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What are Quadrature and Cubature formulas, and what
are they good for?

A Quadrature formula:Z 1

�1
f (t) dt �

N

∑
j=1

λj f (tj ) =: GN [f ]

A Cubature formula in a domain D � Rn:Z
D
f (x) dx �

N

∑
j=1

λj f (xj ) =: GN [f ]

Monte Carlo methods - enormous calculations
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Applications of Quadrature and Cubature formulas

Solution of integral equations: we approximate the integral:Z b

a
K (x , y) f (y) dy = g (x)

Approximate
Z b

a
K (x , y) f (y) dy �

N

∑
j=1

λjK (x , yj ) f (yj )

Finite Element Method (FEM) �approximation of integrals; recently,
meshless local Petrov-Galerkin (MLPG)

Approximation of integrals in Computational Finance = NOT Monte
Carlo

In Tensor approximations and Dimensionality reduction � from Big
Data

Application to Interpolation theory
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One-dimensional reminder on quadrature formulas

The N�point Quadrature formula of Gauss:Z 1

�1
tkdt �

N

∑
j=1

λj tkj = GN
h
tk
i

for k = 0, 1, ..., 2N � 1

�1 < tj < 1, λj > 0,

i.e. exact for polynomials f with deg f � 2N � 1;

THEOREM. If PN (t) is the orthogonal polynomial of degree N i.e.Z 1

�1
t jPN (t) dt = 0 for j = 0, 1, ...,N � 1

then
PN (tj ) = 0 for j = 1, 2, ...,N

For the polynomials PN (t) �3�term recurrence relations which
reduces the computation of the knots tj to a simple and fast Linear
Algebra.
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Jacobi�s trick

What if f (t) is singular at t = �1 or at t = 1 ???

For a continuous weight function w (t) > 0 (originally, Jacobi�s
weight w (t) = (1+ t)α (1� t)β) let

f (t) = g (t)w (t) .

We have N�point Gauss-Jacobi formulaZ 1

�1
tkw (t) dt �

N

∑
j=1

λj tkj w (tj ) =: GJN
h
tk
i

for k = 0, 1, ..., 2N� 1

where PN (tj ) = 0 and λj > 0, butZ 1

�1
t jPN (t)w (t) dt = 0 for j = 0, 1, ...,N � 1.

Example: Compute Z 1

0
g (t)

1p
t
dt

in two ways: using Gauss GN , or Gauss-Jacobi GJN for w (t) = 1p
t
,

for the interval [0, 1] .
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Chebyshev Extremal property of Gauss-Jacobi quadrature

Important for us is the following remarkable inequality:

Consider all measures dµ � 0 (Stieltjes measures) such that
Z 1

�1
tkdµ (t) =

N

∑
j=1

λj tkj = GJN
h
tk
i

for k = 0, 1, ..., 2N � 1

Then Z 1

�1
t2Ndµ (t) �

N

∑
j=1

λj t2Nj = GJN
h
t2N
i
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Gauss (30.04.1777 in Brauhschweig - 23.02.1855)

Wiki: "His mother was illiterate and never recorded the date of his birth,
remembering only that he had been born on a Wednesday... Gauss was a
child prodigy. "

Ognyan Kounchev (Institute of Mathematics and Informatics, Bulgarian Academy of Sciences, visiting Fraunhofer Institute, Leipzig)A new Cubature formula on the Disc for Functions with Singularities, with Error Bound
IM-Workshop, Bernried, February 27-March 3, 2017 8

/ 34



Carl Gustav Jacobi (10.12.1804 in Potsdam - 18.02.1851)

Jacobi was a prodigy as well. Wiki: "However, as the University was not
accepting students younger than 16 years old, he had to remain in the
senior class until 1821."
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Important: there is Error bound for Gauss-Jacobi
quadratures

In the case of smooth functions f 2 C 2N (a, b) holds the A. A.
Markov estimate:�����

Z 1

�1
f (t)w (t) dt �

N

∑
j=1

λj f (tj )

����� �



f (2N )



(2N)!κ2N

Here κN is the leading coe¢ cient of the orthonormal polynomial PN
w.r.t. the weight w (t) dt.
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Andrei Andreevich Markov (14.06.1856 in Ryazan -
20.07.1922)

Wiki: "He attended Petersburg Grammar, he was seen as a rebellious
student by a select few teachers. In his academics he performed poorly
in most subjects other than mathematics (which later became his
profession)."
"He �gured out that he could use chains to model the alliteration of
vowels and consonants in Russian literature"
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Pafnutii Lvovich Chebyshev (May 16, 1821 - 1894)

Wiki: "Chebyshev mentioned that his music teacher also played an
important role in his education, for she �raised his mind to exactness and
analysis"... His disability prevented his playing many children�s games and
he devoted himself instead to mathematics"
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Multidimensional case - challenges

A big discrepancy between the 1D case and the multi-dimensional
case

A long history starting with J. C. Maxwell (1865). Orthogonal
polynomials of several variables by Hermite 1889, Appelle, Radon,
Sobolev, etc.
There is no Jacobi�s point of view �no singular integrals of the form:Z

D
g (x)w (x) dx

The usual Cubature formulas: Solve for λj and xj the equationsZ
D
xmdx =

N

∑
j=1

λj

h
x (j)
im

for m = (m1,m2, ...,mn) 2 M � Zn

xm = xm11 xm22 � � � xmnn

Example: Padua points.
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Example of tensor Cubature formulas and its error bounds

Tensor product Cubature formulas on tensor product domains
(rectangle):

I [f ] :=
Z 1

0

Z 1

0
f (x , y) dxdy =

Z 1

0
I1 (x) dx

I1 (x) =
Z 1

0
f (x , y) dy

The tensor product Trapezoidal rule TN [f ] with step h = 1
N , uses

the values

f
�
j1
N
,
j2
N

�
for 0 � j1, j2 � N.

The error bound is:

Error = jI [f ]� TN [f ]j �
A1 + A2
12N2

A1 = max
0�x ,y�1

���� ∂2f∂x2

���� , A2 = max
0�x ,y�1

���� ∂2f∂y2

����
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Cubature formulas in the disc

Consider Cubature formulas on the unit disc B � R2:Z
B
f (x) dx �

N

∑
j=1

λj f
�
x (j)
�
=: CN [f ] .

Assume f (x) has representation

f (x) = P (x)w (x)

with P (x) �a polynomial; w (x) �a weight function just continuous
at

x = 0.

E.g.

w (x1, x2) =
1+ x1
kxk or w (x1, x2) = jx1j .
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Our approach

Explain only 2D case: Expand in Fourier series P and w , with
z = x + iy = re iϕ :

P (z) =
∞

∑
k=�∞

pk (r) e
ikϕ w (z) =

∞

∑
k=�∞

wk (r) e
ikϕ

where

pk (r) :=
1
2π

Z 2π

0
P
�
re iϕ

�
e�ikϕdϕ; wk (r) :=

1
2π

Z 2π

0
w
�
re iϕ

�
e�ikϕdϕ

Hence,

I =
Z
B
P (z)w (z) dz = 2π

∞

∑
k=�∞

Z 1

0
pk (r)w�k (r) rdr

Ognyan Kounchev (Institute of Mathematics and Informatics, Bulgarian Academy of Sciences, visiting Fraunhofer Institute, Leipzig)A new Cubature formula on the Disc for Functions with Singularities, with Error Bound
IM-Workshop, Bernried, February 27-March 3, 2017 16

/ 34



Our approach

Explain only 2D case: Expand in Fourier series P and w , with
z = x + iy = re iϕ :

P (z) =
∞

∑
k=�∞

pk (r) e
ikϕ w (z) =

∞

∑
k=�∞

wk (r) e
ikϕ

where

pk (r) :=
1
2π

Z 2π

0
P
�
re iϕ

�
e�ikϕdϕ; wk (r) :=

1
2π

Z 2π

0
w
�
re iϕ

�
e�ikϕdϕ

Hence,

I =
Z
B
P (z)w (z) dz = 2π

∞

∑
k=�∞

Z 1

0
pk (r)w�k (r) rdr

Ognyan Kounchev (Institute of Mathematics and Informatics, Bulgarian Academy of Sciences, visiting Fraunhofer Institute, Leipzig)A new Cubature formula on the Disc for Functions with Singularities, with Error Bound
IM-Workshop, Bernried, February 27-March 3, 2017 16

/ 34



A remarkable representation of multivariate polynomials

Gauss-Almansi representation (z = r � e iϕ, r = jz j ):

P (x , y) =
∞

∑
k=�∞

Pk
�
r2
�
r ke ikϕ =

∞

∑
k=�∞

Pk
�
r2
�
zk

where Pk is a 1D polynomial.

If deg (Pk ) � N � 1 then P (x , y) satis�es

∆NP (x , y) = 0

This is related to the so-called Polyharmonic Paradigm.
See more about it in the monograph "Multivariate Polysplines.
Applications to Numerical and Wavelet Analysis", Academic Press,
2001.
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The integral as in�nite sum of 1-dim integrals

Hence, for polynomials P (x) we obtain with ρ = r2 :

I = ∑
k

Z 1

0
Pk
�
r2
�
r kwk (r) rdr = ∑

k

Z 1

0
Pk (ρ) ewk (ρ) dρ;

Here the new weigth ewk ,` (ρ) is de�ned by
ewk (ρ) dρ := r kwk (r) rdr =

1
2

ρ
k
2wk (

p
ρ) dρ

Crucial assumption:ewk (ρ) � 0 for all indices k.

OUR MAIN CONSTRUCTION: For every k 2 Z and N � 1,
apply N�point Gauss-Jacobi quadrature:Z 1

0
Pk (ρ) ewk (ρ) dρ �

N

∑
j=1
Pk (tj ;k ) λj ;k

It is exact for polynomials Pk satisfying degPk � 2N � 1.
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The cubature formula de�ned:

Let g (x) be arbitrary continuous function with Fourier expansion

g (x) =
∞

∑
k=�∞

gk (r) e
ikϕ

The integral becomes

I [g ] =
Z
B
g (z)w (z) dz = ∑

k

Z 1

0
gk (r)wk (r) rdr

=
1
2 ∑

k

Z 1

0
gk (

p
ρ) ρ�

k
2 ρ

k
2wk (

p
ρ) dρ

� 1
2

∞

∑
k=�∞

N

∑
j=1
gk
�p
tj ;k
�
t
� k
2

j ;k � λj ;k

=: C (g)
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The miracle of convergence - Chebyshev inequality applied

Convergence of C (g):

2C (g) = ∑
k

N

∑
j=1
gk
�p
tj ;k
�
� t�

k
2

j ;k � λj ;k < ∞.

The proof: application of the famous Chebyshev inequality.
We obtain����� N∑j=1 gk (tj ;k ) � t�

k
2

j ;k � λj ;k

����� � C kgksup
Z
wk (

p
ρ) dρ

Further, we impose the condition

kwk := ∑
k

Z
jwk (

p
ρ)j dρ < ∞
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Final approximation of the Fourier coe¢ cients

To �nish the Cubature formula, approximate the coe¢ cients gk (r) .
In R2 we have

gk (r) =
1
2π

Z 2π

0
g
�
re iϕ

�
e ikϕdϕ

Hence, for integers M � 1, use the trapezoidal rule:

f (M )k (r) :=
2π

M

M

∑
s=1
f
�
re i

2πs
M

�
e i

2πs
M

The �nal Cubature formula is:Z
B
g (z)w (z) dz � π

M

K

∑
k=0

N

∑
j=1

M

∑
s=1

λj ,k � t
� k
2

j ,k � e
i 2πs
M � g

�p
tj ,ke

i 2πs
M

�
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Final Cubature

The nodes arep
tj ,ke

i 2πs
M 0 � s � M � 1, jk j � K , j = 1, ...,N

and the weights are

λj ,k � t
� k
2

j ,k � e
i 2πs
M

The formula is exact for the polynomials

P (x , y) = r2s r ke ikϕ = jz j2s zk

for 0 � s � 2N � 1; 0 � k � M � 1�K
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Nice properties of the Cubature formula �stability estimate

The coe¢ cients satisfy the stability estimate

π

M

K

∑
k=0

N

∑
j=1

M

∑
s=1

����λj ,k � t� k
2

j ,k � e
i 2πs
M

���� � C1 kwk .

By a theorem of Polya and others, we have a stable Cubature formula.
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Error estimates - remarks

nice Error estimates for these Cubature formula, w.r.t. all
parameters K ,N,M.

Details are available in arxiv: http://arxiv.org/abs/1509.00283
O. Kounchev, H. Render, A new cubature formula with weight
functions on the disc, with error estimates

Details will appear in a book:

O. Kounchev, H. Render, The Multidimensional Moment problem,
Hardy spaces, and Cubature formulas, in preparation for Springer
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Experiments

For
w =

1+ xp
x2 + y2

=
1
r
+ cos ϕ

For functions

f0 (x , y) = 1+ x4 + y3,

f1 (x , y) = 1+
x3p
x2 + y2

+
y7

x2 + y2
= 1+ r2 cos3 ϕ+ r5 sin7 ϕ,

f2 (x , y) = cos (10x + 20y) ,

f3 (x , y) =
�
x2 + y2

�5/4
= r5/2
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Experiments

Table 1

N/M 9 25 63 83
10 0.00000903315016 0.00000903315016 0.00000903315016 0.00000903315016
15 0.00000195087406 0.00000195087406 0.00000195087406 0.00000195087406
25 0.00000027232575 0.00000027232575 0.00000027232575 0.00000027232575
35 0.00000007324233 0.00000007324233 0.00000007324233 0.00000007324233
50 0.00000001802778 0.00000001802778 0.00000001802778 0.00000001802778

Error of C 1N ,M for f1w (1) =
�
1+ r2 cos3 ϕ+ r5 sin7 ϕ

� �1
r
+ cos ϕ

�
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Table 2

NnM 9 25 63 83
10 0.38233156987266 0.01278813623111 0.00000006432655 0.00000006432655
15 0.38233496964021 0.01278820055772 0.00000000000000 0.00000000000000
25 0.38233500750838 0.01278820055772 0.00000000000000 0.00000000000000
35 0.38233500770641 0.01278820055772 0.00000000000000 0.00000000000000
50 0.38233500771330 0.01278820055772 0.00000000000000 0.00000000000000

Error of C 1N ,M for f2w (1) = (cos (10x + 20y))
�
1
r
+ cos ϕ

�
.
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Table 3

N/M 9 25 63 83
10 0.000062570230356 0.000062570230356 0.000062570230356 0.000062570230356
15 0.000015507227945 0.000015507227945 0.000015507227945 0.000015507227945
25 0.000002648868861 0.000002648868861 0.000002648868861 0.000002648868861
35 0.000000823451885 0.000000823451885 0.000000823451885 0.000000823451885
50 0.000000237995663 0.000000237995663 0.000000237995663 0.000000237995663

Error of C 1N ,M for f3w (1) = r5/2
�
1
r
+ cos ϕ

�
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Comparison

We compare with the piecewise midpoint quadrature rule. It is rather
geometric: subdivide the disk of radius R by concentric circles of radius

rj =
j2 � j + 1/3

j � 1
2

R
N
� j
N
R for j = 1, ...,N

and radial half-lines with angle 2πi/M for i = 1, ...,M.
The piecewise midpoint quadrature rule, is given by:

ImidN ,M (f ) :=
2πR2

M �N2
N

∑
j=1

M

∑
s=1

�
j � 1

2

�
f

 
rj cos

2π
�
s � 1

2

�
M

, rj sin
2π
�
s � 1

2

�
M

!
.
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The midpoint rule experiments

Table 4

N=M ImidN ,N

�
f0w (1)

�
Error

5 6. 293 948 149 525 97 0.460 476 055 692 09
10 6. 552 664 285 742 99 0.201 759 919 475 07
20 6. 652 725 619 004 72 0.101 698 586 213 34
100 6. 733 953 574 717 90 0.020 470 630 500 16
200 6. 744 180 708 690 65 0.010 243 496 527 41

Midpoint cubature for f0w (1) =
�
1+ x4 + y3

� �1
r
+ cos ϕ

�
True Value is:

43
20

π � 6.754 424 205 218 060
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Table 5

N=M ImidN ,N

�
f1w (1)

�
Error

5 6.479 185 720 369 13 0.393048209358541
10 6.671 455 800 859 80 0.200778128867871
20 6.770 780 856 013 81 0.101453073713858
100 6.851 773 117 091 46 0.020460812636194
200 6.861 992 887 600 82 0.010241042126847

Midpoint cubature for f1w (1) =
�
1+ r2 cos3 ϕ+ r5 sin7 ϕ

� �1
r
+ cos ϕ

�
True value is � 6.872 233 929 727 67
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Cubature of Peirce rule

For given N, let ρj , j = 1, ...,N be the nodes of the Gauss quadrature
GN on

�
0,R2

�
with corresponding weights wj ,further α be a real

parameter and M a natural number: then the generalized Peirce
cubature is:

IPeirce,αN ,M (f ) :=
π

M

N

∑
j=1
wj

M

∑
s=1
f
�
p

ρj cos
2π (s + α)

M
,
p

ρj sin
2π (s + α)

M

�
is called .

The usual cubature of Peirce is obtained by setting N = m+ 1,
M = 4m+ 4, and α = 0.
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The hybrid cubature by spline interpolation

A drawback of our formula: High number of evaluations points is
needed in our formula �we need (2K � 1) �N �M evaluation points.

We solve the problem by using spline interpolation: We use point
evaluations on a regular grid in both directions ϕ and r , where the
number of knots is N1 �M, and N1 is the number of spline knots in
direction r .

The hybrid cubature uses splines methods with a cubature formula.
It has the form:

CKN ,M (f ) �
1
2

K

∑
k=0

ak

∑
`=1

N

∑
j=1
SPL

�
fRmgN1m=0 ;

n
f (M )
(k ,`) (Rm)

oN1
m=0

� �p
tj ,(k ,`)

�
� t�

k
2

j ,(k ,`)λj ,(k ,`),

where SPL
h
fRmgN1m=0 ; fVmg

N1
m=0

i
(t) is the value at t of a univariate

spline interpolation function with nodes fRmgN1m=0 for the data
fVmgN1m=0.
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More References

Details are available in the following references:

O. Kounchev, H. Render (2005), Reconsideration of the multivariate
moment problem and a new method for approximating multivariate
integrals; http://arxiv.org/pdf/math/0509380v1.pdf

O. Kounchev, H. Render (2010), The moment problem for
pseudo-positive de�nite functionals. Arkiv for Matematik, vol. 48 :
97-120.

O. Kounchev, H. Render, 2015, A new cubature formula with weight
functions on the disc, with error estimates;
http://arxiv.org/abs/1509.00283
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