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Introduction
Subdivion schemes

Fé—y Fh

In this talk: f* € I.(Z)

Univariate, uniform, binary, local, interpolatory:

fk.+1 = f;-k’ fk+1 _\Uk(f'k -'-’f;'k’f;'l—(i-l’“'?f;'l—(l—q)? I €Z.

Linear: WX linear
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Introduction
Reproduction

A subdivision scheme reproduces set of function F if for any F € F

fh = (F(i27"))iez = = (F(27%))iez.
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Introduction
Reproduction

A subdivision scheme reproduces set of function F if for any F € F

fh = (F(i2™"))iez = 1= (F(i27))iez.

[§ Nira Dyn, David Levin and Ariel Luzzatto.
Exponentials reproducing subdivision schemes.
Foundations of Computational Mathematics, 3(2):187-206, 2003.

[ Costanza Conti and Lucia Romani.
Algebraic conditions on non-stationary subdivision symbols for
exponential polynomial reproduction.
J. Comput. Appl. Math., 236(4):543-556, September 2011.

Exponential polynomials

g Vv
F={>_) cint"exp(yt): cin € R}.

i=0 n=0
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Introduction

Applications: Computer Aided Geometric Design

F(7) = {G,0cos (vt) + & gsin (1) + &0 : &iin € R}
Y=ty,n=—17Y"=0,vn=v1=1nr=0 0#vy¢c(—mr)UR.

R.D., S.L.-U. (UV) Non-linear trigonometric subdivision 2nd March 2017 3/26



Introduction

Applications: Computer Aided Geometric Design

F(7) = {G,0cos (vt) + & gsin (1) + &0 : &iin € R}
Y=ty,n=—17Y"=0,vn=v1=1nr=0 0#vy¢c(—mr)UR.

Linear non-stationary scheme
k+1 _ = ck k k k k
i = et ek — k(e — Ry — b R

= -

1
Y o 2
2 <2 /1+cosgy2—k) + 1) _1

fk—l—l Tk fk

R.D., S.L.-U. (UV) Non-linear trigonometric subdivision 2nd March 2017 3/26



Introduction

Problem:

k —k
T depends on cos(727%)

-linear trigonometric subdivision 2nd March 2017 4/ 26



Introduction

Problem:

k —k
T depends on cos(727%)

Compute cos(y27K) from & = (F(i27%))icz.

R.D., S.L.-U. (UV) Non-linear trigonometric subdivision 2nd March 2017 4/ 26



Introduction

Problem:

k —k
T depends on cos(727%)

Compute cos(y27K) from & = (F(i27%))icz.

cos(727) computation

fE1— (2cos(727%) + 1)F + (2cos(v27¥) + 1)fk, — f5, =0,  VieZ,
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Problem:

k —k
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Compute cos(y27K) from & = (F(i27%))icz.

cos(727) computation

fE1— (2cos(727%) + 1)F + (2cos(v27¥) + 1)fk, — f5, =0,  VieZ,

(v275) 1(7f"k+2_f"k—1 1) ViecZ
cos(y == —1), i .
2" fh, —fK
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Introduction

1 1
(TEF Y2511 = Efik + Efilfi-l - (fil—(l-2 — =+ fik—l)

Ff", computation

e 1 L

fha = T(a, £, K, o) (Fho = i — £F 4 £4)

R.D., S.L.-U. (UV) Non-linear trigonometric subdivision 2nd March 2017 5/26



Introduction

[ is not well defined

r(f}libf'k f;—i-l? +2) =

F(v) = {&,cos(vt) + Eosin(yt) + &0 : Cin € R}

f<1 = (2cos(727%) + 1)K + (2 cos(72~ k)+ i, — =0
Vif £ =fK
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—cos((t-1/2))
——0.97844+0.40342*-(1-1/2)."2
0.59271+0.52725%cos((t-1/2)*2)
—1.6204+0.65877*-cosh((t-1/2))
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Truncated version: € > 0

1 1
(Sef)2it1 = Efi ot Ef;'-i-l —Te(fiz1, fi, fixa, fiv2) (g2 — fiy1 — fi + fiz1) .

1 1 f—f_
() i bandzes it
re(f—lafbafl)fZ) = e
0 h="1
1—16 , otherwise
Why this definition? v =0 — 5 = 55
1 9 9 1
k ok k k k k
(Tof )2iv1 = —qefifa + 366 + p it — 16fi
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© Properties
® Reproduction

@ Monotonicity preserving
@ Convergence
@ Approximation order
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Properties Reproduction

F(v) ={&ocos(vt) + & osin(yt)+ &0 : &in € R}

Proposition
Se reproduces {F € F(v) : v € [—arccos(—1+¢€),arccos(—1 +¢)] UtR},
whenever fik #+ fl’fH for i € Z, fio — F(i).
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Properties Reproduction

1 L A#fand2e<1+ 202
(o557
M=
‘ 0 7f1 = ﬁ)
1 .
i6 , otherwise
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Properties Reproduction

1 L — f#fand2e<1+ P
(1+,/1+ 2&_;01) -1
M=
1
16 7f1 = ﬁ)
1 .
6 , otherwise
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Properties Monotonicity preserving

Definition
Monotonicity preserving:

Vik>0— vt > 0.

Strictly monotonicity preserving if

VFk>0— VFktl > 0.

S is strictly monotonicity preserving.
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Properties Monotonicity preserving

1 1
(Sef )2it1 = Efi + §ﬁ+1 —Te(fic1, fiy fixa, figo) (figo — fix1 — i+ fiz1)

1 1 fh—f_
2 i\ A foand 2e <1+ %—fol
(1+,/1+ — ) -1
Fe(fo1, fo, 1, £2) =
0 i = 1o
1—16 , otherwise

S is (strictly) monotonicity preserving if € < 1.

[M Rosa Donat, Sergio Lépez-Urefia, and Maria Santdgueda.
A family of non-oscillatory 6-point interpolatory subdivision schemes.
Advances in Computational Mathematics, pages 1-35, 2017.
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© Properties
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Non-linear trigonometric subdivision 2nd March 2017 18 / 26



Properties Convergence

Let be S of the form

Sf = Tf + H(LF), (1)

where T is a convergent linear stationary SS, L is a linear continuous
operator and H could be a non-linear operator. If

M >0 : |[H(A)| < M|If],

3J>0,0<pu<1:[(LoSoSo-T-0S)(F)| < ullLf],

then S is convergent. Moreover, if T converges to C%~ functions, then S
converges to C5~ with 8 = min{—log,(x)/J, a}.

[[ Karine Dadourian.
Schémas de subdivision, analyses multirésolutions non-linéaires.

[@ Ingrid Daubechies, Olof Runborg, and Wim Sweldens.
Normal multiresolution approximation of curves.
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Properties Convergence

If e > 1(v/3—1)? ~ 0,268, then S, converges and its smoothness is at
least CP~, B = min{— log,(5/8), — log,(3 + m)} € (0,1),
—log,(5/8) ~ 0,678.
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© Properties
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Properties ~ Approximation order
Definition

F smooth. f = (F(t}.))icz, th = ih, h > 0.
A convergent S has approximation order r if

IS®f — F|| < Ch",  Vh>O.

Definition

| \

Approximation order r after-one-step

|Sf — (F(t1)iez|l < Ch", Vh > 0.
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Definition

F smooth. f = (F(t}.))icz, th = ih, h > 0.
A convergent S has approximation order r if

IS®f — F|| < Ch",  Vh>O.

Definition

| \

Approximation order r after-one-step

|Sf — (F(t1)iez|l < Ch", Vh > 0.

In strictly monotone regions:

3hn*

(Sf)2’+]- F(t2l+1)+128 (

FO(83 ) F" (1) _ @
F'(t5:41)

(t§i+1)> +0(h°).
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Proximity study

1
(Sef)2it1 = Sfits fi+1 —Te(fim1, i, figa, fig2) (fipo — fin — fi + fi1)
1 1
(Tof)oiv1 = =fi+ = fi+1 (figo — fix1 — i+ fiz1)
2 16
9 9 1
= ——fi— fi fi —fit1.
1671t 16" T 16 T 160!
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Proximity study

1
(Sef)oig1 = 2f + = f;+1 —Te(fia, fi, fixa, figo) (figo — fix1 — i+ fiz1)
1 1
(Tof)2it1 = 2f +5 fi+1 16 (fiya — fix1 — fi + fiz1)
9 9 1
= ——fi— fi fi —fiy1.
1671t 16" T 16 T 160!
How close?

ISeF — Tof || < C(IVFIR + VIV, (VAL V2] <6
IsSOf — TVF|| < || vE2, IV <6
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Proximity study

1
(Sef)oig1 = 2f + = f;+1 —Te(fia, fi, fixa, figo) (figo — fix1 — i+ fiz1)
1 1
(Tof)2it1 = 2f +5 fi+1 16 (fiya — fix1 — fi + fiz1)
9 9 1
= ——fi— fi fi —fiy1.
1671t 16" T 16 T 160!
How close?

ISeF — Tof || < C(IVFIR + VIV, (VAL V2] <6
IsSOf — TVF|| < || vE2, IV <6

Only for monotone regions, and

vk
sup |—=24 — 1| “Z®0, —1<j<1
iez.| Vf;
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Proximity study

If iy 1] <6
vy o o =
@ S.is C*>~

@ S, is stable

For F. such that F/ >4 > 0,

@ S, has approximation order 4

Numerical experiments:
® S, is at least C134

@ S, has at least 3 order of approximation
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Conclusions

@ Linear non-stationary subdivision schemes reproducing F(~)
=  Non-linear stationary subdivision scheme reproducing (. F(7)

o Detect 7 from & = (F(i275))icz, F € F(7)
@ Definition limitations —  Truncated version

@ Properties are related with the monotonicity

R.D., S.L.-U. (UV) Non-linear trigonometric subdivision 2nd March 2017 26 / 26



Conclusions

New non-linear stationary subdivision scheme

with trigonometric functions reproduction

Rosa Donat, Sergio Lépez-Urefa

Universitat de Valéncia.

2nd March 2017. Bernried.

R.D., S.L-U. (UV)

Non-linear trigonometric subdivision 2nd March 2017



	Introduction
	Properties
	Reproduction
	Monotonicity preserving
	Convergence
	Approximation order

	Proximity study
	Conclusions

