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Background notions i and bivariate results
00000

The stationary 1D case: review of known results

Definition (Approximation order)

Let v € N, f € C?(R) with ||[f(")]|c < co. A convergent, stationary
subdivision scheme {S,} is said to have approximation order - if the limit
function ggo := S°FI% obtained from fl% = {f(ih), i € Z}, h € R, is such
that

s — Fll < Cr b7

with Cr a positive constant depending only on f.
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The stationary 1D case: review of known results

Definition (Approximation order)

Let v € N, f € C?(R) with ||[f(")]|c < co. A convergent, stationary
subdivision scheme {S,} is said to have approximation order - if the limit
function ggo := S°FI% obtained from fl% = {f(ih), i € Z}, h € R, is such
that

s — Fll < Cr b7
with Cr a positive constant depending only on f.

| N\

Theorem [de Boor (1990)]
{Sa} has approximation order + if it reproduces the space I,_1 of polynomials
of degree d < v — 1, i.e. if it satisfies gpoy = f for all initial sequences
flO) = {f(i + p), i € Z} where f € M,_; and p € R.

v
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Definition (Approximation order)

Let v € N, f € C?(R) with ||[f(")]|c < co. A convergent, stationary
subdivision scheme {S,} is said to have approximation order - if the limit
function ggo := S°FI% obtained from fl% = {f(ih), i € Z}, h € R, is such
that

s — Fll < Cr b7
with Cr a positive constant depending only on f.

| N\

Theorem [de Boor (1990)]
{Sa} has approximation order + if it reproduces the space I,_1 of polynomials

of degree d < v — 1, i.e. if it satisfies gpoy = f for all initial sequences
flO) = {f(i + p), i € Z} where f € M,_; and p € R.

v

1 Proof based on the Taylor expansion of f and the fact that the basic
limit function ¢ := 55° ¢ is finitely supported.
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The non-stationary 1D case: preliminary definitions

Definition (Basic limit function)

Let {S,, kK > 0} be a convergent, non-stationary subdivision scheme.
For 8 := {di0, i € Z}, we call

Om = leg)]o S, im+a -+ Syim 0, m >0

the family of basic limit functions of {S i, kK > 0}.
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The non-stationary 1D case: preliminary definitions

Definition (Basic limit function)

Let {S,, kK > 0} be a convergent, non-stationary subdivision scheme.
For 8 := {di0, i € Z}, we call

Om = leg)]o S, im+a -+ Syim 0, m >0

the family of basic limit functions of {S i, kK > 0}.

For fl™ = S 1y -+ S, S, , we can write the limit of the subdivision

scheme {S,u, k > 0} applied to the data fl" = {f,[m], i€Z}, m>0,as

Eflml = fll[rc;lo Sa[m+l] ce Sa[m]f[m] = Z fI[m]d)m(2m ° —I) J

i€Z
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The non-stationary 1D case: preliminary definitions

Let Q2 be a compact set in R.

Definition (Sobolev space)
WE(Q) :={f € Lo(Q) : FO € Lo(Q) forall0<£<p}, peN

= Ve WE(Q), [Ifllwe @) = 2o Hf(Z)HLOO(Q)

Approximation order of non-stationary subdivision schemes Lucia Romani 5



and bivariate results

Background notions
[e]e] lele]e]

The non-stationary 1D case: preliminary definitions

Let Q2 be a compact set in R.

Definition (Sobolev space)

WE(Q) :={f € Lo(Q) : FO € Lo(Q) forall0<£<p}, peN

= Ve WE(Q), [Ifllwe @) = 2o Hf(Z)HLOO(Q)

Definition (Approximation order)

Let vy € N, f € W3,(Q) and fl% = {f(ih), i € Z}, h€ R,.

Let {S,m, k > 0} be a convergent, non-stationary subdivision scheme and
denote by g the limit function obtained from the initial data flol,

We say that {S iy, k > 0} has approximation order 7 if

&gl — fllLoo(e) < Cr b7,

with Cr a positive constant depending only on f.

Lucia Romani
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Reproduction of exponential polynomials

Let n € N. Assume A\, € C, u, € Nforall n=1,--- 5 and define:

U
NS
n=1
o Oy :=span{x’eM B=0,--- ,up—1,n=1,--- ,n}, xeR J
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Reproduction of exponential polynomials

Let n € N. Assume A\, € C, u, € Nforall n=1,--- 5 and define:

U
NS
n=1
o Oy :=span{x’eM B=0,--- ,up—1,n=1,--- ,n}, xeR J

Definition (®py-generation / ®y-reproduction)

Let f € dp and let tIIO], i € 7 be ordered equidistant values on the real axis.
A convergent, non-stationary subdivision scheme {S,j, k > 0} is called

i) ®p-generating :

if for all initial sequences fl0 = {f(t,.[o]), i € Z} it provides g € Pp;
i) ®py-reproducing :

if for all initial sequences fl% = {f(t,.[O]), i € Z} it provides go = f.
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How to check reproduction of &7

Proposition [Conti and R. (2011)]
Let alkl(z) = 37,4 a[k] z!, z € C\{0} be the kth level symbol of a convergent
and non-singular subd|V|S|on scheme {S,y, k > 0}. Then { J, k> 0}

reproduces ®y w.r.t. the parametrization Tkl = {t[k] —k, i € Z} (with
shift parameter p € R) if and only if

5723[%_6_22&):075: yeees i — 1 "o bt
o (o) 2o’
:/fﬁ [k] (e 2”1) :2<e_2k%)p_ﬁ l:[(p—j), B=1,..,p,—1

Jj=0
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Asymptotical similarity versus asymptotical equivalence

Let {S,, k > 0} be a non-stationary subdivision scheme with subdivision
masks {alXl, k > 0} and let {S,} be a stationary subdivision scheme with
subdivision mask {a}.

©  Hereinafter we always assume alkl, k > 0 and a finitely supported.
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Asymptotical similarity versus asymptotical equivalence

Let {S,, k > 0} be a non-stationary subdivision scheme with subdivision
masks {alXl, k > 0} and let {S,} be a stationary subdivision scheme with
subdivision mask {a}.

©  Hereinafter we always assume alkl, k > 0 and a finitely supported.

Definition (Asymptotical equivalence - Dyn and Levin (1995))

{S,, k > 0} and {S,} are termed asymptotically equivalent if
o

supp(al¥l) = supp(a) for all k >0 and Z |all — a|o < 0.
k=0
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Asymptotical similarity versus asymptotical equivalence

Let {S,, k > 0} be a non-stationary subdivision scheme with subdivision
masks {alXl, k > 0} and let {S,} be a stationary subdivision scheme with
subdivision mask {a}.

©  Hereinafter we always assume alkl, k > 0 and a finitely supported.

Definition (Asymptotical equivalence - Dyn and Levin (1995))

{S,, k > 0} and {S,} are termed asymptotically equivalent if
o

supp(al¥l) = supp(a) for all k >0 and Z |all — a|o < 0.
k=0

Definition (Asymptotical similarity - Conti et al. (2015))

{S.m, k > 0} and {S,} are termed asymptotically similar if
supp(a[k]) = supp(a) for all k > 0 and ) lim agk] = aj, Vi € supp(a).

—+00
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Properties of basic limit functions |

Proposition A [Conti, R. and Yoon (2016)]

Let {S,u,k > 0} be a ®;-reproducing non-stationary subdivision scheme
which is asymptotically similar to a convergent, stationary subdivision scheme
{Sa} with stable basic limit function of Holder continuity o € (0, 1).

Then the associated basic limit functions {¢m,, m > 0} and ¢ satisfy

“¢m - ¢Hoo =0.

lim
m—>00
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Properties of basic limit functions |

Proposition A [Conti, R. and Yoon (2016)]

Let {S,u,k > 0} be a ®;-reproducing non-stationary subdivision scheme
which is asymptotically similar to a convergent, stationary subdivision scheme
{Sa} with stable basic limit function of Holder continuity o € (0, 1).
Then the associated basic limit functions {¢m,, m > 0} and ¢ satisfy

lim_[ém — ¢l = 0.

In view of the fact that ¢ is bounded we obtain

{¢m, m > 0} is uniformly bounded independently of m, i.e.

Lucia Romani
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Approximation order result |

Theorem | [Conti, R. and Yoon (2016)]

Let &, = (¥0,...,04—1), ¥ € N. Assume that the non-stationary sub-
division scheme {S,, k > 0} is @, -reproducing and asymptotically sim-
ilar to a convergent, stationary subdivision scheme {S,} with stable basic
limit function of Holder continuity o € (0,1). Assume further that the

initial data are of the form flm = {f,.[m] = f(2=™i), i € Z} for some
fixed m > 0 and for some function f € W2 (Q2). If the Wronskian matrix

(r)
We., (0) := <<ps_(0)’ r,s=0,..v— 1) is invertible, then

r!

gtiml — FllLo(@) < G277, m>0

with a constant Cr > 0 depending only on f.
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Properties of basic limit functions |l

Proposition B

Let {S,u,k > 0} be a non-stationary subdivision scheme with subdivision
masks {al¥l, k > 0} and let {S,} be a convergent, stationary subdivision
scheme with subdivision mask {a}. If [|alXl —a||.. < C2 "% with v € N,
then the associated basic limit functions {¢,,, m > 0} and ¢ satisfy

[ém — @lloo < Gu277™.
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Properties of basic limit functions |l

Proposition B

Let {S,u,k > 0} be a non-stationary subdivision scheme with subdivision
masks {al¥l, k > 0} and let {S,} be a convergent, stationary subdivision
scheme with subdivision mask {a}. If [|alXl —a||.. < C2 "% with v € N,
then the associated basic limit functions {¢,,, m > 0} and ¢ satisfy

[6m — dlleo < G127 J

In view of the fact that ¢ is bounded we obtain

{¢m, m > 0} is uniformly bounded independently of m, i.e.

[¢mllcc <M Vm >0
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Approximation order result |l

Theorem |1

Let {Sa} be a convergent, stationary subdivision scheme reproducing My 1.
Let ®, = (¢o,...,0y—1) With v € N, v < N and assume that the non-
stationary subdivision scheme {S,, k > 0} is . -reproducing. Assume
further that the corresponding subdivision masks {alXl, k > 0} and {a}
satisfy |[al“] —a||.. < €277k with some v € N. If the Wronskian matrix

r!

(r)
We.,(0) := <*"s © rs=0,..,v— 1> is invertible and the initial data are

of the form fl™ .= {fl-[m] = f(2=™i), i € Z} for some fixed m > 0 and for
some function f € WN(Q), then

lgeim — flle@) < G 277", m=>0

with | o = min(v + v, N) | and Cr a positive constant depending only on f.

v

Approximation order of non-stationary subdivision schemes Lucia Romani 12



New univariate and bivariate results
[e]e]e]e] Telelele)

Sketch of the proofs of Theorems | and Il

Common steps:

o Let x€ Qand let f = (f(N(x), r=0,...,7 —1)7. Denote by
d = (dn, n=0,...,7 —1)7 the unique solution of Wy_(0)d = f
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Sketch of the proofs of Theorems | and Il

Common steps:

o Let x€ Qand let f = (f(N(x), r=0,...,7 —1)7. Denote by
d = (dn, n=0,...,7 —1)7 the unique solution of Wy_(0)d = f

v—1

o Define ¢ =1y := Z dn n(- — x)

n=0
w € &, and P (x) = FD(x), r=0,...,7 -1
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Sketch of the proofs of Theorems | and Il

Common steps:

o Let x€ Qand let f = (f(N(x), r=0,...,7 —1)7. Denote by
d = (dn, n=0,...,7 —1)7 the unique solution of Wy_(0)d = f

v—1

o Define ¢ =1y := Z dn n(- — x)

n=0
w € &, and P (x) = FD(x), r=0,...,7 -1

e {S,u, k >0} is ®,-reproducing = ¢ = Z¢(2_mi) dm(2™ - i)
i€l
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Sketch of the proofs of Theorems | and Il

Common steps:
o Let x€ Qand let f = (f(N(x), r=0,...,7 —1)7. Denote by
d = (dn, n=0,...,7 —1)7 the unique solution of Wy_(0)d = f

v—1

o Define ¢ =1y := Z dn n(- — x)

n=0
w € &, and P (x) = FD(x), r=0,...,7 -1
e {S,u, k >0} is ®,-reproducing = ¢ = Z¢(2_mi) dm(2™ - —1)
i€l
f(x) — gam(x) = Z (Y(27™i) = £(27™0)) pm(2™x — i)
i€Z
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Proof of Theorem |

e For f € WL (), we write the degree-(y — 1) Taylor expansion (T.E.)
of ¢ — f around x as

(=) (&)

i— x)7
!

Y27 M) —f(27M) = Z (27"7:7'*X)r (¢_f)(r)(x)+(2mv
r=0 :

for some &; between x and 277
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Proof of Theorem |

e For f € WL (), we write the degree-(y — 1) Taylor expansion (T.E.)
of ¢ — f around x as

(v—F) (&)

(2 i) — Z (2~ m’fx (p—F) D (x)+ (/y)

for some &; between x and 277
o (v—-FNx)=0,r=0,...,7y -1 =

— (g
F(x) = grm(x) =277 > pm(27x — i) 2mx)vw

|
i€Z v
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Proof of Theorem |

e For f € WL (), we write the degree-(y — 1) Taylor expansion (T.E.)
of ¢ — f around x as

(v—F) (&)

w2 ") — Z (2” mlix (—F) I (x)+ (v)

for some &; between x and 277

o (p—F)(x)=0,r=0,...,7—1 =

— (g
F(x) = grm(x) =277 > pm(27x — i) 2mx)vw

|
i€Z v

o [pM(&)] < Cllfllwgz (@) ¢m compactly supported and uniformly
bounded independently of m (Prop.A) = |f(x) — ggm(x)] < G277
O
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Proof of Theorem Il

o For f € WN(Q), we write the degree-(N — 1) T.E. of ¢ — f around x:

&2 mi — x)r (2=mi — x)N
I !

T I (5)

v~ = (W-N(x)+

r=0

for some &; between x and 27
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Proof of Theorem Il

o For f € WN(Q), we write the degree-(N — 1) T.E. of ¢ — f around x:
N-1 : .
—m: —m: 27M — x)" . 2=mj — x)N
s = X BT o0 B -0 )
for some &; between x and 27

o (v —NHI(x)=0,r=0,....,y—1 =

N-1

f — gfim) X) Z(bm my i) Z (2_7‘7'_)“ (w _ f‘)(r)(X)
iEZ r=v :
— AYN)(¢g,
+ 3 fm(27x 1) (2 ;_X)NW

i€Z
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Proof of Theorem Il

o For f € WN(Q), we write the degree-(N — 1) T.E. of ¢ — f around x:
N-1 : .
—m: —m: 27M — x)" . 2=mj — x)N
s = X BT o0 B -0 )
for some &; between x and 27

o (v —NHI(x)=0,r=0,....,y—1 =

N-1

f(x) — ggm(x) = Zqﬁm Mx — f) Z (2_77'_”@_ £)(D(x)
i€Z r=v :
_ A\YN)(¢.
+3 6m@2mx— i) (2 ;_X)NW
i€Z .
o |f(x)—gum(x) < ] Z)Zqﬁm x—i) (27— x)"| (WD) +]FO(x)])

T r=vy i€Z

+% | > om(2mx = ) 27" = )M (™) + 1FM(E)))

i€Z

Approximation order of non-stationary subdivision schemes Lucia Romani



New univariate and bivariate results
000000080

o e WNQ) plus [ (x)|, r =,..., N —1and [x(N)(&)| bounded =
1

N—

| (x) — ggim (x)] (Z‘Zqﬁm (2"x = i) (27™i — x)"
r=vy i€Z
+’ S 6m(27x — ) (2”"i—x)ND
i€Z
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o e WNQ) plus [ (x)|, r =,..., N —1and [x(N)(&)| bounded =
N—-1
[F(x) = g7 () (Z\qum (2mx 1) (27" = x)"
r=y i€’
+’ S m(27x — i) (277 x)’VD
i€Z
@ ¢ reproduces My_; = Z¢(2’"x -2 Mi-x)=0, y<r<N-1
i€EZ
‘Z¢m(2mx7 x| <2 Z‘¢m(2mx—i)—¢(2mx—i) i — 2"
i€EZ i€Z
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o e WNQ) plus [ (x)|, r =,..., N —1and [x(N)(&)| bounded =
N—-1
[F(x) = g7 () (Z\qum (2mx 1) (27" = x)"
r=y i€’
+’ S 6m(27x — ) (2”"i—x)ND
i€Z
@ ¢ reproduces My_; = Z¢(2’"x -2 Mi-x)=0, y<r<N-1
i€EZ
‘Zq&m(z x— x| <2 Z‘¢m(2mx—i)—¢(2mx—i)’ i — 2"
i€EZ i€Z

° ‘¢m(2’”x — i) — ¢(2Mx — 1)’ < C27YM plus ¢, compactly supported
and uniformly bounded independently of m (Prop.B) =
£ (x) — gyimi (x)| < Cr270HIm 4 G2—Nm
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Extension of Theorems | and Il to the bivariate case

w  Conditions for checking ®.-reproduction [Charina, Conti and R. (2014)]
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00000000e

Extension of Theorems | and Il to the bivariate case

w  Conditions for checking ®.-reproduction [Charina, Conti and R. (2014)]
1z Theorem | stays unchanged

Theorem Il [Extension to the 2D case]

Under the same assumptions of Theorem Il (1D), in the 2D case the approx-
imation order of {S, i, kK > 0} becomes ‘ o =min(d + 1+ v, N) | with

¢T3,
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New univariate and bivariate results
00000000e

Extension of Theorems | and Il to the bivariate case

w  Conditions for checking ®.-reproduction [Charina, Conti and R. (2014)]
1z Theorem | stays unchanged

Theorem Il [Extension to the 2D case]

Under the same assumptions of Theorem Il (1D), in the 2D case the approx-
imation order of {S, i, kK > 0} becomes ‘ o =min(d + 1+ v, N) | with

¢T3,

Explanation:

such d provides the highest possible degree of the polynomial space I'I?, s.t.

(ng) = T2 ) yo) J
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A bivariate example
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A bivariate example [Novara, R. and Yoon (2016)]

We consider the interpolatory scheme {5y, k > 0} with edge point stencil:

ol ol

‘f a) A€ [0,7) UiR*
vid = cos (527) , Vk >0

i

b) wlkl — w with the rate
of 0(272k) as k — o

ol Wt ZT»,” b by
k 2vlkl41)2 K vid
B = 2(2(v[“])271)w["]+m b%ki = —(2(vlkl)271)wlkl+—Wﬂ)zgvm*;MH)Z
k _ k]y2 k]y2 k 2vlkl 41
R e Lt B s
B = K BE = —2(a(vi)? - )M — 1wl + Gt s

5= For all choices of {wl¥l, k >0} in b), {S,u, k > 0} is ®,-reproducing with
¢7 _ {LX;)/, e:l:/\x7 ei/\y./ e:tA(x—&-y)’ ei/\(x_)/)}, y=11> ﬁ(l‘l%)
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{S,, k > 0} is asymptotically equivalent to the interpolatory stationary
scheme {S,} having edge point stencil
by by by

by by by by by

b0:2w+% b1:73W7% b =w
b3:%—w b4:4w—% b5:%—6w

= Indeed, the associated subdivision masks {al¥l, k > 0} and {a} satisfy

|al —a| < C272K

= The stationary scheme {S,} reproduces | 12 | for all w € R

w5 Since N =6, v =2, d = 3, in view of Theorem I1(2D), for f € WS ()
the scheme {S,u, kK > 0} has approximation order 6.
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