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Motivation

» industry project with Micro-Epsilon GmbH & Co. KG
» medium-sized family-run company near Passau

» main focus on measurement technology
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SITAT

Mathemati

Motivation e

Problem
> in metal processing different
cold rolls are used for producing
metal bands with different
thickness

Figure: product surface with chatter
marks
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Motivation ™

id Mathemati

Problem
> in metal processing different
cold rolls are used for producing
metal bands with different
thickness
» chatter marks occur when cold
rolls are defect

Figure: product surface with chatter ~ » detect defect cold roll out of
marks characteristics
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Motivation ™

Mathemati

Aim
Detection of width and direction of
chatter marks

Figure: product surface with chatter
marks
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First Approach

2D wavelet transform
» translation b € IR?
» dilation a € IR\ {0}
» rotation 6§ € [0, 27)

Pictures
» above: wavelet transform
with a=3,0=0

> below: original image
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First Approach

2D wavelet transform
» translation b € IR?
» dilation a € IR\ {0}
» rotation # € [0, 27)

Picture

» wavelet transform with
a=3,0=0

Potential and limitations
> point-like structures v/

» chatter marks x

Silja Gitschow Rotational Anisotropic Wavelets March 1, 2016

4 /21



First Approach

2D wavelet transform
» translation b € IR?
» dilation a € IR\ {0}
» rotation 6 € [0, 27)

Potential and limitations
> point-like structures v/

» chatter marks x

Optimal solution

» detect characteristics
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Second Approach //D‘QEES%SWAT

Mathemati

Aim:
> anisotropic scaling parameters
s1,5 € R\ {0}
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Second Approach //D(ﬂggsvgssw

Aim:
> anisotropic scaling parameters
s1, € R\ {0}
» rotation parameter 0 € [0, 27)
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Second Approach //D(]gg|sv/§5§|TAT

Aim:
> anisotropic scaling parameters
s1, € R\ {0}
» rotation parameter 0 € [0, 27)
» translation parameter b € IR?
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Second Approach ,,;}]%|Sv/§5§|TAT

id Mathemati

> anisotropic scaling parameters
s1, € R\ {0}

» rotation parameter 0 € [0, 27)

» translation parameter b € IR?

» role model: continuous wavelet
transform
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Second Approach //;}]gglsvlgﬁsnm

> anisotropic scaling parameters
s1, € R\ {0}
» rotation parameter 0 € [0, 27)

» translation parameter b € IR?
» role model: continuous wavelet
transform

» independence of dyadic scaling
parameter

_ Rotational Anisotropic Wavelets March 1, 2016 5/27



Second Approach //;}]g/iwslsv&l}jsnm

Considered groups

- Ddi/:{<561 32>151,52€IR\{0}}
- = { (S ) 0 e 02m) )

(0)
> Dtra:{< 1) b1 bQEIR}
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Second Approach //;}]})J/@IQ//ESSITAT

Considered groups

. Dd,-,:{<561 502 ) :sl,szeIR\{O}}
> Dyor = {( Z?: (9) _cf,l,"(g) ) 0 e [0,27r)}

B

= construction of a wavelet-like transform with these three components

_ Rotational Anisotropic Wavelets March 1, 2016 6 /27



Outline //;}]H,FS'SV,ESS'TAT

@ Representation Theory

© Rotational Anisotropic Wavelet Transform
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Basic Definitions g s TAT

Definition

A locally compact topological group is a group G with topology such that
» Gx G— G,(a,b)— ab
» G— G,a—al

are continuous and G is locally compact.
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Basic Definitions g S TAT

Definition

A locally compact topological group is a group G with topology such that
» Gx G— G,(a,b)— ab
» G— G,a—al

are continuous and G is locally compact.

Examples
> (R, +)
» every closed subgroup of G, (IR) with matrix multiplication
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Representation

In the following:
» H # 0 Hilbert space,
» U (H) unitary operators on H,

» G locally compact topological group
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Representation ,,D{JEANS|SV§SS|TAT

» H = 0 Hilbert space,
» U (H) unitary operators on H,

» G locally compact topological group

Definition

A unitary representation is a homomorphism 7 : G — U (H),
» 7 (ab) = w(a) 7 (b)
> (@) =m(a)”

that is (strongly) continuous with respect to the strong operator topology.
v

» a+— m(a)x is continuous from G to H for any x € H
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Square Integrable Representation g UNERSTAT

Definition

Let
» 7 be a representation of G in H
> 1 be a left Haar measure of G

If there exists one vector 0 # ¢ € H, such that

/ (7 (a) @, @) nl*dp < oo
G

then 7 is square integrable and ¢ is called admissible for 7 and p.

_ Rotational Anisotropic Wavelets March 1, 2016 10 / 27



Square Integrable Representation //D}]gggv;gs””

Theorem!?
Let 7 be a unitary irreducible square integrable representation of G in H

1Grossmann, Morlet, Paul: Transforms associated to square integrable group representations. I.
General results, 1985
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Square Integrable Representation

Theorem?!
Let 7 be a unitary irreducible square integrable representation of G in H
then

> the set of admissible vectors is dense in H

> the operator V,, : H — L>(G), given by

V£ (a) == (f, 7 (a) o) n,

is a multiple of the isometry

LGrossmann, Morlet, Paul: Transforms associated to square integrable group representations. .
General results, 1985
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Back to the Aim ™

id Mathemati

We have:

> Gyot, Ggit, Gtra are locally compact topological groups v/

We need:
» suitable representation for a semidirect product
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Left Regular Representation //;}]gggv,ggsm

Definition
The left regular representation m; of G on Ly (G, duy) is given by

(mi(a)F) (x) = £ (a7x).
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Representation for Semidirect Products

Definition
Let

» G =M x, N be a semidirect product group with homomorphism o
» M, N be locally compact groups

The left regular representation 7w, of G on Ly (G, dpuy) is given by

(mi(a,b) ) (x,y) = f (a7 %, 052 (y 0 b71) .
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Representation for Semidirect Products g UNERSTAT

Definition
Let

» G = M x, N be a semidirect product group
» M., N be locally compact groups
» N be abelian

The left quasiregular representation 7 of G on Ly (N, dyuy) is given by

(1 (a,6)F) (x) = 6 () 2 F (052(y 0 b71)).

_ Rotational Anisotropic Wavelets March 1, 2016 14 /27



Back to the Aim g s TAT

We have
> Grot, Guil, Gtra are (locally) compact topological groups v/

> left quasiregular representation 7, of G = M x, N on Ly (N, dur) v

» Which groups are admissible?

We need J
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Admissible Groups

Theorem?!
Let
» M be a subgroup of G/, (IR)
» topological semidirect product M x R"

» quasiregular representation has nontrivial subrepresentation with
admissible vector

Then M is a closed subgroup of G/, (IR).

L H. Fiihr, Abstract Harmonic Analysis of Continuous Wavelet Transforms, Springer 2005
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Closed Subgroups

Admissible groups®?
a b
» for c € IR : Dgpe = 0 a° ca,belR,a>0
51 0
» Dy = 251,52€R\{0}
0 S2
a b 2
> Drot = —b a3 : (aa b) SN 3¢ \{(an)}

2Bernier and Taylor, Wavelets from square-integrable representations, SIAM, 1996
bEiihr, Zur Konstruktion von Wavelettransformationen in héheren Dimensionen, 1997
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Back to the Aim g S TAT

We have
> Grot, Gait, Gira are (locally) compact topological groups v/
» left quasi regular representation m; of G = M x, N on Ly (N, du;) v

> Gyot, Ggir, Gira are admissible v
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Components for the

New Transform

1V | UNIVERSITAT
//;}1 PASSAU

Requirements

Drot = {Ra =

Dm/=={As=:

—sin (a)
cos ()

< cos ()

sin («)

51
0

502 > :51,52€IR\{0}}

> Ta € [0,2%)}

= semidirect product Gyay 1= (Dyor X Dgi) x IR?
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Components for the New Transform g |unyERSITAT

Requirements

< cos(a) —sin(a) > Ta € [0,277)}

sin(a) cos(a)

Dy = {ASZ ( s& 502 > 251,52611:{\{0}}

= semidirect product Gyay 1= (Dyor X Dgi) x IR?

Problem and solution
> Gpay: NO group structure
» solution: for fixed « use group structure of Dy

March 1, 2016
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Rotational Anisotropic Wavelet Transform

Definition
Consider
> ¢ € Ly (IR?) admissible for Dy
> f €Ly (R?)
> 51,5 € R\ {0},a € [0,27) and b € IR?
The rational anisotropic wavelet transform is given by

RAW,f (s, o, b) = / f (%) @s.a, (x)dx,
R
with

1
Os.ab (X) = |5152] 20 (RaAs (x — b)) .
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Admissible Rotational Anisotropic Wavelets //D}]gg'gggsm

Tensor product wavelets

A 2
p1, 2 are 1D wavelets = [ M

e 6o d&1dé < o0,

where ¢ (x,y) = 1 (x) v2 (y)
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Frequency Domain //;}]gglsvlgﬁsnm

N
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Figure: support of rotational anisotropic wavelets
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Essential Support o NvegsiTAT

Lemma [G.]
Let s op With 51,5 € IR\ {0}, o € [0,27) be a rotational wavelet then

esssup Ps.a.p (x) = Ry 1A esssup o (x) and

x€IR?2 x€IR?
esssup Ps.a.b (§) = R;lAs esssup @ (&).
x€lR? celR?
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Wavefront Set //:m‘#/\Ns'sViSS”AT

In the following:
» tempered distribution t € S’ (IR")
> X is a regular point

> ¢ cutoff function

singularities of t
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Wavefront Set g s TAT

tempered distribution t € S' (IR")
X is a regular point

@ cutoff function
Definition

Then a pair (x,s) € IR? x R is a regular directed point if there exists a
neighbourhood Vi of s such that for all N € IN and v = (p1, p2)

(98)" (1) = O (1 + ) ™) with 12 € V.

singularities of t
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Wavefront Set /fr/}]%'svﬁﬁ?m

singularities of t

Definition J

The wavefront set WF (t) is the complement of the regular directed points.
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Wavefront Set //%Hi“s'svﬁﬁs”m

X2 u2

X1 H1

Figure: time domain Figure: frequency domain

Wavefront set of line singularity

For 6x,—p+qgx the wavefront set is

1
WF (5rpran) = {0a,2) e =+ ) x { =2 .
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Line Singularities ,,;}]ggsv;ssm

Theorem [G.]

Let g(X) = Oxo=gx (X) for g # 0.
For b, = gb; and tan (a) = (—17

RAWyg (s, a, b) ~ |51|_%|52|_%, for s1,5p — 0,

otherwise RAWy v (s, , b) decays rapidly.
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Back to the Motivation

Figure: 2D wavelet transform of product surface with chatter marks
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Back to the Motivation //;"(]g/ggﬁgs”ﬂ

Faleultit fiir Informatik und Mathematik

Figure: rotational anisotropic wavelet transform of chatter marks
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Back to the Motivation //;"(]g/g'gIESS'TAT

Faleultit fiir Informatik und Mathematik

Improvements
» wavelet like transform with rotation and anisotropic scaling
> detect line singularities (demonstration)

» fast implementation with FFT
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Mathemati

Thank you for your attention!
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