z0z2
1 + t111z3

1
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Tensor decomposition

homogeneous polynomial compactly written as

∑
∣κ∣=k

cκZκ,

Z = (z0, . . . , zd), κ = (k0, . . . , kd)

Zκ = zk0
0 . . . z

kd
d , ∣κ∣ = k0 + ⋅ ⋅ ⋅ + kd

set z0 = 1 and for d = 1, z ∶= z1, k ∶= k1:

∑
∣κ∣=k

cκZκ =
k

∑
j=0

cjz j

e.g. k = 3, d = 1

t000 + (t100 + t010 + t001)z + (t110 + t101 + t011)z2
+ t111z3
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tensor decomposition (general) if rank T = n:

T =
n

∑
i=1

wiv
(1)
i ⊗ ⋅ ⋅ ⋅ ⊗ v (k)i

(1) (1) (1)

(2) (2) (2)

(3) (3) (3)

for order k = 3: tjhl =
n

∑
i=1

wiv
(1)
i ,j v (2)i ,h v (3)i ,l
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Tensor decomposition
tensor decomposition (order k = 3, dimension n × n × 2)

tjhl ∶= fj+h+l , 0 ≤ j ,h ≤ n − 1, 0 ≤ l ≤ 1

T =

⎛
⎜
⎜
⎜
⎝

f0 f1 . . . fn−1 f1 f2 . . . fn
f1 ⋮ f2 ⋮

⋮ ⋮

fn−1 . . . f2n−2 fn . . . f2n−1

⎞
⎟
⎟
⎟
⎠

= (H(0)n H(1)n )

=
n

∑
i=1
αi

⎛
⎜
⎜
⎜
⎝

1
Φi

⋮

Φn−1
i

⎞
⎟
⎟
⎟
⎠

⊗

⎛
⎜
⎜
⎜
⎝

1
Φi

⋮

Φn−1
i

⎞
⎟
⎟
⎟
⎠

⊗ (
1
Φi
) , Φi = exp(φi∆)
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symmetric tensor decomposition (order k = 2n − 1, dimension
d + 1 = 2)

tj1...jk = fj1+⋅⋅⋅+j2n−1 , 0 ≤ jk ≤ 1

tensor slice

t● ● j3...jk = (
t00 j3...jk t01 j3...jk
t10 j3...jk t11 j3...jk

) = (
fj3+⋅⋅⋅+jk fj3+⋅⋅⋅+jk+1

fj3+⋅⋅⋅+jk+1 fj3+⋅⋅⋅+jk+2
)

T =
n

∑
i=1
αi (

1
Φi
)⊗ ⋅ ⋅ ⋅ ⊗ (

1
Φi
)
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e.g. k = 3, d = 1

(
t000 t010 t001 t011

t100 t110 t101 t111
) = (

4 3 3 6
3 6 6 17

) symmetric
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symmetric tensor tj1j2j3 = fj1+j2+j3 , 0 ≤ j1, j2 ≤ 1, 0 ≤ j3 ≤ 1

c0 = f0 = 4

c1 = 3f1 = 9

c2 = 3f2 = 18

c3 = f3 = 17

k

∑
j=0

cjz j
= 4 + 9z + 18z2

+ 17z3
=

n

∑
i=1
αi(1 +Φiz)k

T = (
f0 f1 f1 f2
f1 f2 f2 f3

) ∈ Cn×n×2, ∈ C2×2×2
(n = 2)

=
5
8
(
1
3
)⊗ (

1
3
)⊗ (

1
3
) +

27
8
(
1
1
3

)⊗ (
1
1
3

)⊗ (
1
1
3

)

1010111101111100
0111

0010
11101

00110010011

Universiteit
Antwerpen 55/58



Sparse
interpolation,
exponential
analysis,

Padé
approximation,

tensor
decomposition

Motivation

Sparse
interpolation

Exponential
analysis

Approximation
theory

Exponential
analysis

Tensor
decomposition

References

Tensor decomposition

also:

▸ roots of Hadamard polynomial

RRRRRRRRRRRRRR

4 3 6
3 6 17
1 z z2

RRRRRRRRRRRRRR

/ ∣H(0)2 ∣ = z2
−

10
3

z + 1

▸ generalized eigenvalues Φ1 and Φ2

▸ Hadamard polynomial equals reverse of Padé denominator
[1/2] for

f0 + f1z + f2z2
+ f3z3

+ . . .
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