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In the beginning was...

.. the Scalar Subdivision Scheme

g € UZ),

gn-i-l(a) = Sbgn Zb CM—25 gn(5)7 ana n:0717"'
BEL

» Mask {b} € ¢(Z), finite support

» Symbol or Laurent polynomial: b*(z) := "z b(a)z®

» Convergence: if for any data fy € ¢(Z), there exists a function
¢ € C(R) such that for any compact K C R:

l fo(a) — (/2" =0
i JToerzf';"}‘zXneK’ (@) — p(a/2")|

» Contractive: if ¢ = 0 for any initial data sequence f.
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Convergence of scalar schemes

Let Sy, be a subdivision scheme.
> If Sp is convergent and non degenerated, then

> b(2a) =) b2a+1) =1,

a€Z a€Z

hence
b*(z) = (L + 2)c*(z) & (1 — z7H)b*(z) = c*(2)(L — z72), or

AS, = S.A | where Af = f(-+1) — f(-).

» Sy is convergent iff ASp, = ScA and S. is contractive,

Example with the four points scheme: b*(z) = (1 + z)c"(z) where
c(2)=wz 3+ wz 2 +1/227 1 +1/2 4+ wz — wz?

and > [c(20)] = 2|w|+1/2 =) |c(2a + 1)|. sothat Sp
converges for |w| < 1/4
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g0 € U'(Z), gny1(e) = > B(a—2B)gn(B), a« €Z, n=0,1,...
BEZ

Non Stationnary Subd. Scheme, level dependent subd. scheme.

goegr( ) gn—i—l ZB a_2ﬁ)gn(/8)7aezan:0717"‘
BEZ

Hermite Subd. Scheme, Mask {A} € ¢(d+1)x(d+1)(7)

fo € (97N(Z), fo1(a) = > D " 'A(a —28)D",(B), a €Z, n...
BEZ
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Vector Subdivision Scheme

Stationnary vector subdivision operator Sg : ¢" (Z) — ¢" (Z),
See(a) =3 ez B(a—28) c(B), a €Z,c€l"(Z).

Vector subdivision scheme gy € ¢'(Z), gn+1 = SBGn

Mask: {B(a)}qez, finite support

Symbol or Laurent polynomial: B*(z) := > ., B(a)z*.

The vector subdivision scheme is convergent if for any go € ¢"(Z),

there exists a function ® : R — R" such that for any compact
K C R, maxaeanknz || P(a/2") — gn(a)|| — 0 when n — oo.

The scheme is contractive if it is convergent with ® = 0.

Property: (Sg)c(-+2) = Sg(c(- +1)).
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Hermite Subd. Scheme
fo € (9TY(Z), D" 1 () = ZBGZ A(a —28)D"f,(P).
D is the diagonal matrix with diagonal entries 27/, j =0,...,d.
If o € CY(R) and @n(x) := ¢(x/2"), then

n(x) (x/2")
. | =D" :
oD (x) (D (x/2")

If £,(8) = [£2(8), £(8), ..., ££9(B)]7, then

The scheme is Ck—convergent, k > d, if for any data fy, there
exists ® = [¢j]i=0,..q € C (R, Rd+1) with ¢g € C*(R) and

d'¢o
dxi

= ¢; such that for any compact K C R

max
a€ZN2"K

f,gi)(a) - o (27" ) H — 0 when n — oo.



Example: Hermite P3 interpolant at midpoint

-7 u+v b
X = 2 1—V*U
) = S+ F(u)]
—=h[f'(v) — f'(u)]
| f/(X) - §f(v) - f(u)
u X Vv 2

Cubic Interpolation



HC! a Hermite Subdivision Scheme:

Step 0, f and p = f’ are known at points of Z.

Step n, h, =27",if f,f’" are known at u = jh, and v = (j + 1)h,,
2 successive points of D, = {ihp}i=0.... 2n, then at midpoint

X =hpt1(2j+1):

f(x) = Ai[f(v)+f(u)] + Xaha[p(v) — p(u)]
f(v)—f
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p(x) = m hr

Hence, f and p are defined on |JDp,.
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HC! a Hermite Subdivision Scheme:

Step 0, f and p = f’ are known at points of Z.

Step n, h, =27",if f,f’" are known at u = jh, and v = (j + 1)h,,
2 successive points of D, = {ihp}i=0.... 2n, then at midpoint

X =hpt1(2j+1):

fF(x) = M[f(v)+f(u)| + Aahn[p(v) = p(u)]

p(x) = ulf(v)h_nf(u) + p2[p(v) + p(u)]

Hence, f and p are defined on |JDp,.
For A1 =1/2, Ao = —1/8, u1 =3/2, up = —1/4, f is the cubic
spline, for \y =1/2, Ao = —1/8, u1 =3/2, up = —1/4, f is the

quadratic spline.

If the scheme is convergent, then Ay = 1/2 and p1 + 2o = 1.



Rewriting HC:

With £%(a) = f(a/2") and £ (a) = p(a/2"), a € Z,

Step 0, fp = [, FV]T . Z — R2.
Step n, for o € Z,

fhR0) = fla). £5(20) = £(a)
2oty = (““;”" @) 4 21590 +1) - 1),
ot 1)— i) | a1+ £
Meary) = a-ptletpralel,, hlerrhle)

or D™ n.1(a) = 3 ez Al — 28)D"fp(8) where D = {(1)

1/2 EA
—e(1—p) p/2

NI O

A(0) =D, A(e) =D x , for e = +1 and A(a) = 0 for

ad{-1,01}
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than the Holder regularity of the limit function,

» But the contractivity is usually quite easy to prove with a
finite number of matrices products,

» For Hermite subdivision schemes, the notion of convergence
automatically includes regularity.

» But prove the convergence is not so easy with the powers of
D and DL



Hermite Scheme < Vector Scheme

Vector Subd. Scheme, gni1(a) =3 5.7 Bla —28)gn(3) or

gn+1 = SBgn
Hermite Subd. Scheme, D"f, . 1(a) = > ez Ala —28)D"f(B)

» For Vector Schemes, it is not so straightforward to prove more
than the Holder regularity of the limit function,

» But the contractivity is usually quite easy to prove with a
finite number of matrices products,

» For Hermite subdivision schemes, the notion of convergence
automatically includes regularity.

» But prove the convergence is not so easy with the powers of
D and DL

Remark:
gn(-) = D™f,(+) is not interesting since the convergence of g, does
not imply anything for f,.



From Taylor expansions...
_ d+1 d d'do —
Let ® = [¢i]i=o,...d € C (R, RIT1), ¢9 € CU(R), i ¢; and
let f, be such that Ilim

o-ew] -
Jim fr/ (") CI>(2 ) 0
Forr=0,....,.d—1,fori=r,...,d




From Taylor expansions...

Let ® = [¢j]i=0,..a € C (R7 RdH) » ¢o € Cd(R)'

let f, be such that lim [IF)(.) — @ (2_"‘)H =0
n——+00

Forr=0,...,d—1fori=r,....d

d'¢o

i

(),((‘2%) = (.),(%)..Ar 2(’;””"‘<_>,-(\%’).H+ %Ud(

i T i

£ +1) £7(a) £ () ()

¢; and



From Taylor expansions...
_ d+1 d d'do _
Let ® = [¢i]i=o,...a € C (R, RI*1) | ¢ € CU(R), i ¢; and
let f, be such that lim |f{7()— o (27" H =0
n—-+o00
Forr=0,....,.d—1,fori=r,...,d

n(r—d

o (52) = 6 (). + Egai(S) .+ Eoged(S) o2 @)
t 1 d g
(o +1) () £(a) £9(a)




... To a stairway

For r=0,...,d -1

6 () = 6(5) + doma(§) +o@



... To a stairway

For r=0,...,d -1

Or (a2+n1> = ¢r (;7) + 2%@r+1 (%) _‘_0(2,”)
T T T
f,,(r)(a +1) f,,(r)(a) f,,(rH)(oz)



... To a stairway

Forr=0,....,d -1

b () = 6(8) + o ($) +o
) ) )
fn(r)(a +1) fn(r)(u) fn(rH)(a)

Question: Do we have or do we need

r r 1 —n
(@ +1) = £7(0) + 21 (0) + 0o(277)



Taylor operators in £(Z9+1)

Generalized incomplete Taylor operator:

A -1

Generalized complete Taylor operator:

A

Td =

*

-1

*

A

-1
1

*

*

= A+ [t o g -



About polynomials

My: space of polynomials of degree at most d,
Vd

Vg=<v= , VJ(X) = jl!Xj + Uj(X) e, upelj_
Vo

(x)o =1, (x)j = TTzo(x = k). j > 1 and [x]j := fi(x); for j > 0.
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About polynomials

My: space of polynomials of degree at most d,
Vd

Vg=<v= , VJ(X) = jl!Xj + Uj(X) e, upelj_
Vo

(x)o:=1, (x)j = Hk 0(x— k), j>1and [x]; := Jl,(x)J for j > 0.

VEVd@\G(X):[X]J'Jrﬁj(X), geli_y j=0,...,d.

Prop: For v € V, there exists a unique generalized complete
Taylor operator T4 such that Tyv = 0.



Chains and Taylor operators

A chain of length d + 1 is a finite sequence V :=[vg, ..., vq] of
Vi [1j
vectorsv;= | : | = | ! | +u;€V;, j=0,...,d, that satisfies
vj.0 [Jo
Vi+1,j+1
the condition w; := T(v;) : € R/IFL,

Vit1,1



Chains and Taylor operators

A chain of length d + 1 is a finite sequence V :=[vg, ..., vq] of
Vi [1j
vectorsv;= | : | = | ! | +u;€V;, j=0,...,d, that satisfies
vj.0 [Jo
B Vit1j+1
the condition w; := T(v;) : € R/
Vji+1,1

1/ V is a chain of length d +1 < T(vg) {OVJ } =0,j=0,...,d.
d—j



Chains and Taylor operators

A chain of length d + 1 is a finite sequence V :=[vg, ..., vq] of

Vi.j [1;
vectorsv;=| ¢ | =| ! | +u;€V;, j=0,...,d, that satisfies
J . . ] j?./ s Uy
vj.0 [lo
Vi+1,j+1
the condition w; := T(v;) : € R/
Vi+1,1

1/ Vis a chain of length d+1<:>7'(vd){ =0,j=0,...,d.

04 J

2/ For any v € V, there exists a chain V of length d + 1 with
Vg = V.



Examples of Taylor operators

Letpj:[-]j+qj, qj€|_|j,1,j:O,...,d

1/ The classical complete Taylor operator:
r 1 1

for -T-Qd =

A

-1

A

T2 31
1

—1 i
2!

A -1




Examples of Taylor operators

Letpj:[-]j+qj, qj€|_|j,1,j:O,...,d

1/ The classical complete Taylor operator:
r 1 1

A Th Ta T
pJ/' ' L
P B a1
Vi = . for TC,d =
. A -1
"
Pj A -1
p; ~
2/ vi=| | for Tag:=




Examples of Taylor operators

Let pj = [-]j+qj, gj € I'Ij,l,j:O,...,d
1/ The classical complete Taylor operator:
r 1 1

TR
PJ/' ' L
pj B A -1 -5
Vi = : for TC,d = A »
)
Pj A -1 0
Ap; ~
2/ v = . ! for TA,d =
N -1
AJPJ A
A -1

3/ With Cardinal splines for Ts 4 :=




Spectral chains and Factorization

A chain V of length d 4 1 is called spectral chain for a VSS with

mask A € (dFVXEAH(Z) if Spi; = 270 for ¥ 1= [ 0"f }
d—j

j=0,...,d. Generalization of the spectral condition or sum rule:
~ d) T
V= [pj,pj,--.,pf T
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A chain V of length d + 1 is called spectral chain for a VSS with

mask A € (dFVXEAH(Z) if Spi; = 270 for ¥ 1= [ 0"f }
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j=0,...,d. Generalization of the spectral condition or sum rule:
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Spectral chains and Factorization

A chain V of length d + 1 is called spectral chain for a VSS with

mask A € (dTV)X(d+)(7) if Sav; = 27 0; for ¥; = [ OVJ' }
d—j

j=0,...,d. Generalization of the spectral condition or sum rule:

~ d
v =[5y, ps- -, P ]T

Th: If Sp has a spectral chain V of length d +1 then there exists a
finite mask B € £(9+1)x(d+1)(7) such that T(V)Sa = Sg T(V).

Th: For the mask A € ¢(dT1)x(d+1) if there exists a mask B and a
generalized incomplete Taylor operator T4 such that
T4Sa=2"9S5T, and Sgey = ey. If a chain V for Ty satisfies
Savj € span{vg,..., U}, for j=0,...,d, then there exists a
spectral chain V' for Sx.



Complete or incomplete Taylor operator?

] [}
Let [ d A] Sg = Sg [ d A] then Sg converges to a
continuous limit function of the form f. = f; ey if and only if SE

is contractive, By1(1) = 0 and Byy(1) = 1.



Convergence



Convergence

Th 1: A, B € ¢9tY(Z), 2 masks TySa =2 95 T, for some
generalized incomplete Taylor operator T4. For any initial data
fo € £971(Z) and sequence f, of the Hermite scheme Hp

fn,(0) — y € RI*L the VSS Sg is convergent, and for any initial
data gy = Tq4fo, the limit function W = W, € C (R,R9*1)

satisfies U = Dj Y € C(R,R), then Hp is CP—convergent.



Convergence

Th 1: A, B € ¢9tY(Z), 2 masks TySa =2 95 T, for some
generalized incomplete Taylor operator T4. For any initial data
fo € £971(Z) and sequence f, of the Hermite scheme Hp

fn,(0) — y € RI*L the VSS Sg is convergent, and for any initial
data gy = Tq4fo, the limit function W = W, € C (R,R9*1)

satisfies ¥ = {0

w} Y € C(R,R), then Hp is CP—convergent.

Th 2: A, B € (9t1(Z) 2 masks such that 7,5, = 2795g T, for
some generalized complete Taylor operator Tg4. If for any initial
data fo € (97}(Z) and refinement sequence f, of the HSS Ha,
fn(0) — y € RITLif S is contractive, and if By (1) =0 and
§22(1) =1, then Ha is C9—convergent.



Interpolating schemes

A necessary condition for the C?-convergence of an interpolating
HSS (A(2a) = D x 040) is the reproduction of polynomials of I,
(Dyn and Levin). In that case the spectral condition is satisfied for
pr(x) = x" and we have Taylor factorization with the classical
Taylor operators.

Example of HC?

Reproduction of degree 3 polynomials, among the free parameters,

(Guglielmi and Manni): a3 = % 11 =0 =1 ﬂ1 s = —72
_1_ 28—



de Rham scheme

Given a mask {A} of degree d, fo = fo : Z — R f, — f,,1
D" 'g(B) = Y A(B—27)D"Ty(y), BEZ
~EZ

D" v(a) = Z A(a —28)D"g(B), a € Z
3¢

frr1(a)

v2a+ 1), a € Z.

Then D", 1(a) = > ez A(a — 27)D"f,(7), then
A(a) =D 1Y 450, A(20r+ 1 — 28)A(f3), de Rham scheme.



de Rham scheme

Given a mask {A} of degree d, fo = fo : Z — R f, — f,,1
D" 'g(B) = Y A(B—27)D"Ty(y), BEZ
Agr"

D" v(a) = Z A(a —28)D"g(B), a € Z
3¢

frr1(a) v(2a+ 1), a € Z.

Then D™, 11(00) = >z A(a — 29)D"f,(7), then
A(a) =D 'Y, 5 A(2a + 1 —258)A(f3), de Rham scheme.

supp{A} C [o,0'] = supp{A} C [(3c — 1)/2,(30" —1)/2].



de Rham scheme from HC?

If the initial HSS satisfies the spectral conditions with p,(x) = x",
r=1...,¢ with £ > d then the corresponding de Rham scheme
satisfies the spectral conditions with p,(x) = (x —1/2)".

z7t-1 -1 -1/2] i z?2-1 -1 -1)2
0 zZ'-1 -1 |A(2)= ZE;"(z) 0 z?-1 -1
0 0 1 0 0 1

z7'-1 -1 -1/27 1~ [77-1 -1 -1/2
0 zZ'-1 -1 |[A(2)= B@| o z?2-1 -1 |.
0 0 z7'-1 0 0 z7?-1



HC? and associated de Rham

Interpolating Scheme, a=-5/32, f=2, y=3/2 Extended de Rham Scheme, a=-5/32, =2, y=3/2
1 2
05 0 N
0 -2
-3 -2 -1 0 1 2 3 -3 -2 -1 0 1 2 3
Function: f Function: f
2 2
0
Py i i i i i 2 i i i i
-3 -2 -1 0 1 2 3 -3 -2 -1 0 1 2 3
First Derivative: p First Derivative: p
10 10
0 —/\/\/\— 0 _./\/\/\.—
-10 -10
-3 -2 -1 0 1 2 3 -3 -2 -1 0 1 2 3
2nd derivative: s 2nd derivative: s
50 50
0 0
-50 -50

-3 -2 -1 1 2 3 -3 -2 -1 0 1 2 3

0
As/h 3rd derivative: t



Cardinal spline functions and Hermite schemes
. | Tifxe[0,1], B
Let po(x) = X[o,1] = { 0ifx ¢[0,1]. and for r =1,2,...

or = o *or—1:=(x) = [ or_a(t)dt.



Cardinal spline functions and Hermite schemes
B [ 1ifxeo,1], B
Let po(x) = X[0,1] = { 0ifx ¢[0,1]. and for r =1,2,...,

©r = @0 * pr-1:=pr(x) = [ or1(t)dt.
Then ¢r(x) = 3 Yoez (r N 1> pr(2x — @)

(6%



Cardinal spline functions and Hermite schemes
B _ [ 1ifxe]o,1], B
Let wo(x) = X[0,1] = { 0ifx ¢[0,1]. and for r =1,2,...,

or = o *or—1:=(x) = [ or_a(t)dt.

r+1
Then ¢ (x) = 5 > e ( N > or(2x — )

v(x) = 3 8% @)er(x — ) = v(x) = Y £%a)er (27x - a)

a€Z aEZ

where we have a scalar subd. scheme fn(g)l = Sa,f,,(o)

1 1
fn(i)l(') _ Z ar(._z_j)f,go)(‘j’), with  a,(«a) = > <rj: ) a € 7.

BEZ



Cardinal spline functions and Hermite schemes

1if x € [0, 1],
Let o(x) = X[0,1] :{ 0if x ¢ {0 11' and for r=1,2,...,

or = o *or—1:=(x) = [ or_a(t)dt.

r+1
Then ¢ (x) = 5 > e ( N > or(2x — )

Zf(o a)er(x — a) Zf(o) 2"x — )

Q€L a€l
where we have a scalar subd. scheme f(+)1 = Sa,f,,(o)
() (. _ 3)£(©) - _ L+l Z
fl7+1(~);a,(~ 28)fa 7 (B), with  a,(a) = 2r< 0 ) a€Z.

Derivative formula

%(X) = ZzniAifn(O)(a—i) 0r—i (2"x — ), i=0,...,r—1.
Q€7



Properties of the assoicated scalar scheme

Transformation of polynomials

pE'P,:>Sa“D€,Pr~



Properties of the assoicated scalar scheme

Transformation of polynomials

pE'P,:>Sa“D€,Pr~

A spectral property

i 1
[T0x+4) = 5.6 =

gr(X) - oor—i

1 r
rl

Jj=1

Define _
p=0" =0, r

/D=0, ...



Extension of S, to Hermite subdivision schemes

For d < r, define the mask in £(d+1)x(d+1)(7)

{ ar(o) 0
Aa,(a—1) 0
0

A(a) = ‘ A2a,(.a —2)

o O
— 1

o

o
|

[Adar(:a —d) 0



Extension of S, to Hermite subdivision schemes

For d < r, define the mask in £(d+1)x(d+1)(7)
{ ar(c) 0 ... OW
Aa,(a—1) 0 ... 0
A(a) = ' Aza,(a -2) 0
[Adar((l, —d) 0 ... OJ

The spectral condition is not satisfied with the v, but



Extension of S, to Hermite subdivision schemes

For d < r, define the mask in £(d+1)x(d+1)(7)

" ar(«) 0O ... 0
Aa((\fl) 0 ... 0

| |
_ [A%3(a—2) 0 ... O]
L |
LA"aru—d 0 ... oJ

The spectral condition is not satisfied with the v, but

For p € I'Id if Vp = [p, Ap(- — 1),...,A%(- — d)]T then

Sav,, = 2J p for j=0,...,d and the {¥;} forms a chain. There
exists a f|n|te mask B € Z(d“)x(dﬂ)(Z) such that

TsaSa=Sg Ts.a.



Cardinal Spline with r =4, d =3

o O O O

o O O o

o O O o

o O O O



Cardinal Spline with r =4, d =3

1
V4 5 —Z
1-2)°

o O O o

o O O o

o O O O

{7@ 13 z(142)* (2128 (1+2)°

(z—1)% z (142)* (z—1) 22 (142)® (z—1) 23 (142)? 23 (142)
2 2 2

‘ (z=13z(1+2)* (z—1?Z2 (1+2)° (z=1) 2 (1+2)®> B (1+2)
2 2 2 2

\‘7 (zfl)3 z (l+z)4 (271)2 3 (172)'i - (z—1) 23 (l+z)2 23 (142)




Vector Scheme — Hermite Scheme, first construction

If the nonzero elements of the matrix E* are of the form

bi(z) = (z'=1y"h(2), 0<k<j<d,

= (z7t—1yt! :

bjj(z) — T, _]:O,...,dfl,

~ 1 .

by(z) = 5(7'+1) (z2-1)°7  j=o0....d,

then there exists a C9—convergent Hermite subdivision scheme
whose mask A satisfies TaSa = 27955 Ta.



Example with d = 2

_227—1 0 0
5 (z-1)? (z-1)?
B (Z) = 52 472
(z=1)* (1+2)* (z=1) (1+2)* 14z
275 223 2z

and get the corresponding

(142) (-1-3z-6224+223)

722-1

224 T 422
A*(Z) = 1/4 (z—1)(1+2) (—1—32—522-1-23) (z—1) (522_1)
2225 4 473
(-1 (12" ;
2 z6

which give a C?-convergent Hermite subdivision scheme

N
EN

[ay

IS
N



1 1.5
HO) ] Ul
0.5 0.5
0
0 -0.5
-
-0.5 -1.5
-2 0 2 -2 0 2
@
5 f 5 v
0 0
-5 -5
-2 0 2 -2 0 2

Limit functions showing the three entries of the limit function of
the Hermite subdivision scheme and the nonzero limit function of
the associated convergent difference scheme, Sg.



Vector Scheme — Hermite Scheme, generic construction

For any d € N and any generalized Taylor operator T of order d
there exists a convergent Hermite subdivision scheme with mask A
such that TSa =2 dS T for some appropriate B.

B (z) =
!V (Z 1 12) hlo(Z) (ZfW/l 1)? -!
I |
[ TN R A BT AN e) S el
L bgo(2) o by.4-2(2) b 4—1(2) béjd(Z)J



Example for d = 2 with a free parameter ws;

Limit functions showing the three entries of the limit function of
the Hermite subdivision scheme and the nonzero limit function of
the associated convergent difference scheme, Sg, wy; = % (blue,

solid) and wp; = 1 (red, dashed).



New example with d = 2

Limit functions wo; = 1 (blue, solid) and wo; = 1 (red, dashed).



Next work

Can we obtain CP—convergence with p > d?



