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liquid explosives identification

induction motor current signature analysis (MCSA)
magnetic resonance spectroscopy/imaging (MRS/MRI)
fluorescence lifetime imaging (FLIM)

direction/angle of arrival problems (DOA/AOA)

radar imaging (ISAR/SAR)

automotive radar

transient detection

echolocation

speech/music signal processing
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induction motor current signature analysis (MCSA)
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fluorescence lifetime imaging (FLIM)
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direction/angle of arrival problems (DOA/AOA)
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Exponential
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radar imaging (ISAR/SAR)

« Original data
© Reformatted data
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transient detection
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echolocation
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Motivation

interpolate

f(x) = ay +ax®

» Newton/Lagrange interpolation: 101 samples
0 4100

decomposition

References » only 4 unknowns: aq, ap, X

, X

» how to solve it from 4 samples?

Sparse interpolation
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Sparse interpolation

n
Naxk=f, n<max(k), keN
i-1
n 2
- Yoaiicos(Piixs) + Y aiosin(@ioxs) =fs, @iy €R
i-1 i=1
R
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Sparse interpolation

Motivation

Naxk=f, n<max(k), keN
i=1

ny 2
Yo cos(PiiXs) + Y ajzsin(Pioxs) = fs, @i €R
i=1 i=1

decomposition

References

Z a;exp(¢;xs) = if. , ¢,‘ eC
i=1
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Exponential analysis

0(x) = Y s exp(ix) + £(x)
i=1

Qa; € C
®i =Bi +ivi, |3(pi)| < M2, A=2m/M

equidistant xs =sA, s=0,1,2,...,2n-1,...

fo=¢(xs), €s = £(Xs)

» wide spectrum
» high resolution
» small SNR
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mposition

References

-1

Exponential analysis

Figure: Sampling too coarsely introduces aliasing
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il Sparse interpolation
analysis,
Padé
approximation, interpolation problem:

tensor
decomposition

Sparse
interpolation

n
Y ajexp(pixs)=f;, s=0,...,2n-1
i=1

Xs =SA, A=2mw/M
3(@i)| < M[2,  ®;=exp(¢iD),

n
fo=> a®;, s=0,....,2n-1
i

ay+--+ap,="h
a1+ +a,P,=f

CMA Ollq%n_l +oee 4 Olnq)%n_l =fon_1
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finding ®;:

Motivation

n
[1(z-®)=2"+dp 12"+ + diz + do
i1

decomposition

n
0= Zalq)ls(q)? + dn_1¢’r-7_1 4o+ dO)

References
i=1
n n-1 n
=Y ad]+ Y d (Z a,¢{+s)
i=1 J=0 i=1
n-1
=Ts4n + Z difsij
=0

Sparse interpolation
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Sparse interpolation

(fo fn_l)(do) (fn)
fn—l f2n—2 dn—l f2n—1

Hankel matrix:

foo o M
HO =1 0 - :
fr+n—1 v fr+2n—2

Motivation
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Sparse interpolation

Motivation Hadamard polynomial:

fo ... foor
H© _| ) : :
" (Z) 7cn—l cee 7c2n—2 f2n—1
1 zn—l N
L H (2)
[1G-®)=-7"q)
i=1 Hy ’

=Z2"+d, 12" diz+ dy
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Sparse interpolation
formally orthogonal polynomial:
v:z2°>f;, s=0,1,...

H(2)
o 7
H|

H .
’Y(Z' H(g)z|))=o, i=0,....n-1
n

i=0,...,n-1

[Henrici, 1974]
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Sparse interpolation

(0)( )
roots of ———* from GEP:

Motivation H(O) |
1 1 o 1 o ... ot
H,(,O) _ d?l o, ... d?n : ‘1?2
ot ot a\1 o, ... ot
=V, Dy V,

References

uf
H(l) VTD - Vn
>,
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Sparse interpolation

Motivation

®1 - A
det (H,Sl) - >\H,(,°)) = det| V] Dy V,
O -2

=0forA=9®;, i=1,...,n

composition

References

[Hua and Sarkar, 1990]
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Sparse interpolation

finding ¢;:

exp(¢i) = exp(R(¢;)) et @)
|3(¢:)| < % :
arg(®;) = arg(exp(¢;2))
2m
= j(d)l) M € ]—71', 71-[
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Sparse interpolation

Motivation

finding o;:

n .
Ya® =f;, s=0,....n-1, 0<j<n
=1

mposition ; .
References q}{l T cbjn aig f)

it i)\ '
o) oo \a,) \fias

remaining interpolation conditions are linearly dependent
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finding n:

N<n:|H
N=n:|H

N> n:|H

#0,

#0

=0,

Sparse interpolation

r=0,1,...
if ®; = ®; for /%, [Kaltofen and Lee, 2003]

r=0,1,...
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o(x) = é o exp(¢ix)

Exponential
I
analysis al — 1
Qo = 2.4
a3 = -2.1
Oy = 0.2
— c2m
evaluate at x5 = STo0
sequence fo, ..., f7,...
CMA
Universiteit

Antwerpen

Exponential analysis

$1=0
¢o=-5+19.971
¢3 =3 +45i
¢s=53i

M =100, [J(¢;)| <50

is linearly generated
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Exponential analysis

102

1074 | -

10—10 - _

107t : ;

Figure: H,(VO) singular, N =6
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se

interpolation

Exponential analysis

¢(x) =174.13 exp(—x/22) + 19.348 exp(—x/80) + £(x)

180
———first
255 5 160‘-\ ———slz:oﬁtrjntlerm
Z ¢ (Xs) ::ZX“ noise
s=0 i
10logyo | %5 =34 ol |
ccomposition > €2(xs) 8o |
, s=0 60
References ol \
200
0 by EER
-20
0 50 100 150 200 250 300

Figure: Individual components
including the discrete noise
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Exponential analysis

10*

103
102

10t

10°

References

10—1 | | |

N
~
()]
[ee}

Figure: Log-plot of singular values of Héo) with 34 dB white Gaussian
noise added
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Approximation theory

fs—Za, exp(dixs), s=0,1,..., 2n-1

-
—
N
N
Il
08
<h
N
(S
Il
o

J<0

i>zm+n+1

(i ZJ) q(z)-p(2)= . cz'
Jj=0

35/58



References

Approximation theory

fobo = ag

fibg + foby = a; b1
) o =

fbo + -+ + fo—nbn = am

fme1bo + -+ frn_pe1bp = 0 (bl) (fm+1)
. H(m+1—n) . _ .
. n . - .

firenbo + -+ fnby = 0 b finen

[m/n](2) = p(2)/a(2)
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Approximation theory

Motivation

n
fo = aiexp(¢ixs)
i

n
=) o}
i=1

ential

n
= Laplace transform of > a;exp(¢ix)
i=1
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Approximation theory

f(2) = [n-1/n)(2) = p(2)/a(2)

a(2)=[](1-20)

1

=doz"+diZ" - dpiiz+ 1
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regular, r > n

Approximation

[
theory > f;z/ from rational function

J=0

H  singular,v > n,r>m+1-v

|

H{regular,r>m+1-n
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Approximation theory

f(z) + €(z) analytic except for a countable number of poles
[Nuttall, 1970] and essential singularities [Pommerenke, 1973]

J

[v-1/v](z) — f(z2) + €(2) in measure on compact sets, i.e.

N ({z:|f(2) +e(2) - [v-1/v](2)[27}) - O
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Approximation theory

mathematical (noise free):
1. build H9, v=012 ...
2. H,go) = UX VT singular value decomposition

01
3. X= , 012022 20,>0p1=--=0,=0
oy

4. find ®;, ¢, i=1,...,nfrom HY v = &;H®v; and the
interpolation conditions

41/58



Approximation theory

es—— numerical (with noise):

v 1. take v large enough so that in the singular value decomposition
noise is clearly separated from n
2. solve Hﬁl)v,- = >\,'H,SO)V,', i=1,...,v, XN=¢®;, i=1,...,n

3. find ¢;

References

n
4. solve Y ajexp(¢ix)) =f, 0<j<2v-1
i
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Exponential analysis

d(x) = 'é o exp(¢ix)

a; =1 ¢1=0

ap =2 ¢o =-0.2+39.51
az =4 ¢3=-0.5+401
aq =8 ¢ =-1

evaluate at x; = s&%5, M =100, |J(¢)| <50

le(2)]e = 1072, uniform random noise
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Exponential analysis

102

Motivation

10*

10°

1071

1072

10—3 I | | | |

N
w
~
o1
(o))

Figure: Singular values H,SO) with n=4,v=6
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Exponential analysis

103

102

olation

T T Ty T 1 1T

rential

10t
10°

1071

References

1072

%
&

-3 ! ! ! \
10 10 20 30 40 50

Figure: Singular values H,SO) with n=4,v =50
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Exponential analysis

¢(x) =174.13exp(—x/22) + 19.348 exp(-x/80) + £(x)

255 42
10m&0(:ﬂﬂlgﬁ)=34

255 2(X )

Motivation

10* 10*

102 102

References

100 100

2 4 6 8 10 20 30

Figure: Log-plot of singular values of H{® and HY with 34 dB white
Gaussian noise added
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Tensor decomposition

tensor T = (8, ;)7 . _o € Cl@+Dx-x(d+)
of order k and dimension d + 1

eg. k=3, d=1
tooo toio | toor to11
tioo tio | tior  tina

associate (d + 1)-variate homogeneous polynomial of degree k to T:

d
2 (Z tﬂ(jl)...w(jk)) Zj ...z,

Agg=0 \ ™
tooozg + (t t t 2 t t t 2y tinzd
e.9. toooZy + (t100 + to1o + too1) 2521 + (tr1o + tio1r + to11) 202 + ti1125
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Tensor decomposition

homogeneous polynomial compactly written as

> oaZ”,

|k|=k
Z:(Zo,...,Zd), ,"{:(ko,...,kd)

Z":zé‘o...zgd, || = ko + -+ + kg

set zp=1and ford=1, z:= 71, k:= ky:

k .
YoaZt=> g7

|k|=k J=0
eg. k=3,d=1

2 3
tooo + (t100 + to1o + too1)Z + (t110 + tio1 + to11)Z” + t111Z
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Tensor decomposition

tensor decomposition (general) if rank T = n:

Motivation

Sparse

n
T=> W,'Vl-(l) ® - ® v,.(k)

i=1
(1) (1) (1)
%1 %) Vn
/ ) / ) / @)
Vi %) Vn
References w1 ‘{" W2 ‘1" PR ‘{" Whn
(3) (3) (3)
Vi V2 Vn

n
for order k =3: tjp =Y. w,-v,.(’}) v,.('i) V/(,/3)
ps
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Tensor decomposition

tensor decomposition (order k = 3, dimension nx nx 2)

tint = fivnsl,

0<j,h<n-1,
fnfl fl
Lok

f2n—2 fn

0</<1
f fa
f2n—1
®; = exp(diA)

[Van Barel]
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Tensor decomposition

symmetric tensor decomposition (order k =2n -1, dimension
d+1=2)

Motivation

Gy = f.}1+"'+j2n—1' 0<jk<l

tensor slice

b toosede torpege) [ Fareic Taresicn
ez i = “\r

tojs e Tiljs. e el Tpret42

References
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Tensor decomposition

eg. k=3,d=1

tooo  to1o
tioo  ti10

too1 ton) _ (4 3 ‘ 3 6

tior tiii) \3 66 17) symmetric

References
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Tensor decomposition
symmetric tensor tjj,i, = fi+jo+jsr 0<ji.jp<l, 0<jz<1
C = fb =4
C = 3f1 =9
0 =3h=18
C3 = f3 =17

Motivation

k . n
Mgz =4+9z+182° +172° = Y a;(1 + ®iz)"

References J=0 i=1

i f
f f3

20020+ ()=()

3

(6 A
T‘(flfz

) € (Cn><n><2’ c (C2><2><2 (n _ 2)

Wl
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Tensor decomposition

also:

» roots of Hadamard polynomial

6
17 /|H2(0)| =22—?z+1
2

N O W

4
3
1

N

v

generalized eigenvalues ¢, and ¢,
- Hadamard polynomial equals reverse of Padé denominator
[1/2] for

v

f0+f12+f222+f323+...
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