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Overview

0 Introduction
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Shearlet Groups in Dimension 2

The original shearlet group in dimension 2 was introduced by Dahlke,
Kutyniok, Steidl, Teschke as

a ab \ a>0,
H‘{i<o a1/2>' be]R}
_fif2 0 1 b\ a>0,
- 0 al/? 0 1) beR |-

Hartmut Fiihr, René Koch (RWTH Aachen) Shearlet Coorbit Spaces in Dimension 3 Bernried 2017



Shearlet Groups in Dimension 2

The original shearlet group in dimension 2 was introduced by Dahlke,
Kutyniok, Steidl, Teschke as

a ab \ a>0,
H‘{i<o a1/2>' be]R}
_Jli( e 0 1 b\, a>0,
- 0 al/? 0 1) beR [°

The anisotropic scaling inherent in the dilation group gives rise to shearlet

systems whose approximation-theoretic properties improve on the classical
wavelets.
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Shearlet Transform in Dimension 2

e G = R? x H semidirect product of R? and H with group law

(x,h)o(y,g) = (x + hy, hg)
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Shearlet Transform in Dimension 2

e G = R? x H semidirect product of R? and H with group law

(x,h)o(y,g) = (x + hy, hg)

o Unitary representation 7 of G on L?(R?)

[r(x, N)¢)(y) = | det(h)|~/2¢(h™(y - x))
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Shearlet Transform in Dimension 2

e G = R? x H semidirect product of R? and H with group law

(x,h)o(y,g) = (x + hy, hg)

o Unitary representation 7 of G on L?(R?)

[r(x, N)¢)(y) = | det(h)|~/2¢(h™(y - x))

e For ¢ € L?(IR?) we define the continuous shearlet transform

Syf : (x, h) = (f,7(x, h))
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Shearlet Transform in Dimension 2

e G = R? x H semidirect product of R? and H with group law

(x,h)o(y,g) = (x + hy, hg)

o Unitary representation 7 of G on L?(R?)

[r(x, N)¢)(y) = | det(h)|~/2¢(h™(y - x))

e For ¢ € L?(R?) we define the continuous shearlet transform
Syf = (x, h) = (F,m(x, h)y)
and the associated continuous shearlet system

S() == {n(x,h)¢ : (x,h) € G}
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Shearlet Transform in Dimension 2

A function 0 # ¢ € L?(R?) is called admissible shearlet if

/G (0, (o, Y2 dpac(x, B) < o,
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Shearlet Transform in Dimension 2

A function 0 # ¢ € L?(R?) is called admissible shearlet if

[ 1wt dnalx ) < o
For an admissible shearlet i) the map

Sy i L2A(R?) — L%(G), s (F,m(-,-)0)

is a multiple of an isometry.
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Shearlet Transform in Dimension 2

A function 0 # ¢ € L?(R?) is called admissible shearlet if

[ 1wt dnalx ) < o
For an admissible shearlet i) the map
Sy L2(R?) = LX(G), £ (Fom())

is a multiple of an isometry. This leads to the following weak inversion
formula

1
f:Cw/GSwf(X’ h) (x, h)y dpg(x, h).
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Coorbit Theory

For measurable, locally bounded, submultiplicative weight v : H — (0, o0)
and p, g € (0,00) define the weighted mixed LP-(quasi-)norm

e </H</RzV(h)”lf(x,h)|de)q/"%)wq
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Coorbit Theory

For measurable, locally bounded, submultiplicative weight v : H — (0, o0)
and p, g € (0,00) define the weighted mixed LP-(quasi-)norm

e </H</RzV(h)”lf(x,h)|de)q/"%)wq

For a shearlet v define the coorbit space norm

Hf”Co(Lﬁ’q) = HSW(”L'W-
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Coorbit Theory

For measurable, locally bounded, submultiplicative weight v : H — (0, o0)
and p, g € (0,00) define the weighted mixed LP-(quasi-)norm

e </H</RQV(h)”lf(x,h)|de)q/"%)wq

For a shearlet v define the coorbit space norm

Hf”Co(Lﬁ’q) = stf”L,;,q,
The coorbit space Co (LY9(G)) is given as completion of

{f € L2(R?) : Syf € LP9(G)}.
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Coorbit Theory

For measurable, locally bounded, submultiplicative weight v : H — (0, o0)
and p, g € (0,00) define the weighted mixed LP-(quasi-)norm

e </H</RQV(h)”lf(x,h)|de)q/"%ym

For a shearlet v define the coorbit space norm

Hf”Co(Lﬁ’q) = HSwf”L’j’q-
The coorbit space Co (LY9(G)) is given as completion of

{f € L2(R?) : Syf € LP9(G)}.

Features of Coorbit theory

o Consistency
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Coorbit Theory

For measurable, locally bounded, submultiplicative weight v : H — (0, o0)
and p, g € (0,00) define the weighted mixed LP-(quasi-)norm

e </H</RQV(h)”lf(x,h)|de)q/"%ym

For a shearlet v define the coorbit space norm

Hf”Co(Lﬁ’q) = HSwf”L’j’q-
The coorbit space Co (LY9(G)) is given as completion of

{f € L2(R?) : Syf € LP9(G)}.

Features of Coorbit theory

o Consistency

@ Discretization
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Overview

© Shearlets in Dimension 3
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Shearlet Groups in Dimension 3
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Shearlet Groups in Dimension 3

Standard Shearlet Group

a ab ac -0
Hw2 =d 1t o a4 o || 277 L <GLBR)
0 0 % b,ceR

for )\1, A € R.
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Shearlet Groups in Dimension 3

Standard Shearlet Group

a ab ac 250
HM* .=+ [0 a0 ’ < GL(3,R)
0 0 % b,ceR
for A1, A2 € R
Toeplitz Shearlet Group
a ab ac 250
H =+ [0 at=% a9 ’ < GL(3,R)
0 0 81726 ba ceR
for § € R.
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Shearlet Transform in Dimension 3

o G%:=TR3x H% and GM*2 := R3 x HM* affine groups with group
law

(x,h)o(y,g) = (x+ hy, hg)
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Shearlet Transform in Dimension 3

o G%:=TR3x H% and GM*2 := R3 x HM* affine groups with group
law

(x,h)o(y,g) = (x+ hy, hg)

o Unitary representation m of G® and G*1*2 on L%(RR3)

[r(x, h)¢1(y) = |det(h)|~/2¢(h ™} (y — x))
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Shearlet Transform in Dimension 3

o G%:=TR3x H% and GM*2 := R3 x HM* affine groups with group
law

(x,h)o(y,g) = (x+ hy, hg)

o Unitary representation m of G® and G*1*2 on L%(RR3)

[r(x, h)¢1(y) = |det(h)|~/2¢(h ™} (y — x))

o For 1 € L2(R3) and G € {G?, G}*2} we define the continuous
shearlet transform

Syf : (x, h) — (f,m(x, h)y)
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Shearlet Transform in Dimension 3

o G%:=TR3x H% and GM*2 := R3 x HM* affine groups with group
law

(x,h)o(y,g) = (x+ hy, hg)

o Unitary representation m of G® and G*1*2 on L%(RR3)

[r(x, h)¢1(y) = |det(h)|~/2¢(h ™} (y — x))

o For 1 € L2(R3) and G € {G?, G}*2} we define the continuous
shearlet transform

Syf = (x, h) = (f, 7(x, h)Y)
and the associated continuous shearlet system

S(W) = {n(x,h)¢ : (x,h) € G}

Hartmut Fiihr, René Koch (RWTH Aachen) Shearlet Coorbit Spaces in Dimension 3 Bernried 2017



Shearlet Coorbit Spaces in Dimension 3

A function 0 # ¢ € L2(R3) is called admissible shearlet if

/G [, 7w, Y dug(x, h) < oo
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Shearlet Coorbit Spaces in Dimension 3

A function 0 # ¢ € L2(R3) is called admissible shearlet if

/G [, 7w, Y dug(x, h) < oo

Similarly to the 2-dimensional case, we define for a shearlet 1 the coorbit
space norm

||f”Co(L5’q) = ||S¢f||uv’"7-
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Shearlet Coorbit Spaces in Dimension 3

A function 0 # ¢ € L2(R3) is called admissible shearlet if

/G [, 7w, Y dug(x, h) < oo

Similarly to the 2-dimensional case, we define for a shearlet 1 the coorbit
space norm

||f”Co(L5’q) = HS¢f”L€"7'
The coorbit space Co (LY9(G)) is given as completion of

{f e PR3 : Syf € LP9(G)}.
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Shearlet Coorbit Spaces in Dimension 3
Do different shearlet groups induce different shearlet coorbit spaces? l
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Shearlet Coorbit Spaces in Dimension 3
Do different shearlet groups induce different shearlet coorbit spaces? I

As a means to understanding the associated coorbit spaces
o Co (LVI(R3 x HM2))
o Co (LDI(R3® x H%))

better, our next aim is to identify them with certain decomposition spaces.
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Shearlet Coorbit Spaces in Dimension 3
Do different shearlet groups induce different shearlet coorbit spaces? \

As a means to understanding the associated coorbit spaces
o Co (LYI(R3 x HM2))
o Co (LDI(R3® x H%))
better, our next aim is to identify them with certain decomposition spaces.

Dual Action and Dual Orbit

The dual action is given by H x R3 — R3, (h,£) + h~t¢ and for a shearlet
group this action has a unique open dual orbit H=1{y = O = R* x R2.
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Shearlet Coorbit Spaces in Dimension 3
Do different shearlet groups induce different shearlet coorbit spaces? \

As a means to understanding the associated coorbit spaces
o Co (LYI(R3 x HM2))
o Co (LDI(R3® x H%))
better, our next aim is to identify them with certain decomposition spaces.

Dual Action and Dual Orbit

The dual action is given by H x R3 — R3, (h,£) + h~t¢ and for a shearlet
group this action has a unique open dual orbit H=1{y = O = R* x R2.

If supp ¥ C U, then supp §j,\f(, h)y C h~tU.
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Overview

© Decomposition Spaces
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Cover the frequencies in O = R* x R? by a family of open sets by means
of the dual action.
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Cover the frequencies in O = R* x R? by a family of open sets by means
of the dual action. Decompose functions with a subordinate partition of
unity.

Hartmut Fiihr, René Koch (RWTH Aachen)  Shearlet Coorbit Spaces in Dimension 3 Bernried 2017 14 / 26



Cover the frequencies in @ = R* x R? by a family of open sets by means
of the dual action. Decompose functions with a subordinate partition of
unity.Measure the inverse Fourier transforms of these individual pieces
locally with an LP-norm and then globally in a weighted ¢9-norm.
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Cover the frequencies in O = R* x R? by a family of open sets by means
of the dual action. Decompose functions with a subordinate partition of
unity.Measure the inverse Fourier transforms of these individual pieces
locally with an LP-norm and then globally in a weighted ¢9-norm.

Definition (Decomposition Space)

Let p,q € (0,00), @ = (Q;)ie/ a covering of O and v : | — R>? a discrete
weight.
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Cover the frequencies in O = R* x R? by a family of open sets by means
of the dual action. Decompose functions with a subordinate partition of
unity.Measure the inverse Fourier transforms of these individual pieces
locally with an LP-norm and then globally in a weighted ¢9-norm.

Definition (Decomposition Space)

Let p,q € (0,00), @ = (Q;)ie/ a covering of O and v : | — R>? a discrete
weight. Then define for a suitable partition of unity (¢;)ic/ subordinate to
Q the norm
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Cover the frequencies in O = R* x R? by a family of open sets by means
of the dual action. Decompose functions with a subordinate partition of
unity.Measure the inverse Fourier transforms of these individual pieces
locally with an LP-norm and then globally in a weighted ¢9-norm.

Definition (Decomposition Space)

Let p,q € (0,00), @ = (Q;)ie/ a covering of O and v : | — R>? a discrete
weight. Then define for a suitable partition of unity (¢;)ic/ subordinate to
Q the norm

IFllogrm = || (- IF@iblls) ||,
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Cover the frequencies in O = R* x R? by a family of open sets by means
of the dual action. Decompose functions with a subordinate partition of
unity.Measure the inverse Fourier transforms of these individual pieces
locally with an LP-norm and then globally in a weighted ¢9-norm.

Definition (Decomposition Space)

Let p,q € (0,00), @ = (Q;)ie/ a covering of O and v : | — R>? a discrete
weight. Then define for a suitable partition of unity (¢;)ic/ subordinate to
Q the norm

IFllogrm = || (- IF@iblls) ||,

and the space

D(Q, LP, (9) = {f € D'(0) : ||fllp(g,uee9) < OO}
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Decomposition Spaces

Definition (induced covering)
The family Q = (h; " @),/ is a covering of O induced by H if
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Decomposition Spaces

Definition (induced covering)
The family Q = (h; " @),/ is a covering of O induced by H if

e Q covers O
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Decomposition Spaces

Definition (induced covering)
The family Q = (h; " @),/ is a covering of O induced by H if

e Q covers O

e Q C O is open with Q C O compact
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Decomposition Spaces

Definition (induced covering)

The family Q = (h; " @),/ is a covering of O induced by H if
@ O covers O
e Q C O is open with Q C O compact

@ The set of Elements (h;);¢c; is well-spread in H,
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Decomposition Spaces

Definition (induced covering)

The family Q = (h; " @),/ is a covering of O induced by H if
e Q covers O
e Q C O is open with Q C O compact
@ The set of Elements (h;);c; is well-spread in H,i.e.

o (h;jV)ies is pairwise disjoint for a suitable unit neighborhood V C H
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Decomposition Spaces

Definition (induced covering)

The family Q = (h; " @),/ is a covering of O induced by H if
e Q covers O
e Q C O is open with Q C O compact
@ The set of Elements (h;);c; is well-spread in H,i.e.

o (h;jV)ies is pairwise disjoint for a suitable unit neighborhood V C H
o (h;U)jes covers H for some precompact unit neighborhood U C H
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Decomposition Spaces

Definition (induced covering)

The family Q = (h; " @),/ is a covering of O induced by H if
e Q covers O
e Q C O is open with Q C O compact
@ The set of Elements (h;);c; is well-spread in H,i.e.

o (h;jV)ies is pairwise disjoint for a suitable unit neighborhood V C H
o (h;U)jes covers H for some precompact unit neighborhood U C H

v

Intuition: The relevant aspect of the group H for the coorbit space is this
covering.
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Decomposition Spaces

Let O be a covering induced by H and define the discrete weight
u = (uj)ier by

N =

u; == | det(h;)|2 s v(hy) for i € 1.
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Decomposition Spaces

Let O be a covering induced by H and define the discrete weight
u = (uj)ier by

N =

u; == | det(h;)|2 s v(hy) for i € 1.

Theorem (Fiihr, Voigtlaender)

The Fourier transform

F : Co(LP9(G)) = D(Q, LP, ¢9)

is an isomorphism of (quasi) Banach spaces.
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Overview

@ Rigidity of Decomposition Spaces
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Rigidity of Decomposition Spaces

Let Q = (Qi)ics and P = (Pj)jcs be two induced coverings (potentially
induced by different groups!).
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Rigidity of Decomposition Spaces

Let Q = (Qi)ics and P = (Pj)jcs be two induced coverings (potentially
induced by different groups!).

Definition (Intersection Sets)
Define the intersection sets of @ and P for i € | and j € J by

={icl:QnNPj#0} and Jj:={j € J: QNP #0}.
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Rigidity of Decomposition Spaces

Let Q = (Qi)ics and P = (Pj)jcs be two induced coverings (potentially
induced by different groups!).

Definition (Intersection Sets)
Define the intersection sets of @ and P for i € | and j € J by

={icl:QnNPj#0} and Jj:={j € J: QNP #0}.

Definition (Weak Equivalence)
We call the coverings Q and P weakly equivalent if

sup|l| < 00 and sup|Jj| < oo.
jeJ iel
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Rigidity of Decomposition Spaces

Rigidity Theorem (Voigtlaender)
Let Q = (Qi)ics and P = (P})jecy be induced coverings,
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Rigidity of Decomposition Spaces

Rigidity Theorem (Voigtlaender)

Let Q = (Qi)ics and P = (P})jecy be induced coverings,
P1, P2, q1, g2 € (0,00) and u = (y;)jes, U’ = (uJ’-)J-eJ discrete weights.
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Rigidity of Decomposition Spaces

Rigidity Theorem (Voigtlaender)

Let Q = (Qi)ics and P = (P})jecy be induced coverings,
P1, P2, q1, g2 € (0,00) and u = (y;)jes, U’ = (uJ’-)J-eJ discrete weights. If

D(Q,LP, 1) =D (P, L (%),

Hartmut Fiihr, René Koch (RWTH Aachen)

Shearlet Coorbit Spaces in Dimension 3

Bernried 2017 19 / 26



Rigidity of Decomposition Spaces

Rigidity Theorem (Voigtlaender)

Let Q = (Qi)ics and P = (P})jecy be induced coverings,

P1, P2, q1, g2 € (0,00) and u = (y;)jes, U’ = (uJ’-)J-eJ discrete weights. If
D(Q,LP, 1) =D (P, L (%),

then

i) p1=p2 and g1 = qo,
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Rigidity of Decomposition Spaces

Rigidity Theorem (Voigtlaender)

Let Q = (Qi)ics and P = (P})jecy be induced coverings,

P1, P2, q1, g2 € (0,00) and u = (y;)jes, U’ = (uJ’-)J-eJ discrete weights. If
D(Q,LP, 1) =D (P, L (%),

then

1) pr=p2 and g1 = q2,

i) there is C > 0 with C~1u; < u; < Cu; for all i € 1,j € J such that
QiNP;#0,
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Rigidity of Decomposition Spaces

Rigidity Theorem (Voigtlaender)

Let Q = (Qi)ics and P = (P})jecy be induced coverings,
P1, P2, q1, g2 € (0,00) and u = (y;)jes, U’ = (uJ’-)J-eJ discrete weights. If

D(Q,LP, 1) =D (P, L (%),

then

1) p1=p2 and g1 = qo,
i) there is C > 0 with C~1u; < u; < Cu; for all i € 1,j € J such that
QNP #0,
iii) in the case (p1,q1) # (2,2) the coverings Q, P are weakly equivalent. )
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Overview

© Comparison of Shearlet Coorbit Spaces in Dimension 3
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Comparison of Shearlet Coorbit Spaces in Dimension 3

Do different shearlet groups induce different shearlet coorbit spaces? l
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Comparison of Shearlet Coorbit Spaces in Dimension 3

Do different shearlet groups induce different shearlet coorbit spaces? \

Strategy

In order to answer this question, we

o find a well-spread family in H% and H 12,

Hartmut Fiihr, René Koch (RWTH Aachen) Shearlet Coorbit Spaces in Dimension 3 Bernried 2017 21 /26



Comparison of Shearlet Coorbit Spaces in Dimension 3

Do different shearlet groups induce different shearlet coorbit spaces?

Strategy

In order to answer this question, we
o find a well-spread family in H% and H 12,

@ compute the induced coverings
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Comparison of Shearlet Coorbit Spaces in Dimension 3

Do different shearlet groups induce different shearlet coorbit spaces?

Strategy

In order to answer this question, we
o find a well-spread family in H% and H 12,
@ compute the induced coverings and
@ check whether they are weakly equivalent.

Bernried 2017

Hartmut Fiihr, René Koch (RWTH Aachen) Shearlet Coorbit Spaces in Dimension 3



Comparison of Shearlet Coorbit Spaces in Dimension 3

For definiteness we will focus on the class of groups
a ab ac

HMA2 =L 0 a4 0

0 0 a"

a>0,
b,ceR

for A1, A2 € R.
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a ab ac
e e oo o || 279
0 0 % b,ceR

for A1, A2 € R.

Well-spread set in H*1*2
For n,my,my € Z and € € {£1} define

2" 2"m1 2”m2
AL . nA
e = e | U e 0

0 0 2mk
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Comparison of Shearlet Coorbit Spaces in Dimension 3

For definiteness we will focus on the class of groups

a ab ac
e e oo o || 279
0 0 % b,ceR

for A1, A2 € R.

Well-spread set in H*1*2
For n,my,my € Z and € € {£1} define

2" 2"m1 2”m2
=g 0 2™ 0
0 0 DU,

AL, A2
n,my,my,e

Since Q = (thQ)iel,
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Comparison of Shearlet Coorbit Spaces in Dimension 3

For definiteness we will focus on the class of groups
a ab ac

HMA2 =L 0 a4 0

0 0 a"

a>0,
b,ceR

for A1, A2 € R.

Well-spread set in H*1*2
For n,my,my € Z and € € {£1} define

2" 2"m1 2”m2
Bt =€ 0 2™ 0
0 0 2™

Since Q = (h,TTQ),-el, more important is

-7 T
AN (BAl,Az ) _ (B)\l,)\z )
n,my,mz,e - —n,—my,—mz,e n,my,mz,e
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Comparison of Shearlet Coorbit Spaces in Dimension 3

Induced Covering

For

Q= {(x,y,z)T eR3:x€(1/2,2) and y/x,z/x € (-1, 1)}
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Q= {(x,y,z)T eR3:x€(1/2,2) and y/x,z/x € (-1, 1)}
an induced covering of @ = R* x R? induced by H*12 is given by

AL, A2 L A1,A2
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Induced Covering

For

Q= {(x,y,z)T eR3:x€(1/2,2) and y/x,z/x € (-1, 1)}
an induced covering of @ = R* x R? induced by H*12 is given by

AL, A2 L A1,A2
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(n,m1,mn,€)€Z3x{£1}

.=< A2 Q)
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Comparison of Shearlet Coorbit Spaces in Dimension 3

Induced Covering

For

Q= {(x,y,z)T eR3:x€(1/2,2) and y/x,z/x € (-1, 1)}
an induced covering of @ = R* x R? induced by H*12 is given by

AL, A2 L A1,A2
Q T (Qn,ml,m2,5>
(n,m1,mn,€)€Z3x{£1}

_ A1,A2
( n’ml’m2’€Q>(n,ml,m2,€)€Z3><{:|:l}
x €2"(1/2,2)
cy/x € 2" [my 4 (—1,1)]
z/x €22 [my + (—1,1)]

Il
™
N < X

(n,m1,ma,e)
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Comparison of Shearlet Coorbit Spaces in Dimension 3

Shearlet coorbit spaces with respect to different shearlet groups in
dimension three give rise to different coorbit spaces (for (p, q) # (2,2)).
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Comparison of Shearlet Coorbit Spaces in Dimension 3

Shearlet coorbit spaces with respect to different shearlet groups in
dimension three give rise to different coorbit spaces (for (p, q) # (2,2)).

Sketch of Proof:

© We identify the coorbit spaces associated to the groups H**2 and
 identify p group
H 122 with certain decomposition spaces.

Hartmut Fiihr, René Koch (RWTH Aachen)

Shearlet Coorbit Spaces in Dimension 3

Bernried 2017 24 / 26



Comparison of Shearlet Coorbit Spaces in Dimension 3

Shearlet coorbit spaces with respect to different shearlet groups in
dimension three give rise to different coorbit spaces (for (p, q) # (2,2)).

Sketch of Proof:
@ We identify the coorbit spaces associated to the groups H**2 and
H*%2 with certain decomposition spaces.
@ Because of the rigidity theorem it suffices to show that coverings
induced by different shearlet groups are not weakly equivalent.

Hartmut Fiihr, René Koch (RWTH Aachen)

Shearlet Coorbit Spaces in Dimension 3

Bernried 2017 24 / 26



Comparison of Shearlet Coorbit Spaces in Dimension 3

Shearlet coorbit spaces with respect to different shearlet groups in
dimension three give rise to different coorbit spaces (for (p, q) # (2,2)).

Sketch of Proof:
@ We identify the coorbit spaces associated to the groups H**2 and
H*%2 with certain decomposition spaces.
@ Because of the rigidity theorem it suffices to show that coverings
induced by different shearlet groups are not weakly equivalent.
© In order to achieve this we determine conditions that ensure

PPV
Qivime Qo g # 0
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Comparison of Shearlet Coorbit Spaces in Dimension 3

Shearlet coorbit spaces with respect to different shearlet groups in
dimension three give rise to different coorbit spaces (for (p, q) # (2,2)).

Sketch of Proof:
@ We identify the coorbit spaces associated to the groups H**2 and
H*%2 with certain decomposition spaces.
@ Because of the rigidity theorem it suffices to show that coverings
induced by different shearlet groups are not weakly equivalent.
© In order to achieve this we determine conditions that ensure

PPV
Qivime Qo g # 0

nmms

@ These conditions allow the construction of a sequence
(j(k))ken € Z3 x {£1} such that

AL\ A WA
H(n,ml,rm, €)1 QplnZmye N 1 27&@} —>_>OO 00.
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Comparison of Shearlet Coorbit Spaces in Dimension 3

Similar reasoning can be used for the comparison of the groups H*1*2 and
H?.
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Comparison of Shearlet Coorbit Spaces in Dimension 3

Similar reasoning can be used for the comparison of the groups H*1*2 and
H?.

Different shearlet groups lead to an essentially different covering of the
dual orbit through the dual action.
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