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Prony’s problem

For a sparse exponential polynomial

f) =Y foe®™,  QC(R+iR/2nZ)°, 0#fo€C,

we

determine Q and f,, from samples of f.

Oligonomials (fewnomials)

For a sparse algebraic polynomial

f) =) fux*, ACNj0#£f€C,  #A<oo,

xeA

determine A and fy from samples of f.
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© No embedding in Myeg -
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Problem structure (Prony)
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Polynomials
Q T=Rkx] =Rxq,...,xs.
(2) ng = {p(x) = ZP"‘ x*ps € ]R} homogeneous of degree n.

|od=n

@ Degree and homogeneous decomposition

degp = max{|«| : fo # 0}, plx) = Z p?(x), p? € HJQ'

Coefficient vectors

pp=Ipa:la < degpl.
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A Hankel matrix

F, = [f((x-f- p): :g: EZ ] e R, dy = <n+s).

A computation ...

Forp € 11, and || < n:

Fap)a= Y foe® ®plxa), e =(e,...,e%) = xq

we

Xo ={xe:w € Q) =

Consequence

p(Xq) = 0 implies F,p = 0.
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The ideal
Q o =I1Xg)={pel:pXq) =0}
@ Zero dimensional ideal.
@ Interpolation problem ...

Prony again
QpeclogNil,=p € kerF,.
@ Converse? No!

Q@ O={w,w'}, fo=—fu gives Fy =0.

Theorem

For n large enough we have Io N T, ~ ker F,,.

Tomas Sauer (Uni Passau) Prony & Linear Algebra Bernried 2016 7/26



Minimal Degree Interpolation
g p //{(( UNIVERSITAT

Goal
Answer the question What is “large enough”? J

Tomas Sauer (Uni Passau) Prony & Linear Algebra Bernried 2016 8/26



Minimal Degree Interpolation )
° F e Ea

Goal
Answer the question What is “large enough”?

Interpolation space

& C T degree reducing interpolation space with respect to a finite X C R®:
for g € T1 there exists a unique p € & such that

Tomas Sauer (Uni Passau) Prony & Linear Algebra Bernried 2016 8/26



UNIVERSITAT

Minimal Degree Interpolation ny
“Z&4(|PASSAU

Goal
Answer the question What is “large enough”?

Interpolation space

& C T degree reducing interpolation space with respect to a finite X C R®:
for g € T1 there exists a unique p € & such that

Q r(X) =g(X).

Tomas Sauer (Uni Passau) Prony & Linear Algebra Bernried 2016 8/ 26



UNIVERSITAT

Minimal Degree Interpolation ny
“Z&4(|PASSAU

Goal
Answer the question What is “large enough”?

Interpolation space

& C T degree reducing interpolation space with respect to a finite X C R®:
for g € T1 there exists a unique p € & such that

0 p(X) = g(X).
@ degp < degg.

Tomas Sauer (Uni Passau) Prony & Linear Algebra Bernried 2016 8/ 26



Minimal Degree Interpolation )
g p //;:] UNIVERSITAT

PASSAU

Goal
Answer the question What is “large enough”?

Interpolation space

& C T degree reducing interpolation space with respect to a finite X C R®:
for g € T1 there exists a unique p € & such that

0 p(X) = g(X).
@ degp < degg.

Theorem

If &, 2 are degree reducing interpolation spaces for X then

deg & = max{degp:p € P} =deg 2

v

Tomas Sauer (Uni Passau) Prony & Linear Algebra Bernried 2016 8/ 26



UNIVERSITAT

Minimal Degree Interpolation ny
“Z&4(| PASSAU

Goal
Answer the question What is “large enough”?

Interpolation space

& C T degree reducing interpolation space with respect to a finite X C R®:
for g € T1 there exists a unique p € & such that

0 p(X) = g(X).
@ degp < degg.

Theorem

If &, 2 are degree reducing interpolation spaces for X then

deg & = max{degp:p € #} =deg 2 =d(X)

v

Tomas Sauer (Uni Passau) Prony & Linear Algebra Bernried 2016 8/ 26



UNIVERSITAT

Minimal Degree Interpolation ny
“Z&4(| PASSAU

Goal
Answer the question What is “large enough”? n > d(Xq).

Interpolation space

& C T degree reducing interpolation space with respect to a finite X C R®:
for g € T1 there exists a unique p € & such that

0 p(X) = g(X).
@ degp < degg.

Theorem

If &, 2 are degree reducing interpolation spaces for X then

deg & = max{degp:p € #} =deg 2 =d(X)

v

Tomas Sauer (Uni Passau) Prony & Linear Algebra Bernried 2016 8/ 26



Ideals and Bases

H-bases

UNIVERSITAT
//;E‘ PASSAU

Tomas Sauer (Uni Passau)

= E E 9DaAx
Prony & Linear Algebra Bernried 2016 9/26



Ideals and Bases

H-bases

’\"/‘ UNIVERSITAT
~“Z&@L| PASSAU
@ H C 11 H-basis for I if

gel =

g=) auh

heH

deggy +degh < degg

Tomas Sauer (Uni Passau)

Prony & Linear Algebra

Bernried 2016 9/26



Ideals and Bases )
//;}] UNIVERSITAT

PASSAU

H-bases
@ H C 11 H-basis for I if

gel & g=Zghh, deg g, +degh < degg.

heH

@ Alternative: homogeneous ideals. (Macaulay 1916)

Tomas Sauer (Uni Passau) Prony & Linear Algebra Bernried 2016 9/26



Ideals and Bases
//{(( IVERSITAT

H-bases
@ H C 11 H-basis for I if

gel & g=Zghh, deg g, +degh < degg.

heH

@ Alternative: homogeneous ideals. (Macaulay 1916)

Definition

(Homogeneous) leading form

/\( pdegp Z pOC ’
||=degp

Tomas Sauer (Uni Passau) Prony & Linear Algebra Bernried 2016 9/26



UNIVERSITAT
PASSAU

Ideals and Bases
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H-bases
@ H C 11 H-basis for I if

gel & g=Zghh, deg g, +degh < degg.

heH

@ Alternative: homogeneous ideals. (Macaulay 1916)

Definition

(Homogeneous) leading form and ideal generated by G

Alp) Pdegp Z Pa ()%, (G) = {Z 9¢8 1 g € ﬂ}.

||=degp geG
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@ For example (p,9) =p'qg =3, Pafa-
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@ For example (p,q) = plg= > o Pada )
Division with remainder for p, G
©Q Whilep #0
@ Decompose A(p) = Zpg A(g) +rsuch thatr L (/\(G)) N ﬂgegp
g8€G
@ Replacep —p— Zpgg— r.
g8eG
© Sum up the pg and r.
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Further ingredient
© Inner product (-,-) : TT x T — R.
@ For example (p,q) = plg= > o Pada

Division with remainder for p, G

©Q Whilep #0
0
©® Decompose A(p) = Zcpg A(g) +rsuch thatr L (A(G))" N ﬂgegp'
g€
@ Replacep —p— Zpgg —r.
g€G

© Sum up the pg and r.

0
@ Result: p = Zpgg—i— rwherer; L (A(G))" N ﬂ?.
8€G

v
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If H is an H-basis and p = th h + r computed by reduction, then
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Q@ r=0iffp € (H).
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Theorem

If H is an H-basis and p = th h + r computed by reduction, then
gcG

Q r=0iffp € (H).
@ rdepends only on (H) and (-, -).
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Theorem

If H is an H-basis and p = th h + r computed by reduction, then
g€G
Q r=0iffp € (H).
@ r depends only on (H) and (-, -).

Definition

Q vilp) =r=p-— th h normal form of p modulo (H) =: I.
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If H is an H-basis and p = th h + r computed by reduction, then
g€G
Q r=0iffp € (H).
@ r depends only on (H) and (-, -).

Definition
Q vilp) =r=p-— th h normal form of p modulo (H) =: I.
g€G
@ Nj = v(IT) ~ T1/I inverse system for I. (Macaulay "16, Grobner "37)
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Theorem

If H is an H-basis and p = th h + r computed by reduction, then
g€G
Q r=0iffp € (H).
@ r depends only on (H) and (-, -).

Definition
Q vilp) =r=p-— th h normal form of p modulo (H) =: I.
gcG
@ Nj = v(IT) ~ T1/I inverse system for I. (Macaulay "16, Grobner "37)

Theorem

Np(x) is a degree reducing interpolation space for X.
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Reduction II
]

Theorem

If H is an H-basis and p = th h + r computed by reduction, then
g€G
Q r=0iffp € (H).
@ r depends only on (H) and (-, -).

Definition
Q vilp) =r=p-— th h normal form of p modulo (H) =: I.
gcG
@ Nj = v(IT) ~ T1/I inverse system for I. (Macaulay "16, Grobner "37)

Theorem (reduction is interpolation)

Np(x) is a degree reducing interpolation space for X.

o
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@ Given X C R%, #X < oo.
@ Basis for normal form space
x e X.
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Normal forms for points

@ Given X C R%, #X < oo.
@ Basis for normal form space

(x—x')(- —x')

X.
=2 e
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Q@ Given X C R5, #X < 0.
@ Basis for normal form space

| S

, [l —x"[|2
x'eX\{x}
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Q@ Given X C R5, #X < 0.
@ Basis for normal form space

(x —x")(- —x')
VI(X) I I —Hx_x,Hz , x € X.
x'eX\{x}
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Q@ Given X C R5, #X < 0.
@ Basis for normal form space
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Normal forms for points

Q@ Given X C R5, #X < 0.
@ Basis for normal form space

(x—x)(- —x')
(’,x =VX) H W , x e X.
x'eX\{x}

@ Satisfies £, (x') = 6,7, x,x" € X.

Tomas Sauer (Uni Passau) Prony & Linear Algebra Bernried 2016 12/ 26



The Normal Form Space

_¥ [UNIVERSITAT
//;}] PASSAU
Normal forms for points

Q@ Given X C R5, #X < 0.
@ Basis for normal form space

(x—x)(- —x')
(’,x =VX) H W , x e X.
x'eX\{x}

@ Satisfies £, (x') = 6,7, x,x" € X.

Theorem
For p € IT are equivalent:
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Q@ Given X C R5, #X < 0.
@ Basis for normal form space

(x—x)(- —x')
(’,x =VX) H W , x e X.
x'eX\{x}

@ Satisfies £, (x') = 6,7, x,x" € X.

Theorem
For p € IT are equivalent:

@ pisreduced,ie. p = vyx)(p).
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Normal forms for points

Q@ Given X C R5, #X < 0.
@ Basis for normal form space

(x—x)(- —x')
(’,x =VX) H W , x e X.
x'eX\{x}

@ Satisfies £, (x') = 6,7, x,x" € X.

Theorem

For p € IT are equivalent:
@ pisreduced,ie. p = vyx)(p).
Q@ p e Nix).
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@ Compute H-basis and normal form space N, for o =1 (e?).
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@ Compute frequencies Q (standard).
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Goal
© Compute H-basis and normal form space N, for o =1 (e?).
@ Compute frequencies Q (standard).
@ Compute coefficients f,, (linear system).

Slightly different Hankel matrix

<
For=|fla+p): ||§||QZ , k <n.
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© Compute H-basis and normal form space N, for o =1 (e?).
@ Compute frequencies Q (standard).

@ Compute coefficients f,, (linear system).

Slightly different Hankel matrix

<
Fucisl=Fu= |flatpl: 320 | k<n

The “magic” number
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Goal
© Compute H-basis and normal form space N, for o =1 (e?).

@ Compute frequencies Q (standard).
@ Compute coefficients f,, (linear system).

Slightly different Hankel matrix

<
Fucisl=Fu= |flatpl: 320 | k<n

The “magic” number

@ Fundamental guess: n > d(Xq) = degNg, e.g., n > #Q.
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Goal
© Compute H-basis and normal form space N, for o =1 (e?).
@ Compute frequencies Q (standard).

@ Compute coefficients f,, (linear system).

Slightly different Hankel matrix

<
Fucisl=Fu= |flatpl: 320 | k<n

The “magic” number
@ Fundamental guess: n > d(Xq) = degNg, e.g., n > #Q.
@ Also needed in 1d Prony!
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If n > deg Nq then
@ rankF,o =rank [f(x) : || <n] =1.
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Theorem (F,, x and the ideal)

If n > deg Nq then
@ rankF,o =rank [f(x) : || <n] =1.
@ kerF,, ~I(Xo) N, k < n.
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@ kerF, ~I(Xq) NT, k < n.
@ rank F,, = dim(Nq NTTg).
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If n > deg Nq then
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Theorem (F,, x and the ideal)
If n > deg Nq then
Q rankF,p =rank [f(«) : |a| <n] =1.
@ kerF, ~I(Xq) NT, k < n.
@ rank F,;, = dim(Nq NTI;). Computes affine Hilbert function.
© rank F,; < rankF, iff k < degNg.
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Theorem (F,, x and the ideal)
If n > deg Nq then
Q rankF,p =rank [f(«) : |a| <n] =1.
@ kerF, ~I(Xq) NT, k < n.
@ rank F,;, = dim(Nq NTI;). Computes affine Hilbert function.
© rank F,; < rankF, iff k < degNg.

Basic idea

Q@ Compute F,,0,F,, 1, ... until rank F,, y = rank F, s, 1.

Tomas Sauer (Uni Passau) Prony & Linear Algebra Bernried 2016 14 /26



UNIVERSITAT
PASSAU
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Theorem (F,, x and the ideal)
If n > deg Nq then
Q rankF,p =rank [f(«) : |a| <n] =1.
@ kerF, ~I(Xq) NT, k < n.
@ rank F,;, = dim(Nq NTI;). Computes affine Hilbert function.
© rank F,; < rankF, iff k < degNg.

Basic idea
Q@ Compute F,,0,F,, 1, ... until rank F,, y = rank F, s, 1.
@ In each step compute extend

(HNTI) — (HNTTq) and (NNTT) — (NN TTyq)

by means of Linear Algebra.

v
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Kernel vs. rank
With F,, = U V]
@ kerF,: V. columns of V for oy = 0.
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Q kerF,: V. columns of V for oy, = 0.

@ rank F, ;: V. columns wrto nonzero singular values.
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@ kerF,: V. columns of V for oy = 0.

@ rank F,;: V. columns wrto nonzero singular values.
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Kernel vs. rank
With F, = Uy LV, Vi = [V, V,]:
Q kerF,: V. columns of V for oy, = 0.

@ rank F, ;: V. columns wrto nonzero singular values.

The H-basis update

Q@ With
HSk—l = [HO cee Hk—l] ’ H] [h]l h]vj]r
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Kernel vs. rank
With F, = Uy LV, Vi = [V, V,]:
Q kerF,: V. columns of V for oy, = 0.

@ rank F, ;: V. columns wrto nonzero singular values.

The H-basis update

@ With
Hep 1 =[Hy...Hy 1], Hj = [hjy1 ... hp),

@ decompose

ViHan = QR=1:0Q: | ¢ |-
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Kernel vs. rank
With F, = Uy LV, Vi = [V, V,]:
Q kerF,: V. columns of V for oy, = 0.

@ rank F, ;: V. columns wrto nonzero singular values.

The H-basis update

@ With
Hep 1 =[Hy...Hy 1], Hj = [hjy1 ... hp),

@ decompose

ViHan = QR=1:0Q: | ¢ |-

@ Orthogonal complement of H<j_1: Hy = V. Q,
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The normal forms
© General idea: N = ﬂg o A(Hy).
@ Again

A(Hy) = Qx [ Iék ] , Qr = [Qr1 Qol
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The normal forms

© General idea: N = ﬂg o A(Hy).
@ Again
R
A(Hy) = Qy [ Ok ] s Qe =1Qk1 Qral-
e N] - Q]‘Iz.
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The normal forms
@ General idea: N, =TT © A(Hy)
@ Again

-0 | ],
6 N] - Q]‘Iz.

Reduction

Q= [Qy1 Q2
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The normal forms
© General idea: N = ﬂg o A(Hy).
@ Again

A(Hy) = Qx [ Iék ] ;o Qe =1Qx1 Qrol-
O N;=Q.

Reduction

Q@ With k := degp solve Ryc = Q,{l/\(p).

v

Tomas Sauer (Uni Passau) Prony & Linear Algebra Bernried 2016 16 / 26



Linear Algebra IT

UNIVERSITAT
//;}] PASSAU

The normal forms
© General idea: N = ﬂg o A(Hy).
@ Again

A(Hy) = Qx [ Iék ] ;o Qe =1Qx1 Qrol-
O N;=Q.

Reduction
Q@ With k := degp solve Ryc = Q,{l/\(p).
Q Set r,(g = A(p) —A(Hy) c.
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The normal forms
© General idea: N = ﬂg o A(Hy).
@ Again

A(Hy) = Qx [ Iék ] ;o Qe =1Qx1 Qrol-
O N;=Q.

Reduction
Q@ With k := degp solve Ryc = Q,{l/\(p).
Q Set r,(g = A(p) —A(Hy) c.
© Replace pby p —Hic—1).
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The normal forms
© General idea: N = ﬂg o A(Hy).
@ Again

A(Hy) = Qx [ Iék ] ;o Qe =1Qx1 Qrol-
O N;=Q.

Reduction
Q@ With k := degp solve Ryc = Q,{l/\(p).
Q Set r,(g = A(p) —A(Hy) c.
© Replace pby p —Hic—1).

until p = 0.
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Theorem
If k > deg No
@ The columns of H are coefficient vectors of an H-basis of I.
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Theorem

If k > deg No
@ The columns of H are coefficient vectors of an H-basis of I.
@ The matrix N« contains a graded homogeneous basis for Nq.
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Theorem

If k > deg No
@ The columns of H are coefficient vectors of an H-basis of I.
@ The matrix N« contains a graded homogeneous basis for Nq.

Remarks
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Theorem

If k > deg No
@ The columns of H are coefficient vectors of an H-basis of I.
@ The matrix N« contains a graded homogeneous basis for Nq.

Remarks
Q@ All by means of standard Linear Algebra (Matlab).
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Theorem

If k > deg No
@ The columns of H are coefficient vectors of an H-basis of I.
@ The matrix N« contains a graded homogeneous basis for Nq.
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Theorem

If k > deg No
@ The columns of H are coefficient vectors of an H-basis of I.
@ The matrix N« contains a graded homogeneous basis for Nq.

Remarks
Q@ All by means of standard Linear Algebra (Matlab).
@ H-basis is very redundant.

@ Reduction is simple and fast.
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Theorem
If k > deg No
@ The columns of H are coefficient vectors of an H-basis of I.

@ The matrix N« contains a graded homogeneous basis for Nq.

Remarks
Q@ All by means of standard Linear Algebra (Matlab).
@ H-basis is very redundant.

@ Reduction is simple and fast.

© Numerically stable due to orthogonality.
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Multiplication tables
© Multiplication modulo ideal: No > p +— v ((~)jp) € Nqg.
@ Linear operation on Ng — matrix M; for a basis N of Nq.

Observation (reduction is interpolation)
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Multiplication tables
© Multiplication modulo ideal: No > p+— v ((-)jp) € Nqg.
@ Linear operation on Ng — matrix M; for a basis N of Nq.

Observation (reduction is interpolation)

vip) =) pr)le = V() = D (Xe)ie(Xew) ler
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Multiplication tables
© Multiplication modulo ideal: No > p +— v ((~)jp) € Nqg.
@ Linear operation on Ng — matrix M; for a basis N of Nq.

Observation (reduction is interpolation)
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Frobenius) Companion Matrices )
( ) p //;}:‘ })JAI‘\éIg/AIf_SSITAT

Multiplication tables
© Multiplication modulo ideal: No > p +— v ((~)jp) € Nqg.
@ Linear operation on Ng — matrix M; for a basis N of Nq.

Observation (reduction is interpolation)

vip) =D plr)le = V(o) = (Xw)jle

we

Theorem (Stetter, Sticklberger, .. .)

The eigenvalues of the M are (z,,); and the eigenvectors £y, w € Q.
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Companion matrices

@ Block structure:

/ ] U
MQ,O MO 1 M(J,mfl MQ,m
] ] ]
MlO Mll Ml,m—l Ml,m
i i ]
M] = M2,1 M2,m71 MZ,m
L M]m,mfl M]m,m |
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Companion matrices
@ Block structure:
j ] ] ]
MQ,O MO,l MQ,mfl MO,m
] ] ] ]
M, M1,1 M1,m—1 M1,m
] ] ]
M; = M, My, 1 My,
7 ]
Mm,mfl Mm,m
@ Computation
Ny
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Companion matrices

@ Block structure:

@ Computation of multiplication

j i
Moo My,
] i
M, M,

j
M;,

Ly, iNg,

]
M,
]
M,
]
M 2,m

My,

=k

=l

T
Lk,j = Z eOH—ejeo('
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Linear Algebra III

Companion matrices

@ Block structure:

Y i i ]
My, My, ... My, ., M),

] i i i

My, M, .. M, M,

] i ]

M; = My, ... My, , M,,
L M]m,mfl M]m,m

@ Computation of multiplication and reduction

<I — Qk,l Q]Z—;l)Lk/ij’ Lk,j = Z eoc-s—ejeg'

=k
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Linear Algebra III

Companion matrices

@ Block structure:

] i i ]
My, My, ... My, ., M),
j j j j
My, M, .. M, M,
] i ]
M; = My, ... My, , M,,
L M]m,mfl M]m,m

@ Computation of multiplication and reduction

M] — (I— Qk,l Ql{l)Lk,ij' Lk,j = Z e“+€je£.

=k
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Linear Algebra 111
g //2]

Companion matrices

@ Block structure:

/ ] ] ]
My, My, ... M, , M,
1 ] ] ]
My, My, ... M, , M,
] ] ]
M; = My, ... M, . M,
L M]m,mfl M]m,m |

@ Computation of multiplication and reduction

M] — (I— Qk,l lel)Lk,ijf Lk,j = Z e“+€je£.
|x|=k

@ Eigenvalue computation and matching ...
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The Linear System

Solve ..
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Properties

]D‘w:weﬂ]zb‘( ) o <K

@ Transpose of Vandermonde matrix for Xq
@ Full rank
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The Linear System
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Solve....

o loof <k
Twen

]Vwiwéﬂ]:D’(cx):loclgk].

Properties

@ Transpose of Vandermonde matrix for Xq.
@ Full rank.
© Overdetermined system, stabilizes.
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Solve ...

07 lo < k
Twe

]D’w!wéﬂ]:D‘(oc):loclgk].

Properties
© Transpose of Vandermonde matrix for Xq.
@ Full rank.
© Overdetermined system, stabilizes.
© Right hand side: part of F,, .
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Procedure
Q@ Get a good guess for n.
@ Compute H-basis and normal form space from F,, .
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Procedure
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@ Compute H-basis and normal form space from F,, .
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Procedure
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@ Compute H-basis and normal form space from F,, .

@ Compute multiplication tables.

© Determine and match eigenvalues.

@ Compute Q = log Xq.
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Procedure
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Procedure
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Procedure

Q@ Get a good guess for n.

@ Compute H-basis and normal form space from F,, ;.

© Compute multiplication tables.

© Determine and match eigenvalues.

@ Compute Q = log Xq.

@ Setup Vandermonde matrix and solve for transpose.
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“Complete” Algorithm g
7

Procedure

Q@ Get a good guess for n.

@ Compute H-basis and normal form space from F,, ;.

© Compute multiplication tables.

© Determine and match eigenvalues.

@ Compute Q = log Xq.

@ Setup Vandermonde matrix and solve for transpose.

Remarks

@ Surprisingly easy to implement in Matlab/Octave.

@ Works for complex frequencies immediately.
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Random frequencies & coefficients, real, 100 tests
parameters average error max error
s #freq. n coeff freq coeff freq
2 5 3 1.3688e-11 1.8332e-09 | 3.5131e-09 2.4165e-07
2 10 5 || 4.9366e-08 2.6388e-06 | 7.3010e-05 5.3330e-04
2 15 8 || 7.0614e-07 2.9725e-04 | 1.4659e-04 4.4493e-02
2 20 9 Inf Inf NaN NaN
3 20 6 1.5874e-08 1.4165e-06 | 4.7337e-05 8.9382e-04
4 20 5 || 8.4712e-12 4.6565e-11 | 9.0309e-09 3.7456e-09
5 20 5 1.6879e-12 5.9416e-11 | 1.9510e-09 1.3243e-08
5 50 5 1.1079e-10 6.6070e-10 | 3.1709e-07 6.6913e-08
5 100 6 || 2.9307e-09 1.9431e-08 | 1.0034e-05 1.3912e-06
5 150 8 1.3142e-08 8.4199e-08 | 5.7281e-06 4.3975e-06

Tomas Sauer (Uni Passau) Prony & Linear Algebra Bernried 2016 22 /26



UNIVERSITAT

Some Results hr‘
~““&@4(IPASSAU

Random frequencies, purely imaginary, 100 tests
parameters average error maXx error
s #freq. n coeff freq coeff freq
2 10 5 | 1.3476e-14 3.4744e-13 | 6.0290e-12 1.3724e-10
220 7 | 2.5148e-14 1.2420e-12 | 3.2103e-11 7.8847e-10
2 50 11 | 5.9357e-14 3.9721le-12 | 1.1845e-10 5.5214e-09
2 100 15 | 9.0480e-13 5.7684e-11 | 8.8308e-09 2.0468e-07
5 100 6 | 2.3796e-15 4.3794e-15 | 3.1431e-11 3.2918e-14
5 150 8 | 2.3954e-15 4.7773e-15 | 1.1702e-11 6.9726e-14
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Line through origin, top real, bottom imaginary, 100 tests
parameters average error max error

s #freq. fail coeff freq coeff freq
2 3 0 5.1668e-06 1.6241e-04 | 0.0023195 0.0243550
2 4 0 2.8912e-06 2.9318e-03 | 9.9505e-04 5.8547e-01
2 5 5 3.1901e-05 2.1641e-02 | 0.0058405 1.8753920
2 10 100 % % ) %
3 5 5 1.4484e-05 2.8744e-02 | 0.0016677 1.5547492
3 4 14 2.1197e-05 1.2439e-01 | 4.2678e-03 1.8590e+01
3 5 24 || 3.8699e-04 3.9617e-02 0.057250 1.326782
2 5 0 2.1330e-12 3.6481e-11 | 3.9225e-10 4.5345e-09
2 10 0 3.1867e-06 5.9222e-03 | 0.0018326 1.7269961
2 20 11 8.0145e-06 4.2270e-03 | 0.0071972 1.0316399
3 10 1 0.0025437 0.0206981 1.0404 4.3874

Tomas Sauer (Uni Passau)

Prony & Linear Algebra

Bernried 2016 24 /26



Oligonomials DX ueasi
( PASSAU
Recall
Sparse polynomials
o
f) =Y fax
xcA
OAvyo— >~ “few”
Tomas Sauer (Uni Passau) Prony & Linear Algebra Bernried 2016 i 25 / 26



Oligonomials )
g //;}:‘ [L)Jli\lslg//ESSITAT

Recall
Sparse polynomials

OAvyo— >~ “few”

Simple transformation

o o = = WK
Tomas Sauer (Uni Passau) Prony & Linear Algebra Bernried 2016 25/26



Oligonomials

Recall
Sparse polynomials

OAvyo— >~ “few”

UNIVERSITAT
/;}:‘ PASSAU

Simple transformation

@ Pick any invertible = € C°*°.
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Sparse polynomials
f@) =Y fox®
x€A
OAvyo— >~ “few”
Simple transformation
@ Pick any invertible = € C°*°.
© Consider
<n
Fo i (2) = [P 1Bl
n,k( ) |,Y| S k
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v
Simple transformation
@ Pick any invertible = € C**®.
@ Consider
Fox(3) = [, 1Bl<m
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Recall

Sparse polynomials

x€A
OAvyo— =~ “few”
Simple transformation
@ Pick any invertible = € C**®.
@ Consider
<n
Fo i (2) = [P, 1Bl
=) V<k

@ Prony situation with Q ==TA = (ET« : « € A): exponential qrid.
y P 8

v

Tomas Sauer (Uni Passau) Prony & Linear Algebra Bernried 2016 25/ 26



Oligonomials )
_—~ [UNIVERSITAT
//;}] PASSAU

Recall
Sparse polynomials

xeA

OAvyo— =~ “few”

Simple transformation
@ Pick any invertible = € C**®.

@ Consider
IBl <n

Fo i (2) = [P, )
=) i<k

@ Prony situation with Q = ZTA = {ZTa : o € A}: exponential grid.
© Round to next integer: A = [Z77Q].

v
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Summary :
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Prony’s method is ...
..nonlinear algebra by linear means.
..really implementable.

..fast and surprisingly stable.

.. polynomial interpolation.

Thank you! )
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