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Construction of a MR prediction in cell-average context which
avoids the Gibbs phenomenon in the discontinuities
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Review Multiresolution “a la Harten”
@ Decimation and prediction operators

@ Cell-average and prediction based on polynomial
interpolation

V.

Non consistency. Strategy (AY)

@ Motivation. Classical strategy (E1)
@ Properties of the non-consistent operators

PPH non-linear prediction

@ Motivation and definition

@ Properties: order, stability and monotonicity

@ Numerical examples
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Multiresolution “a la Harten” ) - .
Discretization and reconstruction operators

Principal properties
Classical Examples: MR based on polynomial interpolation

Operators

@ Let VX be a discrete space, where k is the level of
resolution (t Kk = 1 resolution).

@ Define transfer operators connecting consecutive levels,

e Decimation, Df " : Vk — VK1 operator linear and onto
e Prediction, Pf_, : VK=" — V¥ no necessary linear

e ef=1rk_— P,’(‘_1D,I§_1fk
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Multiresolution “a la Harten” ) - .
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Principal properties
Classical Examples: MR based on polynomial interpolation

Theorem

DEPE L = Iy = e e N(DET)

dim V(D) = dim VK — dim V<
If {11} is a basis of V(D "), therefore

¢ = i

Define the operators

Gv: NDOFY — gk Ex: ¢k — N
& — {d d* — Sk

Therefore,

fie A k=1 gk
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Multiresolution “a la Harten” ) - .
Discretization and reconstruction operators

Principal properties
Classical Examples: MR based on polynomial interpolation

Multi-scale decomposition

Repeat several times,

fr—
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Multiresolution “a la Harten”

Discretization and reconstruction operators
Principal properties
Classical Examples: MR based on polynomial interpolation

Definition (Order of the scheme)

Let p be a polynomial of degree r, i.e., p(x) € N"(R); and let p¥
be the discretization on the level k. The multiresolution scheme
{D=', Pk _,} has order r + 1 if and only if

PK_DE~'pk = p¥, for each resolution level k.
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Multiresolution “a la Harten” )
Discretization and reconstruction operators

Principal properties
Classical Examples: MR based on polynomial interpolation

Definition (Stability of MR)
The reconstruction algorithm is stable with respect to the norm
[|-||if: 3 CsuchthatV j > 0,

v (0, d',...,d0) s fh,

(f°,d°, ..., ) — fio .

| — Fo|| < Csup(||fo=" — Fo=T||,[|a® —aP|l). (1)
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Multiresolution “a la Harten” . . )
Discretization and reconstruction operators

Principal properties
Classical Examples: MR based on polynomial interpolation

Cell-average analysis in 1D

o XN ={x}, x=jh
jZO,...,Jk thk:1, hk:2_kJ0,

ocjk:[xjk_pxjk]a j:17"-,Jk

We define the discretization operator as,

ff —/kf(x)dx, j=1,...,J
Cj
We define the decimation operator as,
1

(D) = Uy + B =" =1 e
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Multiresolution “a la Harten” ) )
Discretization and reconstruction operators

Principal properties
Classical Examples: MR based on polynomial interpolation

Prediction operator in 1D: MR based on polynomial interpolation

@ We take M"(R) = {p(x) = Y o</, ax' : @ € R}
@ For each point xjk*1 we have the polynomial,

r
pl(x)=> ax’
=0

@ The coefficients a; will be determined with the r + 1
conditions:

C‘k—_1+/:/k1 pi(x)dx =0, .
C

=5+
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Multiresolution “a la Harten”

Discretization and reconstruction operators
Principal properties
Classical Examples: MR based on polynomial interpolation

Prediction operator in 1D: MR based on polynomial interpolation

@ r =1 Chaikin’s scheme [Non-consistent operator]

(LA ey = 30+ 45
(7)//((_1 fk—1 )21 _ %f'k,1 + 1 fkf‘l

@ r =2, CA scheme.
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Multiresolution “a la Harten” )
Discretization and reconstruction operators

Principal properties
Classical Examples: MR based on polynomial interpolation
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Motivation
Strategy (E1)
Strategy (AY)

Non-consistency. Strategy (AY)

Making the details

We define the errors between % and the prediction as:

eéj—1 = f2kj—1 — (PR Nty 1< < ks

es; = f3; — (Pk_1 1 ")g, 1 <j < Jkq

= (1, ef)
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Non-consistency. Strategy (AY)

Motivation

(of )i —*(92/ 17 eéj)

1
(dg)j 25(951'—1 + eéj)
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Non-consistency. Strategy (AY)

Motivation

(of )i —*(92/ 17 eéj)

1
(do) 2(92/ 1+62j)

The consistency property is:

DEPE | = s — DE ek =0
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Non-consistency. Strategy (AY)

Motivation

(of )i —*(92/ 17 eéj)

(5); =0

The consistency property is:

DEPIy = s = DYk = 0 14 = (11, )
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Non-consistency. Strategy (AY)

Motivation

(of )i —*(92/ 17 eéj)

1
(do) 2(92/ 1+62j)

Non-consistency property:

DEPE £ Iy — DR £ 0
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Non-consistency. Strategy (AY)

Motivation

e AL ST R

Non-consistency property:

D" # lyr = DM £ 0 £ = (777, )
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Strategy (E1)

fa = (P f* )it () —(at);
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Strategy (E1)

o = (Ph_af Do+ f T = ¢ —=(a);
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Non-consistency. Strategy (AY)

Strategy (E1)

o = (Ph_af D11 = ¢ —(a)
~——
(Pl fe 1) &
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Strategy (AY)

Non-consistency. Strategy (AY)

Strategy (E1)

i 1 = (PR Dgjmt + (af); + (aF);

(PE_4 ")y &) 1
3 = (PR_1f*")gj + (0 )j—(d1k)j
~—~—
(PR_ A1) élz(j
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Strategy (E1). Example, Pf_,

ENEN
ININ

Yanez Applied Approximation, Si



Motivation
Strategy (E1)
Strategy (AY)

Non-consistency. Strategy (AY)

Strategy (E1). Example, Pf_,
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Non-consistency. Strategy (AY)

Strategy (AY)

£ = (PE_1 Yoy +(do) [ —(df)ij
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Non-consistency. Strategy (AY)

Strategy (AY)

fo = (PR g +117 T — ()
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Motivation
Strategy (E1)
Strategy (AY)

Non-consistency. Strategy (AY)

Strategy (AY)

fo = (PR g +117 1 = 1 —(df);
——————

(PE_ fh=1)y ek;
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Motivation
Strategy (E1)
Strategy (AY)

Non-consistency. Strategy (AY)

Strategy (AY)

i1 = (PR Vgjmq + (af)j + ()

(PE_\ s o5
3 = (PR_4F* g+ (dF); — (df);
(791571"'( )z eéj
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Motivation
Strategy (E1)
Strategy (AY)

Non-consistency. Strategy (AY)

Strategy (E1) vs Strategy (AY)

Cell (2)) :
(E1)
o = (Ph_af Vg + 1171 = ¢/ —(a);
——
(75;’((,1 fh=1 )2j eé/ 2)
(AY)
o = (Ph_af Do+ £ =71 = (dfY;
(PR_4 15 1)z egj
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Non-consistency. Strategy (AY)

Strategy (E1) vs Strategy (AY). Algorithm

Inverse transform (E1) 2D

e = (&)
for k=1,...L
for j—1 Jk 1
gk 1 (Dk 17)/( 1fk 1)
k Tk—1 ck—1
(d) fi,j _fj
s = (P a1+ (0 + (&
1 = (PR T )1 + () — (

k
1)/'

)i

+(
~k
i
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Non-consistency. Strategy (AY)

Strategy (E1) vs Strategy (AY). Algorithm

Inverse transform (AY) 2D

e=(ex)and 0 <k <1

for k=1,...,L

for j—1 Jk 1

gk 1 (Dk 17)/( 1fk 1)

(dk) fk 1 fk 1

(dk)/—l‘f(( )/,mk 1)

fzkj1 (P T*= )2j1+() (a);
fzkj—(Pk_1fk_1)2/f1+( )i = ( 1k)

Arandiga and Yanez (2016): “Non-consistent cell-average MR operators with
application to image processing.” Applied Mathematics and Computation
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Motivation
A family of non-consistent non-linear prediction operators Properties

Motivation

Amat, Dadourian, Liandrat, Ruiz, Trillo (2010): “On a class of L'-stable
nonlinear cell-average MR schemes.” Journal of Comput. and Applied
Mathematics

(P gir = £+ 5(FF = 153

(P V) = £+ 3 = £151)
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Motivation
A family of non-consistent non-linear prediction operators Properties

Motivation

Amat, Dadourian, Liandrat, Ruiz, Trillo (2010): “On a class of L'-stable
nonlinear cell-average MR schemes.” Journal of Comput. and Applied

Mathematics
k k
ko k1Y _ gk—1 _ 1 (BAFTAR,
(Pk_1f )2/—1—6 _Z( e )
k k
ko pk—1y, _ k=1 1 (ATHAR,
(PR_Af oy = 170 + 2 (—5)
k _ fk _ fk
where A);. _1;. );_1
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Motivation
A family of non-consistent non-linear prediction operators Properties

Motivation

Amat, Dadourian, Liandrat, Ruiz, Trillo (2010): “On a class of L'-stable
nonlinear cell-average MR schemes.” Journal of Comput. and Applied
Mathematics

(PR gjn = £ 71— Ma(AFF AR )

(PE_ 5 ")gy = £ 4 Mo (ATFK, ATK

+>

where AfK = fK — K, where Ma(x, y) = e2(x, y)3(x + y) with

ea(X, y) = sign(x) + sign(y) ‘ (1 Cx-y

2
5 XTy ),VX,ye]R\{O};
ea(x,0) =0, V x € R; e2(0,y) =0, Vy eR.

Serna and Marquina (2004)
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Motivation
A family of non-consistent non-linear prediction operators Properties

New family of operators

AfK —Afk
k k-1 _ k=1 1gk—1 _ 1 (A -Af
(Pk_af Nzjmr = 36" + 265 — 2 ()
k k
k  gk—1y. _ 3k—1 o 1gk—1 _ 1 AF—AF
(Pk_a N2 = 26" + 387" — 2(—%—1)
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Motivation

A family of non-consistent non-linear prediction operators Properties

New family of operators

(PE_ " )gioq = 3671 + 1 1 Da(ATE |, ATK)
(PEAf )y = 36 + 2577 — 4 Da(Affy, A
where AfK = fK — K, where Da(x, y) = e2(x, y)3(x — y) with

2

X—y

— A R\ {0};
Ny ) X,y € R\ {0}
52(07}/):07 VyE]R

2

sign(x) + sign
ea(x, y) = | Z900) + 59 (y)‘<1_
ea2(x,0) =0, V x € R;
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New family of operators: Some properties

Order of approximation

If Swmp = P§_,. For any function f € C3(R), h > 0 and
fO = {f(jh)}jez then

ifA;;’;fAz;H >0forallj=1,...,dk.1 — 1,k €N,

(Swunf®); — ()| < O(F),

otherwise

(S )~ 1i5)] < O(HP),
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A family of non-consistent non-linear prediction operators Properties

New family of operators: Some properties

Theorem

Harizanov and Oswald (2010): Stability of non-linear and
multiscale transforms. Constructive Approximation
Let Sy be a non-linear subdivision scheme defined by:

(SNLf)j = (Sf)j I F((5f)j,

with é a linear and continuous operator in I°° and F a non-linear
operator in I>°. If Sy, F and § satisfy that
IM>0 : Vd el ||F(d)|leo < M||d||oo 2)
3L>0,3c <1 : Vel [|6S5 (Nl < clld(Alle (3)

then the subdivision scheme Sy, is convergent.
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New family of operators: Some properties

Convergence of the subdivision scheme
The subdivision scheme Swup is convergent.

Monotonicity preservation

Under certain conditions, the subdivision scheme Swup
preserves the monotony of the points
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A family of non-consistent non-linear prediction operators Properties

New family of operators: Some properties

Example f° = (112,108,104, 0,4, 10, 16, 25)

o
] ) | \\
af

p g _/
d ° E

SwmD Amat et al. CA
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A family of non-consistent non-linear prediction operators Properties

New family of operators: Some properties

Example y = [-2.1:0.6: 2.1 and 10 = f(y;)

00 —————

Tz 3 o1 o o o7 05 99 1 B0z 05 or s 05 07 08 09 o o1 oz o3 0 05 05 07 o5 o8

R. Donat, D. F. Yafiez Applied Approximation, Signals and Images, Bernried'16



Motivation
A family of non-consistent non-linear prediction operators Properties

New family of operators: Some properties of the MR scheme

Stability of the MR scheme

175 — PKlloo < 21" = PVl + |10 — O]loo + [0 — OF]]oo
[1£5 = FRlly < 2151 — BTy o+ (lal — Gl + Nl — afly

Order of the MR scheme

The prediction operator, P,’j_1, reproduces the polynomials of
degree 1 in cell-average context.
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Numerical examples and present work

Some examples

@Ky, = (df)ys ()l > ek
1 0, if |(ak);] < ex;
with
%0 e >1/2
T A2, 0 e <1/2
(6, = (o) if (Al = mex1;
0 0, if ’(d(l)()]’ < REK—1,
with x = 0.3.
@ PSNR = Peak signal noise ratio 1 PSNR = 1 quality
@ NNz = Non-zero elements 1 NNz = | compression
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Numerical examples and present work

Numerical experiments: Image /lena with L = 4

e=28 e=16
41 PSNR NNZ 41 PSNR NNZ
CA 3.024 36.10 20085 4.204 32.75 8930
WMD 3.028 36.07 20087 4195 32.73 8930
PPH 3.108 35.81 20815 4312 32.40 9303
e =32 e =40
41 PSNR NNZ 41 PSNR NNZ
CA 5.755 29.58 3616 6.298 28.68 2651
WMD 5.732 29.53 3616 6.285 28.61 2651
PPH 5.865 29.18 3715 6.405 28.31 2745

R. Donat, D. F. Yafez Applied Approximation, Signals and Images, Bernried'16
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Numerical experiments: Image /lena with L = 4

Original image
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Numerical experiments: Image /lena with L = 4
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Numerical examples and present work

Numerical experiments: Image /lena with L = 4

WMD
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Numerical experiments: Image /lena with L = 4

PPH
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Numerical experiments: Image /lena with L = 4

Original image
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Numerical experiments: Image /lena with L = 4
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Numerical experiments: Image barbara with L = 4

c=28 e=16
44 PSNR NNZ 2 PSNR NNZ
CA 3.482 34.95 49152 5.739 30.16 26454
WMD 3.488 34.92 49153 5746 30.11 26456
PPH 3.573 34.64 52316 5,955 29.69 27615
=32 e =40
44 PSNR NNZ 2 PSNR NNZ
CA 8.857 26.14 10888 10.107 24.96 6968
WMD 8.895 26.07 10888 10.154 2490 6968
PPH 9.111 25.71 10654 10.308 24.59 6731
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Numerical experiments: Image geopa with L = 4

e=28 e=16
44 PSNR NNZ 2 PSNR NNZ
CA 0.477 45.37 6685 1.284 38.32 3136
WMD 0.396 45.73 6685 1.093 38.70 3136
PPH 0.117 48.57 3521 0.372 40.97 2149
e =32 e =40
44 PSNR NNZ 2 PSNR NNZ
CA 2.043 34.83 1679 2.410 33.43 1261
WMD 1.712 35.35 1679 2.081 33.82 1261
PPH 0.713 36.78 1226 0.868 35.38 989

R. Donat, D. F. Yafez Applied Approximation, Signals and Images, Bernried'16
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Present work

@ Prove the stability in ¢2
@ Use the schemes in other applications as signal denoising

@ Generalize the method using a scheme with a major
number of cells

@ Introduce properties to generalize the function D,
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Present work

@ Prove the stability in ¢2
@ Use the schemes in other applications as signal denoising

@ Generalize the method using a scheme with a major
number of cells

@ Introduce properties to generalize the function D,

Thank you!
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