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Motivation ™

Problem
> project with Micro-Epsilon
GmbH & Co. KG

> in metal processing different
cold rolls are used for producing
metal bands with different
thickness
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Motivation ™

Problem
> project with Micro-Epsilon
GmbH & Co. KG

> in metal processing different
cold rolls are used for producing
metal bands with different
thickness

» chatter marks occur when cold

Figure: product surface with chatter rolls are defect

marks » detect defect cold roll out of
characteristics
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Motivation ™

Mathemati

Aim
Detection of

> line singularities in pictures

» with integral transform

Figure: product surface with chatter
marks
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Line Singularities and Wavefront Set

In the following:
> tempered distribution t € S’ (IR?)
> x is a regular point

> p € CX (IR?) cutoff function, identically one in neighbourhood of x

singularities of t
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Line Singularities and Wavefront Set g |unyERSITAT

tempered distribution t € S’ (IR")
x is a regular point
@ cutoff function, identically one in an neighborhood of x

Definition

Then a pair (x,¢) € IR? x S is a regular directed point if there exists
cutoff function ¢ and a neighbourhood W C S of ¢ such that for all
N € IN there exists Cp with

v e C(W): fpt(¢) | < Cv(1+1g) "

é—/

singularities of t

Roulets February 28, 2017 4/21



Line Singularities and Wavefront Set

singularities of t

Definition

L ¥ |UNIVERSITAT
//;}] PASSAU

The wavefront set WF (t) is the complement of the regular directed points.J
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Line Singularities and Wavefront Set g |unyERSITAT

X2 u2

Figure: time domain Figure: frequency domain

Wavefront set of line singularity

For 6x,—p+qgx the wavefront set is

1
WF (5rpran) = {0a,2) e =+ ) x { =2 .
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Line Singularities and Wavefront Set g |unyERSITAT

X2 2

Figure: time domain Figure: frequency domain

Aim
Integral transform that detects wavefront sets by coefficient decay rate. J
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Setti ng //;E‘ UNIVERSITAT

Fakulsit fiir Informatik und Mathematik

construction of wavelet like transform
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Setting

construction of wavelet like transform
> quasi-regular representation

(1 (2,6) ) (x) = 8(a) 2 f (052(x0 b))

UNIVERSITAT
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Settmg //;}]gglg//ESS[TAT

construction of wavelet like transform
> quasi-regular representation

(1 (2,6) ) (x) = 8(a) 2 f (052(x0 b))

» induces integral transform

(wa) (37 b) = <f’7r(av b) <P>
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Setti ng //;:] g/iwslsvlgﬁslTAT

construction of wavelet like transform

» quasi-regular representation

(7 (3, b) F) (x) = 6 () 2 F (051(x 0 b71))

» induces integral transform

(T(pf) (av b) = <f,7r(a, b) 90>

?

When do integral transforms detect wavefront sets?
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Setting AT

construction of wavelet like transform
> quasi-regular representation

(1 (2,6) ) (x) = 8(a) 2 f (052(x0 b))

» induces integral transform

(wa) (37 b) = <f,7T(a, b) <P>

?

When do integral transforms detect regular directed points?
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Theory of Fell, Fiihr, Voigtlaender?

& direction

A

R

LFell, Fiihr, Voigtlaender, Resolution of the wavefront set using general continuous wavelet
transforms, J. Fourier Anal. Appl., 2014
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Theory of Fell, Fiihr, Voigtlaender? —opE]ynaversimar

& direction
ai, ap € A matrix group
V = supp ¢, ¢ admissible function

N

R

LFell, Fiihr, Voigtlaender, Resolution of the wavefront set using general continuous wavelet
transforms, J. Fourier Anal. Appl., 2014
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Theory of Fell, Fiihr, Voigtlaender? —opE]ynaversimar

& direction

a1, a» € A matrix group

V = supp ¢, ¢ admissible function
W C S! neighbourhood of &

R>0
C (W, R)
5TV
§
al_TV
v
R

LFell, Fiihr, Voigtlaender, Resolution of the wavefront set using general continuous wavelet
transforms, J. Fourier Anal. Appl., 2014
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Theory of Fell, Fiihr, Voigtlaender?

¢ direction

a1, a» € A matrix group

V = supp ¢, ¢ admissible function
W c S' neighbourhood of &

R>0
C(W,R) » transform has to distinguish
5 TV between different &
§ » description with K; and K,
al_TV
v
R

LFell, Fiihr, Voigtlaender, Resolution of the wavefront set using general continuous wavelet
transforms, J. Fourier Anal. Appl., 2014
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Theory of Fell, Fiihr, Voigtlaender?

¢ direction

a1, a» € A matrix group

V = supp ¢, ¢ admissible function
W C S! neighbourhood of ¢
R>0

» transform has to distinguish
5TV between different £
» description with K; and K,
; » K (V,W,R) =
{acAla=TV C C(W;R)}
v » K, (V,W,R) =
I {aeAla=TVNC(W;R) # o}

LFell, Fiihr, Voigtlaender, Resolution of the wavefront set using general continuous wavelet
transforms, J. Fourier Anal. Appl., 2014
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Theory of Fell, Fiihr, Voigtlaender?

Result
under appropriate conditions the following are equivalent
> (x,€&) is a regular directed point of t
> local fast decay for a € Ko (W, V,R): [Wy,u(y,a)| < Cylla||V

2Fell,Fiihr, Voigtlaender, Resolution of the wavefront set using general continuous wavelet
transforms, J. Fourier Anal. Appl., 2014
Silja Gutschow Roulets February 28, 2017 7/21



Theory of Fell, Fiihr, Voigtlaender? oL ynvessiin

Result
under appropriate conditions the following are equivalent
> (x,&) is a regular directed point of t
> local fast decay for a € Ko, (W, V,R) : |Wyu(y,a)| < Culla||V

Two Cases

2Fell,Fiihr, Voigtlaender, Resolution of the wavefront set using general continuous wavelet
transforms, J. Fourier Anal. Appl., 2014
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Result
under appropriate conditions the following are equivalent
> (x,€&) is a regular directed point of t
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Two Cases
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1. shearlet group
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Theory of Fell, Fiihr, Voigtlaender?

Result
under appropriate conditions the following are equivalent
> (x,€&) is a regular directed point of t
> local fast decay for a € K, (W, Vi, R) : |[W,, t(y,a)| < Cnllal|V

Two Cases
» characterisation with one wavelet
1. shearlet group

> necessary to change wavelet for
characterisation
1. similitude group
2. diagonal group

2Fell,Fiihr, Voigtlaender, Resolution of the wavefront set using general continuous wavelet
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Theory of Fell, Fiihr, Voigtlaender?

Result
under appropriate conditions the following are equivalent
> (x,€&) is a regular directed point of t
> local fast decay for a € K, (W, Vi, R) : |[W,, t(y,a)| < Cnllal|V

Two Cases
» characterisation with one wavelet
1. shearlet group

> necessary to change wavelet for
characterisation

1. similitude group _
2. diagonal group mixed case

v

2Fell,Fiihr, Voigtlaender, Resolution of the wavefront set using general continuous wavelet
transforms, J. Fourier Anal. Appl., 2014
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Basic ldea Behind Approach | UpERSITAT

construction of wavelet like transform
» quasi-regular representation

(71 (a,b) ) (x) = 6(a) 2 f (741(x 0 b))

integral transform: (R,f) (a,b) = (f, 7 (a, b) ¢)
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construction of wavelet like transform
» quasi-regular representation

(71 (a,b) ) (x) = 6(a) 2 f (741(x 0 b))

integral transform: (R,f) (a,b) = (f, 7 (a, b) ¢)

» choice for b:

> Btra:{< 2: ) :bl,bQEIR,}
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Basic Idea Behind Approach o YRSt

construction of wavelet like transform
» quasi-regular representation

(71 (a,b) ) (x) = 6(a) 2 f (741(x 0 b))

integral transform: (R,f) (a,b) = (f, 7 (a, b) ¢)
» choices for matrix group A:

aa={(8 2 )ranemio)

» choice for b:

> Btra:{< Z: ) :bl,bgeIR,}
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Basic Idea Behind Approach

construction of wavelet like transform
» quasi-regular representation

(71 (a,b) ) (x) = 6(a) 2 f (741(x 0 b))

integral transform: (R,f)(a,b) = (f, 7 (a, b) ¢)
» choices for matrix group A:

0
> Adit = {( s& 5 ) is, € R\ {0}} composition:
_ cos () —sin(0) \ no
> Arot - {( sin (0) cos (9) . 9 S [0,271') group
» choice for b:
»Bt,a:{<g;):b1,b2€IR}
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Basic Idea Behind Approach

construction of wavelet like transform
» quasi-regular representation

(71 (a,b) ) (x) = 6(a) 2 f (741(x 0 b))

integral transform: (R,f)(a,b) = (f, 7 (a, b) ¢)
» choices for matrix group A:

. Ad,-,:{( A 502 ) :51,52611:{\{0}}
> Arot = {( o ((g)) Zil"(ﬁfi) ) 0€ [0’2”)}

» choice for b:

> Btra:{< gi ) :bl,bQEIR,}

needle-
like

structure?
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Heuristic: Action of Agy in IR? g |unyERSITAT
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Heuristic: Action of Agy in IR2
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Heuristic: Action of Agy in IR2
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Heuristic: Action of AgjA,o: in IR? o oAt
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Figure: Three scalings in x and y direction with different rotations
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Heuristic: Action of A,.;Agy in IR2
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Heuristic: Action of A,o;Agy in IR? o NvegsiTAT
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Figure: Different scalings in x and y direction with different rotations
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Extended Definition

Sets K" and K[

KT (W,V,R):={tmlt € T,me M,(tm)"" V C C(W,R)}

KT (W, V,R) = {tmt e T,me M, (tm)"7 VN C(W,R)#0}

L ¥ |UNIVERSITAT
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Extended Definition //;}]E’/«Ns'¥§SS'TAT

Sets K" and K[
KT (W,V,R):={tmlt € T,me M,(tm)"" V C C(W,R)}
KT (W, V,R) = {tmt e T,me M, (tm)"7 VN C(W,R)#0}

Result
under appropriate conditions the following are equivalent
> (x,€&) is a regular directed point of u
> local fast decay for a € KJ (W, V,R): |Wyu(y,a)| < Cylla||V

S r— Roulets Y



Extended Definition //:mﬁﬁs'sviﬁs””

Sets K" and K[
KT (W,V,R):={tmlt € T,me M,(tm)"" V C C(W,R)}
KT (W, V,R) = {tmt e T,me M, (tm)"7 VN C(W,R)#0}

Result
under appropriate conditions the following are equivalent
> (x,€&) is a regular directed point of u
> local fast decay for a € KJ (W, V,R): |Wyu(y,a)| < Cylla||V

Proof possible for
> A,otAgir: fits not into setting

> AgilAror: fits into setting

S r— Roulets Y



Roulet Transform //:m‘#/\Ns'sViSS”AT

Definition
Consider

» 1) € Lo (IR?) admissible for Agm

> f € Ly (IR?)

> 51,5 € R\ {0}, € [0,27) and b € IR?
The roulet transform is given by

Ryf (s,c,b) = /}RZ £ (x) Do (X)dx,

with

Vsb (x) = [s15] 70 (R7IATE (x — b))

S — Roulets Rl T S

13 /21



Admissible Roulets //’F/}]‘#/i“s'sv/fﬁsm

Tensor product wavelets

10 (61,6) 2

d£1d£2 < 00,
&3 + &3]

11,12 are 1D wavelets = /
R2

where ¥ (x,y) = 11 (x) 2 (y)

S — Roulets Rl Ey gl



Frequency Domain /DIJEP'V/ESS”AT

R N

Figure: support of roulets
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Line Singularities ,,;}]ggsv;ssm

Theorem [G.]

Let g (x) = 0x,—gxq (x) for g # 0.

For —b; = gby, p = Z?:((S)) and s; > %

RAW,g (s, c, b) ~ |s1|72, for s; — 0,

otherwise RAW,,g (s, c, b) decays rapidly.
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Line Singularities ,,D{JEANS|SV§SS|TAT

Theorem [G.]

Let g (x) = 0x,—gxq (x) for g # 0.

For —b; = gby, p = Z?:((S)) and s; > %

RAW,g (s, c, b) ~ |s1|72, for s; — 0,

otherwise RAW,;g (s, a, b) decays rapidly.

Remarks
1. depending on «: choose s sufficient small
2. RAW,g (s, a, b) is divergent on the singularity
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Example - Circle
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Example - Circle
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Example - Sea Star
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Example - Sea Star

50 100 150 200 250 300 350 400 450
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Example - Sea Star v
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Example - Unicorn //;}]gglsvlgﬁsnm
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Example - Unicorn
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Example - Unicorn
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Example - Unicorn
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Back to Application ,,;}]gg%sm
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Back to Application //;}]g/i\lslsv/gssnm

Improvements
» wavelet like transform with rotation and anisotropic scaling
» detection of line singularities

» fast implementation with FFT

S r— Roulets Rl E ) gl
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Thank you for your attention!
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