Multigrid methods and Subdivision schemes

MULTIGRID METHODS
and
SUBDIVISION SCHEMES

Valentina Turati

Universita degli Studi dell'Insubria (Italy),
Ernst March Stipendium at the University of Vienna (Austria)

IDIC
St

joint work with Maria Charina, Marco Donatelli, Lucia Romani

SRS
&%
(R

K



Multigrid methods and Subdivision schemes
L Introduction

MGM:
m iterative method for solving linear systems

Ax = b, AeC™" beC", neN,

with A circulant, symmetric and positive definite.
m Applications: elliptic PDEs
Subdivision:
m iterative method for generation of curves and surfaces.
m Applications: computer animation




Multigrid methods and Subdivision schemes
L Introduction

Results of application of subdivision schemes to multigrid methods

n =242 n=728 n = 2187
Subdivision scheme iter COMVerg. .~ converg. . converg.
rate rate rate
Linear Bspline 86 0.829 214  0.9273 476  0.9667
Interp. 3-point 66 0.7820 101 0.8519 137 0.8887
Cubic Bspline 29 0.5729 52 0.733 71 0.7956
Interp. 4-point 42 0.6784 45 0.6955 46 0.703

Table: MGM for univariate biharmonic problem



Multigrid methods and Subdivision schemes
L introduction

Elliptic PDEs with periodic boundary conditions (PBC)

For g € Nand w € C°([a, b]), find u € C?9([a, b]) such that:

(=1)7 4P (x) = w(x) x € (a,b),
ulm(a) = ul™(b) = hy, e R m=0,...,2g — L.

Lapacian problem (q=1):

m Discretization with finite differences —

2 -1 -1
-1 2 -1 circulant
A, = is symmetric
-1 2 -1 positive definite
-1 -1 2

nxn

m w(x), boundary conditions = b, € C"



Multigrid methods and Subdivision schemes
L Smoother

First step of Two Grid Method:
Smoother
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Multigrid methods and Subdivision schemes
L Smoother

2 -1 -1

Solve A,x = b, with A, =

Weighted Jacobi: for 0 < w <1 and D, the main diagonal of A,

) i= X WD (by = Ax') = (= 5 An) X + S bn, L€ No.
—_———
::Jw,n =d,
Eigenvalues Ay and Eigenvectors vy of J, , for k =1,...,n:
km jm oqn
Ae=1-2 2(—) — sin(kv), =[ } .
K wsin 2n+ 1) vk =sin(kv), v perc P

n

n
Error: e = chvk, c€R — (Jw,,,)ee = ch)\ivk
k=1 k=1
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L Smoother

For0 <w < 1:
m |\ <1 k=1,...,n = weighted Jacobi is convergent
BN =1- O(%) ~ 1 = weighted Jacobi converges slowly
m no value of w damps out low frequencies
0.6 N
0.4t AN S e-1
.
.l N =172
O — e e s
\\
-02f A ©=23
~0.4f \\
.
-0.6 \
-0.81
o=1
b —

0 20 40 60 80 100 120 140 160 180 200

Figure: Plot of eigenvalues A\, k =1,...,200
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L Smoother

Exact solution:

X;:sin<3u) +sin<150%), i=1,...

Weighted Jacobi: x“*1 = J,, 200x" + do0,

200 -1

Error: ef =% —xf, i=1,...,200
T BRI
i ‘ ““‘\“\”Hi\‘} “ | H’\‘“\““"Mt“‘ |
| “‘H“\“\“\M‘w‘\\\‘:‘x‘ | | \“JMHH‘H\M“H\‘: [ |
1 ‘\‘M‘\;\w“ \w\\\\:\\\\}\‘ W‘H‘:“‘ \‘\U“‘\‘}"»
o] [, Il
|
N AR
‘H\“ ‘H‘h“:‘\ ‘“\'H ‘
=T “‘ ‘\‘ \\‘ “‘ ‘ 1
‘ aBll ‘

Figure: Error for £ = 0 (green), £ = 4 (red) and ¢ = 200 (blue)
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L Coarse Grid Correction

Second step of Two Grid Method:
Coarse Grid Correction
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Multigrid methods and Subdivision schemes
L Coarse Grid Correction

Error equation

A,x = b, (1) <— Ape =r, (2)

Ingredients:
m X : exact solution of (1)
m X : approximation of X
B e=X—X: error
mr, = b,— A,X : residual

Idea:
Given X — r,=b,— AX
e = exact solution of (2)
X=X+e



Multigrid methods and Subdivision schemes
L Coarse Grid Correction

Coarse Grid Correction:
m Input: X, P, € Cr<N N < n, full-rank matrix

m Compute:
1. r, = b,—AX
2. ry = P,;rr,,
3. Ay = PIA,P,
4. ey = Aﬁer
5. en = Ppey
6. X = X+ep

m Output: X

Iteration matrix: CGC = I, — Pn(P,-,rAnPn)_IPrTAn

r, € C" e, e C"

4 o

A
rNECN$-eN€CN



Multigrid methods and Subdivision schemes
L Coarse Grid Correction

Let
B[, = HA},/2~H2 and D, the main diagonal of A,, n € N,

= TGM = (Jw)l (1o = Pa(PT AP 'PT A, L€, O<w<L.

Theorem (J. W. Ruge and K. Stuben,1987)

If
da > 0 independent of n such that

2 2 2
[o,nxla, < [IXIa, — @lixl[a,p714,,  Yx€C,
38 > 0 independent of n such that

. 5 )
yr2<|an||X — Pny”Dn < BHXHA,'7 Vx € (Cn7

then B> a and |[TGM||, < ,/1—F <1.
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LConstructic»n of A,

Structure of iteration matrix:
construction of A,
(another perspective)
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Multigrid methods and Subdivision schemes
LCcmstn.mticm of A,

Univariate elliptic problems

m Problem: for g € N

{( 1)7u@)(x) = w(x)  x€(ab),
m(a) = u{™(b) = h, m=0,...,2g — 1.

m Approximation: centered finite differences of order 2q

m Discretization matrix: A, circulant matrix with symbol f,

where
—1)2 q
f(z) = (-u) . zeC, l|z|=1,

V4

and f vanishes at 1 with order 2q.



Multigrid methods and Subdivision schemes
LCcmstruction of A,

An = Cn(f) circulant matrix with symbol f

m Circulant matrix: C,(f) = F,D,(f)FH, where

1. Dy(f) = diag f(efi%"),
r=0,...,n—1 L
. L _127;rs n—
2. F, = NG [e j|r,s:0.

m Example (non zero coefficients of f):

1. Laplacian (g=1): -1 2 —1]
2. Biharmonic (g=2): [1 —4 6 -4 1]



Multigrid methods and Subdivision schemes
LConstructic»n of Py,

Structure of iteration matrix:
construction of P,
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Multigrid methods and Subdivision schemes
LConstructic»n of Py,

Subdivision schemes of arity g > 2
Subdivision Operator: Sp: ¢(Z) — ¢(Z) such that Vc € ¢(Z)

(Sp€), = Z Pa—gBCs> p—n=py Yn€ELl
BEZ

Subdivision Scheme: for c® € £(Z), ¢! :=S,c’, € N.

Symbol: p(z) = po + Zpa(z_a +z%), zeC, |z]=1
a€eN

DD

Convergence:




Multigrid methods and Subdivision schemes
LCcmstn.mticm of Py,

Figure: Example of generation of cubic polynomials

Let denote Iy the space of polynomials of degree d.

Generation: A convergent subdivision scheme S, generates polynomials up to
degree dg if

Ve={m(a) : a €Z, m €Ny, }, lim Sic € My,.
£—o0
.27
Let E; := { e % j=0,....,g—-1 } A convergent subdivision scheme S,
generates polynomials up to degree dg if and only if

p(1)=g and Dip(e)=0, VeeE\{1}, j=0,...,dc.
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LCcmstn.mticm of Py,

Given: n= gk, g, k > 2 integers, N = gk—1

Select: p symbol of a certain subdivision scheme of arity g

Define: P,(p) = C,,(p)K,Ig € C™N where
1 041
Kn,g= T O N E(CNX”.

1 0,1



Multigrid methods and Subdivision schemes
LConstruction of Py,

Let f be a Laurent polynomial s.t. f(z) =0 < z=1.
If the symbol p of a subdivision scheme of arity g satisfies

N lp(e2)?

) lenl ) < +oo Vee Eg\ {1},

i) > ) > 0 VzeC, |zl =1,
eck,

then 3 5 > 0 independent of n such that

] 2 2 "
min [[x — Pa(p)yllp, < Blixlla,,  Vx€C"
y€ECN n @
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LConstruction of Py,

L 2m)

Let E, ::{e_l? :j:O,...,g—l}.

Theorem (M. Donatelli and V. Turati, 2016)

Let f be a Laurent polynomial s.t. f(z) =0 < z=1.
If the symbol p of a subdivision scheme of arity g satisfies

N 1pE2)
i ZITI ) < oo Vee Eg\ {1},
oo 2
i) |p(1)[">0
then 3 8 > 0 independent of n such that

. 2 2
min [|x — Pn(P)YHDn < 5||X||A"7 Vx e C".
y€eCN



Multigrid methods and Subdivision schemes
LConstruction of Py,

Let E, ::{e*i? ;jzo,...,g—l}.

Theorem (M. Charina, M. Donatelli, L. Romani and V. Turati, 2016)

Let f be a Laurent polynomial s.t.
Dif(z)=0 j=0,....m—1 <= z=1
If the symbol p of a subdivision scheme of arity g satisfies
i) p(l)=¢g
i) Dipe)=0 j=0,....q, g>[3]1-1, VeeE\{1}
then 3 6 > 0 independent of n such that

min ||x — P,,(p)y||2Dn < ,5’||x||i‘n7 Vx € C".
yecN

Remark: If a convergent subdivision scheme S, of arity g generates
polynomials up to degree g with g > [3] — 1, then the two grid method is
convergent and optimal.
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L Results

TGM Results
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Multigrid methods and Subdivision schemes
L Results

Univariate biharmonic problem

Binary subdivision schemes:

Subdivision iterations gener. repr. smooth
scheme n=29 pn=21 =21 degree degree '
Linear Bspline 25 25 25 1 1 C°
Pseudo Bs 12 12 12 5 3 c?
Cubic Bspline 11 11 11 3 1 c?
Interp. 4 point 11 11 11 3 3 ct
Interp. 6 point 11 11 11 5 5 ct
Ternary subdivision schemes
Subdivision iterations gener. repr. <mooth
scheme n=3" n=3" n=3% degree degree ’
Linear Bspline 34 34 34 1 1 c°
Interp. 3-point 32 32 32 1 1 ct
Cubic Bspline 31 31 31 3 1 C?
Interp. 4-point 29 29 29 3 3 ct




Multigrid methods and Subdivision schemes

LV-(:ycle method

V-cycle method
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Multigrid methods and Subdivision schemes
LV-cycle method

Let g,k € Nand g,k > 2.
TGM: n=g*, N=g"" Py(p)=Ci(p) K eC™"

cn cn
4
(CN

V-cycle: let € N, 1 < ¢ < k —1, define for j=0,...,0—1

k— k—2¢ T i Xn;
n=g ', n=g"",  Py(p)=Cylp) K, € CVW
Cro Cro
k Pro
cm cm
R Py
cr cr
Prpy o P



Multigrid methods and Subdivision schemes
LV-r:yr:le method

m Forj=0,...,0—-1
T 1,57 n;Xn;
CGGCj = In; — Puy(Po,An; Pr;) ™ Py An, € C.
mForj=/0—-1,....00meNy,0<w<1
MGM; = O € C"*™,
m T -15T
MGM; = (duny)" Iy = Py (lnyes = MGMy2) (P A Pry) Py Ag |

Theorem (J. W. Ruge and K. Stuben,1987)
Ifforj=0,...,0—1
Ja; > 0 independent of n such that

2 2 2 .
oo, mix L, < lIxILa,, = ajIIXIIAgj, Vxq € CY,

3B; > 0 independent of n such that

ICGGxE, < B, Yxy €T,

then § = min; ‘;—j’ €(0,1) and [MGMo|,, < VI-6<1.
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LV-r:yr:le method

Theorem (A. Arico, M. Donatelli, C. Serra-Capizzano, 2004)

Let f be a Laurent polynomial s.t. f(z) =0 < z=1.
If the symbol p of a subdivision scheme of arity 2 satisfies

N 1p(=2)
) S

< +00

i) |p(2)* +|p(=2)> >0 VzeC, |z| =1,
then the approximation property holds.

Remark: For g > 2,

_j2mi

Eg::{e s :ij,...,g—l} — E={-11}
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LV-r:yr:le method

(*>°-stability
Basic function ¢: limit function of a convergent subdivision scheme S,
for initial data 6 = { 000 : @ € Z }.

N AN AN

(>°-stability: Sp, is £ stable if 30 < A < B < oo such that V¢ € £*°(Z)

Z Ca¢(' - a)

a€EZ

A||C||eoo(z) < < BHC||eoo(Z)~

L>(R)

Cohen’s conditions [1990]: The symbol p of a convergent subdivision
scheme S, satisfies Cohen's condition if

‘p (e—iffk)‘ >0, Veéel[-ma], Vk>1
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LV-r:yr:le method

Theorem (M. Charina, M. Donatelli, L. Romani and V. Turati,

2016)

Let f be a Laurent polynomial s.t.
Dif(z)=0 j=0,....m—-1 <= z=1.

If a convergent subdivision scheme of arity 2
i) generates polynomials up to degree q with g > m — 1,
ii) its basic function ¢ is {>°-stable,

then the approximation property holds.
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LV-r:yr:le method

Theorem (M. Charina, M. Donatelli, L. Romani and V. Turati,

2016)
Let f be a Laurent polynomial s.t.
j=0,....m—1 <+— z=1.

Dif(z) =0 j=
If the symbol p of a subdivision scheme of arity 2 satisfies
i) Dip(-1)=0 j=0,....9, g>m-—1
ii) ‘p (e—iffk)‘ >0, Veel[-ma], Vk>1
then the approximation property holds.

g
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L Results

V-cycle Results
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Multigrid methods and Subdivision schemes
L Results

Binary subdivision schemes

Coarsest grid dimension: 2 x 2

Subdivision iterations

scheme n=21 time n=2" time n=2% time
Linear Bspline 617 1.2205 744 1.7046 801 2.8182
Pseudo Bs 1 19 0.0961 22 0.1816 24 0.6990
Cubic Bspline 40 0.1201 43 0.2279 45 0.7017

Interp. 4 point 19 0.0917 23 0.1839 26 0.5860
Interp. 6 point 13 0.0785 13 0.1707 14 0.5630

Subdivision generation  reproduction

scheme degree degree smoothness
Linear Bspline 1 1 c°
Pseudo Bs 5 3 c?
Cubic Bspline 3 1 c?
Interp. 4 point 3 3 ct
Interp. 6 point 5 5 ct
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L Results

Ternary subdivision schemes

Coarsest grid dimension: 3 x 3

Subdivision iterations
scheme n=3° time n=13" time n=3°% time

Linear Bspline 462 0.1987 864 0.6125 1057  2.2994
Interp. 3-point 133 0.0675 154 0.1660 169 0.8704
Cubic Bspline 67 0.0483 80 0.1205 87 0.7190
Interp. 4-point 46 0.0386 47 0.0899 53 0.6566

Subdivision generation  reproduction

smoothness
scheme degree degree
Linear Bspline 1 1 c°
Interp. 3-point 1 1 ct
Cubic Bspline 3 1 c?
Interp. 4-point 3 3 ct
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LSummary

Summary: TGM and V-cycle method
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Multigrid methods and Subdivision schemes
LSummary

Construction of A,(f)
Let f be a Laurent polynomial s.t.

Dif(z)=0 j=0,....m—-1 <<= z=1
Construction of P,(p)

TGM: If a convergent subdivision scheme S, of arity g generates
polynomials up to degree g with ¢ > [F] — 1, then the two grid
method is convergent and optimal.

V-cycle: If a convergent subdivision scheme S, of arity 2 generates
polynomials up to degree g with g > m — 1 and it is £°°-stable,
then the V-cycle method is convergent and optimal.
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Thank you for your kind attention...
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