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Radial kernels are suited for sparse multivariate interpolation problems

K(x,y) = ®(x — y) = ¢(|lx — yll,) = f(lIx =yl /2) x,y € R

with a scalar function ¢ : [0, +00) — R.

Examples of well-known kernels in
literature:

Properties: @ Gaussian,

9 Radial symmetry, Multiquadrics,

¢ Dimension free, Whittle-Matérn functions,

@ Invariant under affine

transformations.

?
9
@ Wendland functions,
@ Polyharmonics,

9
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Fourier transform

b

3

The d-variate Fourier transform & is radial again and coincides with the Hankel
transform using the f-form of the kernel

5 2 lwll3
O(w)=f <?> ,

F(t) = /O T f(s)s" ho(st)ds, f(s) = /O T R)e by (t5)dt,

with

and h,(2%/4) := (z/2) " J.(2), J» Bessel function of the first kind and
v=(d—2)/2.

Theorem

Let ® be a continuous function in L*(R9). & is strictly positive definite if and
only if ® is bounded and its Fourier transform is non-negative and not
identically equal to zero.
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The main ideas in [Bozzini, Rossini, Schaback, V. '15] are:
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@ to introduce a scaling z € R* in the transform

F(-z)(u) = 27" ()(u/2)
@ to consider a functional \* that act linearly respect to z and commute
with integrals .
(N*F(-2))(w) = X (27" F(u/2))
As a linear functional \ we take the k—th derivative respect to z

NF(z) = ; _f(2),

so the previous relation becomes

(%kkf(.»)A ()= (F0) () = o (= T00w/2)
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We specialise to the first derivative k =1

(tF'(t2))" (u) = % (2 C)w/2)

Moreover if we consider z = 1 we have

(@) =3 (7 0)

In the following we define the new kernels v as the right term and its Fourier
transform ¢ the function in the left term.

With this choice and using the previous cited Theorem we will see that new
kernels are positive definite.
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We consider classes of kernels ® that are closed under taking derivatives in
f-form

f,(s) = c(p)fo(e)(s)
where s = ||x — y||?/2 and the parameter p in the definition of the kernel ¢
goes to a new parameter D(p), moreover there is a factor c¢(p).

The transition ® — —A® on radial kernels generates a radial kernel consisting
of a weighted sum

_ 2 _ 2
—D(x —y) = —lx - y|*f" (7”’( 2}'” )—df’ (7”)( 2y|| >

of two radial kernels, if f is the f—form of ®, and if the action of —A is valid
on the kernel. If, furthermore, the class of kernels is invariant under taking
derivatives of f-forms, then the resulting kernel is a weighted linear
combination of two radial kernels of the same family.
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Theorem

For all classes of radial kernels that are closed under taking derivatives in
f—form, the procedure with derivatives generates kernels that are images of the
negative Laplacian applied to Fourier transforms of kernels of the same class.

Proof.

Using that the radial kernels is closed under taking derivatives and

20 (|xll) = 2(~89)" (Ix]2),

x|
2

tf(t) = |
we have
(£50)" (IB/2) = c(p) (¢ forn(8)" (I61/2) = ~ 2L Ab o (cle)

O
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We have

e(p) (¢ o (1) (1015/2) = ~ L2 Abo ()

__<p) 27 Jlw]® 2 Jlw]?
== (Hw” oe) ( > ) +d o (5
We define the new kernel and its Fourier transform
||X|| [ dy (IxI°
V) = =B (- ) = 5750 (5

) :M lleol?
1/1((4)) 2 fD(P) 2

The Fourier transform ﬁ is non negative and not identically zero because fp(,)
is positive definite, then the function ) is positive definite.

Elena Volonte Radial Kernels via Scale Derivatives and Wavelets 01/03/16



<]
=5
(2}
=
2
4
=
S

“New” Gaussian kernels

\{UNIVERSITA’
N =

» N

S ONVTIN I

)

Ye(x) = (d/2 — ||x|I°) exp(— ||x]|* /2
St = ool [x[E/2) 6(x) = (d/2 = |IxI) exe(~ IxIF* /2)

~ n _ ||W||2 2
bo(w) = exp(— |Jw|? /2) ve(w) = - exp(= vl /2)
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It's not new because, for d = 2, it is the Mexican hat.
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New inverse multiquadrics kernels
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For 8 >d/2+1

Unl) = £ x4 Ko ()
= 1+ 2y=8
( ) ( ||X|| ) _ ||X||ﬁ +1Kﬁ_é_1(||x||)j|
() = £ 7 Kol G, ) s+ )
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For 8> d/2+1
Pm() = S0+ x])

|/37d/2 K/de/z(”X”) - B ||X||2 (1 + ||X||2)7ﬁ71

X X
ou) = 25 I -
ng(w) =1+ |w]| )—B "/"M(w) F(B) ||w|| 2 K,B-%-l(”"‘-’”)
08 05
p=35 ﬁ
07 b p=25 04
——p=1s

05 b .
04 b
02 b ¢
01 01

040 5 0 5 10 0 E 0 0

Pm Ym
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We analyse the properties of the new kernels.
They have a good decay
|0()] = OIwl*)  llwll 0, fora > 2
[0(@)] = 0wl ™) flwll = +oo, for 7> d +2
From the construction with derivatives we have
P(w) = @l (w),
¢(w) is bounded, since it is positive definite, so
9(0) =0 = [ w(x)dx.
Rd

The new kernels ¢ € Nk := {t¢, ¥m,¥m} are wavelets.
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All 4 € Nx are such that ¢ € L*(R?) N L2(RY).

Moreover they satisfy

Admissibility condition

|

+oo

——da=Cy, VYw#0and0< Cy < +00

We compute the constant for each i € Nx

B o _ATPVAT(B-d)(1+5—d/2)
88 +4 M (B (3/2+ B —d/2)

1
Cye = 3 Cy, =

The admissibility condition allows us to recover a function f € L?(R%) by the
set of its wavelets coefficients.
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Let

x—b

Yap(x) =a %4 ( ) ,acR", beR?

The wavelet coefficients of f are the inner product

_ _ —d
(a,) = (Frbanlisguey = (2~ = B)/3)
and they give all the important information about the signal.

Due to the admissibility condition we can reconstruct a function f with the
wavelet continuous transform

+oo
F(x) = C% /0 /]R (. Bslx) db2
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It is interesting to consider discrete case with shift k € Z? and refinement
matrix M, usually M = 2I.

Remark ([Ron, Shen '97])

The function 1) whose Fourier transform is positive a.e. cannot generate tight
frames of the form (2’ - —k).

For our 1 € N we can not consider the classical construction of tight frames
in the stationary case, we refer to a non-stationary setting.

Let M = 21 we can define

D (w :M where oj(w) := h(w + 2wk ’
i) = —2E () k;Zd)z/}( +2"rk)

is a 2717 periodic function.
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With M = 2I we have to consider 2¢ — 1 cosets and the set
W —-27k), jez, kez? t=1,...,27 —1}.

We call

W; = span{y (- — 27ik), k € Z¢, £=1,...,2¢ — 1}
we want that |J; Wj is dense in L*(R?) so 1/)}[) are generators of L?(RY).

For this set of functions we have to show that they satisfy

Frequency localization property

Given a compact set K C R?\ {0} and € > 0, there exists N € N s.t.

Zsup |1/1£)(w)| <e and Z sup |1/1£)(w)| <,
wek

>N j<—N%¥

forall ¢=1,...,29 —1.
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In particular we want to construct an orthonormal basis.
In this sense, let £ := M[0,1)? NZ% and & := &£ \ {0} we observe

=il
Uj(w) = o'j+1(w) + Z Uj+1(w + 2/+171'91), 0, € &.
=1
In order to have orthogonality
@ respect to £ =1,...,2¢9 — 1 with j fixed
e—i<my,n(£)—mn(m)>

~yeE Uj(w)

Vo1 (@ + 24170, +7)ojia(w + 2 7(0m + 7)) = 6e.m;

@ between W;_; and W,

D el<mrnl> \/ajﬂ(w + 2+ (0g + 7))oy 1 (w + 2FHay) = 0.
yEE

should be satisfied for n : {1,..., 27 — 1} — &, an opportune permutation of
the representative of cosets in &.
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In two dimensions we consider the functions

n X ol . j+1 7
d)](l)(w) _ 271—lefl<2 J w,n(l)>\/gj+1(w + 2 71-6[) 1/’(“-’)

j(w) oj+1(w)
where
16, =(1,0)
n: 2 03=(1,1)°
30, =(0,1)"

We proved that

(W ~27k), ke j ez, (=123}

are an orthonormal basis for @ W;.
jez
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Thank you for the attention
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