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Interpolatory subdivision from Interpolatory techniques

o Xj - XJ‘H nested grids. 7 is known data ~ Xf.
® 7Z|x,-] is a piecewise polynomial interpolatory technique:

Generation of new data associated to xj+1,
A =T F], for T e Xt

@ From these reconstruction techniques, local rules derived.
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Interpolatory subdivision from Interpolatory techniques

@ In general, the use of piecewise polynomial Lagrange interpolation
based on / left points and r right points in a dyadic refinement
framework leads to

Binary schemes:

(S1,f)2i = f

(SirFaivr = D(Fity- -y Firr1) = St a0 fivk.

@ Deslauries-Dubuc subdivision schemes: Interpolatory subdivision
schemes related to piecewise polynomial interpolation based on a
centered stencil, | = r.
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Interpolatory subdivision from Interpolatory techniques

@ Lagrange Interpolation techniques do not preserve the shape
properties of the original data to be refined, when the degree of the
polinomial pieces is larger than 1.

@ ENO-WENO, PPH subdivision. Nonlinear piecewise polynomial
interpolatory techniques are used for avoid Gibbs-like behavior.

[F. Ardndiga. R.D. ... 1995-2000+], [A.Cohen, N.Dyn, B. Matei
2003], [S. Amat, R.D., J. Liandrat, J. Trillo 2006]

@ Power,, schemes, Shape-preserving schemes: Nonlinear averages
versus linear averages.

[S. Amat, K. Dadourian, J. Liandrat 2011], [ F. Kuijt, R. Van Damme
1999 |
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Interpolatory subdivision from Interpolatory techniques

Nonoscillatory behavior of Power, subdivision

12 o f

0.55
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Nonlinear averages and Non-oscillatory schemes

1 11 1
4-point DD (Sp2f)ons1 = E(f,, + foy1) — §(§V2fn_1 + 5v2fn)

1 1
Power, (Sh,f)2n41 = E(f" + fot1) — ng(V2fn,1,V2fn)

sgn(x) +sgn(y) x +y x—ylP
H = 1-—
p(x.¥) 2 2 X+y
( ) 1 1
aver 1(x,y) = 2x+ 2y
m < <
< lavey oyl < M, {m = min{|x], ly[},
m < [Hp(x,y)| < min{M, pm} M = max(|x|,|yl)

1(O(H),0(h*)) = O(h™ (")),
Hp(O(h"), O(h%)) = O(h™(")),

avei
2

NI

r>0,5s>0,
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Nonlinear averages and Non-oscillatory schemes

fi = F(xi), (Xjit1 — X = h, )
F(x) piecewise-smooth, 6 € (Xm, Xm+1) isolated discontinuity.

V6 =0(h), j#m—1,m, V2f_1 = O(1) = V2,

(S22f)2j41 = (S11f)2j1 +O(R?)  j#m—1,... .m+1
(52,2f)2j+1 = (5171f)2j+1 + 0(1) j=m—-—1mm+1.
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Nonlinear averages and Non-oscillatory schemes

fi = F(xi), (41— x5 = h, )
F(x) piecewise-smooth, 6 € (Xm, Xm+1) isolated discontinuity.

V26 =0O(h?), j#m—1,m V% 1 =0(1) =V,

(S, f)2jr1 = (S1af)2je1 +O(H?)  j#m.
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Nonlinear averages and Non-oscillatory schemes A different perspective

Neville's algorithm for Lagrange interpolation:

(SafPors = S~ [
(51,27()2,,_1_1 = (Slvlf)2n+1 — %szm

1 1
So,==5 -5
227 5 2,1 1 5712

S
___i:l____ m < |Hp(x,y)| < min{M, pm}
‘l/ n J/ * n+2
n-1 * n+1 51
L__™=___ T Sh =~ ' around 6

p
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Neville's algorithm for Lagrange interpolation:

(SafPors = S~ [
(51,27()2,,_1_1 = (Slvlf)2n+1 — %szm

1 1
So,==5 -5
227 5 2,1 1 5712

S
___31____ m < |Hp(x,y)| < min{M, pm}
‘l/ * n J/ n+2
*
" L__=___1 Sh =~ around 6

p
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Nonlinear averages and Non-oscillatory schemes A different perspective

. r—1/2 1—1/2
General Neville: S, = ; 115/7, 1+ r£15/_17,
For the 6-point DD linear scheme:
1 1 1,3 5 1,3 5
== - (= = . 1
S33 252,3 + 253,2 2(8531 852 2) + 2(851’3 + 852,2) (1)
831
r___ntl___n____l n+3
*
n—2 * T____nil___niZ___T
S
T
S0
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Nonlinear averages and Non-oscillatory schemes A different perspective

. r—1/2 1—1/2
General Neville: S, = ; 115/7, 1+ r£15/_17,
For the 6-point DD linear scheme:
1 1 1,3 5 1,3 5
== - (= = . 2
S33 252,3 + 253,2 2(8531 852 2) + 2(851’3 + 852,2) (2)
831
r___ntl___n____l « nt3
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T
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Nonlinear averages and Non-oscillatory schemes A different perspective

. r—1/2 1—1/2
General Neville: S, = ; 115/7, 1+ r£15/_17,
For the 6-point DD linear scheme:
1 1 1,3 5 1,3 5
S33= 552,3 + 553,2 2(853 1+ 852 2) + 5(551,3 + 552,2)- (3)
831

r___ntl___n____l n+3
*

n—2 * T____nil___niZ___T

S
T

822
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Nonlinear averages and Non-oscillatory schemes A different perspective

. r—1/2 1—1/2
General Neville: S, = ; 115/7, 1+ r£15/_17,
For the 6-point DD linear scheme:
1 1 1,3 5 1,3 5
= - Z(= 2S5). (4
S33 252,3+ 253,2 2(8531 8522)+ 2(851,3-1- 852,2) (4)
831
r___ntl___n____l % n+3
* /AR
n—2 T____nil___niZ___T
S
T
822
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Nonlinear averages and Non-oscillatory schemes A different perspective

Required: Nonlinear analogs of ave, p(x,y) = ax + by

Weighted-Power, mean. a>0,b>0a+b=1 p>1

sgn(x) + sgn x —yl|P
Woa,b(x,y) = gnx) > gnly) |ax + by| <1_ (M+m|)(/\/7}1 am)p_1> )
(0%

M = max{|x|, |y|}, m = min{|x]|, |y|}, o = max{a, b}/ min{a, b}.

@ Generalizes Hp(x, y): Wp,%’%(x,y) = Hp(x,y),
@ Non-oscillatory: ém < Wy ab(x,y)| < pam

o — W,.5(O(h"),0(h%)) = O(hmax(r,s))

R.D., S.L.-U., M.S. (UV, UJI)
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6-Point Nonlinear, Non-Oscillatory, schemes

9 6-Point Nonlinear, Non-Oscillatory, schemes
@ Polynomial reproduction. Difference schemes
@ Convergence. Smoothness of limit functions
@ Order of accuracy
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6-Point Nonlinear, Non-Oscillatory, schemes

1
(52,1 )2n+1 = (S1.1f)2n+1 — gvzfn—l,

1
(51,2 )2n+1 = (S1,1F)2n41 — gvzfn,

Sir=5.1+L,0 V2, Ly, linear operator (£ ,f)2, = 0.

1
S33 = (531+ 522)+ (513+ 522)

)

5373 = 5171 -+ ave%é [ave ([,173, ﬁgaz), ave%% ([,371, ﬁgﬂz)] o Vz,

35
88

Non-linear non-oscillatory version:

SHW(H, = 51,1 + Hq[Wp,%,g(‘ClS’£2,2)7WP,%%(£3,17 5272)] o Vz)
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6-Point Nonlinear, Non-Oscillatory, schemes

(S2,1)2n+1 = (S1.1f)2nt1 —
(S1.2f)2n+1 = (S1.1f)2nt1 —
Sir=S11+L;,0V? L, linear operator (L, f)a, = 0.
533 = 3(1531 + 513) ++5 522

’ 82 8
S33=3511+ avegé[ave%’%(EW, L31),L22)] o V2,

Non-linear non-oscillatory version:

SWHp,q = S11+ W 3 s[Hg(L13,L31), Lo2)] 0 v?,

R.D., S.L.-U., M.S. (UV, UJI) Non-Oscillatory 6-point schemes Bernried 2016 21 / 46



6-Point Nonlinear, Non-Oscillatory, schemes

Thus, we consider the following two families of nonlinear schemes,

SWHqu = 51,1 + Wp’g’g[Hq(ﬁLg,, £3’1), £272)] (¢] V2,
SHWg,p = S11+ HglW 5 s (£13,£22), W, 3 5(£3.1, L2)] © v?).

35

878

Nonlinear schemes of the form:
VF e I(Z),  (Snf)n=(S11f)n +F(V?F)n, VneZ  (5)

where F : [°°(Z) — I°°(Z) is a nonlinear operator.
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6-Point Nonlinear, Non-Oscillatory, schemes Polynomial reproduction. Difference schemes

Proposition
The schemes SWH,, ;, SHW,, , reproduce exactly Ils.

Linear subdivision schemes: exact polynomial reproduction guarantees
existence of difference schemes.

sov =v'os.

Nonlinear subdivision schemes: offset invariance guarantees existence of
difference schemes.

Definition (Oswald-Harizanov, 2010)

A binary subdivision operator S is offset invariant (OSl) for TNy if for each
f € Ix(Z) and any polynomial P(x) € My, m < k there exists a
polynomial, @, of degree < m such that

S(f+Pl,) =Sf+ (P + Q)|,.1,
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6-Point Nonlinear, Non-Oscillatory, schemes Polynomial reproduction. Difference schemes

Proposition
The schemes SWH,, 5, SHW,, , are offset invariant for [1;.

There exist SI1 and S2] for the new families of schemes.
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@ Convergence. Smoothness of limit functions

Oscillatory 6-point schemes Bernried 2016 27 / 46



6-Point Nonlinear, Non-Oscillatory, schemes Convergence. Smoothness of limit functions

Sv=5.1+Fo Vz, (6)

Theorem (C14+ C2 — Sy is uniformly convergent)

Cl. IM>0: F(F)|loo < M||f]]oo,
C2. 3L>0,0<T<1: |[[V2SE(Alloo < TIIV?|oo-

v25k/: (S'/[\%])Lv2
C2=C2:3L>0, 0< T <1:[|(SHEF)loo < TIIF]loo-

SWH, ; and SHW,, , are uniformly convergent, for all p,q > 1.

[ISWHpglloo, [[SHW g p[loc <1
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latory, schemes Convergence. Smoothness of limit functions
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6-Point Nonlinear, Non-Oscillatory, schemes Convergence. Smoothness of limit functions

Numerical study of smoothness:
Assume f(x) = S®f0c C— /=[], 0<B=r—1I<1
FOfL) - FO) o)

f(’)(xl.’:rll — f(’)(xl-kﬂ) Chf+1

=28,

S interpolatory: £ = f(x), FO(xf) ~ V'£¥/(he)! = 2V £} /ho,

V24 o )

vl—f—l f.k

~ ol+8 ~
1

IV

/
%
R = log, (Q—,ﬁ> .ok = sup{|(VTX)| : xK € [a, b]}.

R.D., S.L.-U., M.S. (UV, UJI) Non-Oscillatory 6-point schemes Bernried 2016

30 / 46



6-Point Nonlinear, Non-Oscillatory, schemes

Convergence. Smoothness of limit functions

Left columns [a, b] = [-0.1,0.1]. Right columns [a, b] = [-3, 3].

T
/ Rs,,

I
RswH »

T
Rswh, ,

T
RswH, .,

Sk,

0.00

1.00 | 1.00

0.96 | 1.00

0.95 | 1.00

0.94

1.00

1.00

1.00 | 1.00

1.75 | 1.50

1.99 | 1.48

1.90

1.08

2.00

1.00 | 1.00

1.64 | 1.01

2.84 | 1.00

2.06

1.08

3.00

1.00 | 1.00

1.64 | 1.00

291 | 1.00

2.04

1.07

4.00

1.00 | 1.00

1.64 | 1.00

2.85 | 1.00

1.78

1.07

Table: Coarse Gaussian

data (x=0 not

in initial grid).

I
RSWHLQ

T
Rswh,,

T
Rswh,.»

S,

0.00

1.00 | 1.00

1.00 | 1.00

0.95 | 1.00

1.00

1.00

1.00

1.69 | 1.69

1.44 | 1.44

193] 1.93

1.00

1.00

2.00

1.63 | 1.63

1.48 | 1.48

247 | 1.34

1.00

1.00

3.00

1.63 | 1.63

1.48 | 1.48

2.58 | 1.27

1.00

1.00

4.00

1.38 | 1.38

1.47 | 1.47

2.64 | 1.30

1.00

1.00

Table: Coarse Gaussian data.
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@ Order of accuracy
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6-Point Nonlinear, Non-Oscillatory, schemes Order of accuracy

fi = F(xi), Xi+1 — xi = h, ¥i F smooth,

Proposition (r = 2p + 2)

If V2£, have the same sign for each n and |F"(x)| > p > 0

||S2,2f — S, flloo = O(h")

Proposition (r = min{2p + 2,3q + 2})
If, for each n, (L .f)n have the same sign, and |F"(x)| > p > 0, then

|1S33f — SWH,, of||oc = O(h") = ||S33f — SHW g pf ||

R.D., S.L.-U., M.S. (UV, UJI) Non-Oscillatory 6-point schemes Bernried 2016 33 /46



6-Point Nonlinear, Non-Oscillatory, schemes Order of accuracy

Definition (approximation order em after one iteration r)
|ISf — Fla-14z|c=0(h")

Corollary (r = min{4,2p + 2})
If, for each n, (L ,f), have the same sign, and |F"(x)| > p > 0, then

[[SH,f — Flo-1pzlleo = O(h")

Corollary (r = min{6,2p + 2,3q + 2})
If, for each n, (L ,f), have the same sign, and |F"(x)| > p > 0, then

ISWHp of — Flo-1pzlle0 = O(h") = |[SHWq pf — Flo-14z]|oo-
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6-Point Nonlinear, Non-Oscillatory, schemes Order of accuracy

S a convergent subdivision scheme, f; = F(ih),i € Z, F(x) smooth

Definition (approximation order r)
15°°F = Flloo = O(h")

Proposition

S convergent subdivision scheme s.t.
|ISf = Flo-14zllc=0O(h")
then, if S stable
15°°F = Flloo = O(h")
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6-Point Nonlinear, Non-Oscillatory, schemes Order of accuracy
|S°°F0 — Fl| o (a,6)) = O(h"): Numerical study of r

Es(h) := max{|(S"°), — F(n27th)|, n27"h € [a, b]} ~ || S FO—F|| 1oo(fa.m))

2
Gaussian data: F(x) = e 2X hy=01L=7
Left column :[a, b] = [-0.4,0.4] (|F"(x)| > p > 0)
Right column: [a, b] = [-1,—-0.3], (F”(0.5) = 0).

n Es,,

0| 3.4e-6 | 2.6e-6
1| 5.7e-8 | 4.0e-8
2 | 9.0e-10 | 6.4e-10
3 | 1.4e-11 | 1.3e-11
n 5.95 5.86

rn, the numerical order of accuracy= slope of the line obtained by linear
regression of the data (log,(hn), logo(Es(hn)), hn = ho/2",
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6-Point Nonlinear, Non-Oscillatory, schemes Order of accuracy

Numerical Evidence: The order of approximation of the new schemes
coincides with the order of approximation after one interation.

Ew(2,1) Ew(22) Ew(23)
1.7e-5 1.5e-5 | 6.3e-6 | 89e6 | 6.3e-6 | 8.7e-6
54e-7 | 53e-7 | 1.0e-7 | 2.1e-7 | 1.0e-7 | 2.1e-7
1.7e-8 1.7e-8 1.7e-9 | 5.7e-9 1.7¢-9 | 5.6e-9

5.3e-10 | 5.3e-10 | 2.7e-11 | 1.5e-10 | 2.7e-11 | 1.5e-10
rn 4.99 4.95 5.94 5.26 5.94 5.24
re 5 5 6 5 6 5

W N —~R OS5

ro= Numerical order of approximation (S ~ S')

r=Theoretical order of approximation after one iteration.

red ry: from Corollary (only |F"| > p > 0).

blue r; from direct Taylor expansions (if (£;,V?f); do not change sign).
Similar conclusions for other data coming from smooth functions
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6-Point Nonlinear, Non-Oscillatory, schemes Stability
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@ Stability
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6-Point Nonlinear, Non-Oscillatory, schemes Stability

Definition (Lipschitz Stability)

ISf — Sglloo < ClIf —gllo  YFig €lno(Z) Vj>0

Numerical study of stability

Cihy= sup ~|S(F+h0)—S(O), h>0  (7)

10)cc=1 h

(sup is taken over a large number of perturbations 6, ||6]|cc = 1. )

If S is stable, Cé < C, Vj: any deviation with respect to this behavior is a
sign of the unstability of the scheme.

Numerical tests: f° = (—1,0,1,1,—1,—1,—1,1,1), values of ¢
randomly chosen from the set {—1,0,1}.
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6-Point N near, Non-Oscillatory, schemes Stability
18 T T T T T T
6k —1,1y
—1,2
14 —21f
nf —1,3]j
10F 1
sk ]
oF ]
4 ]
oF ]
0 . . . . . .
107 10 10°° 10 107 107 10" 10°
T T T T T T
104F —1,34
—2,2
—3,1
10°%F —3,3f3
10%E 1
10t 1
100 . . . . . .
107 10° 10° 10 10° 10 10t 10°

Non-stable for p + g > 3!

Oscillatory 6-

oint schemes
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6-Point Nonlinear, Non-Oscillatory, schemes Stability

g\p| 1|23 g\p|1]2]3
1 |V |V ] X 1 (4|46
2 |V | x| X 2 |5|6|6
3 | x| x| X 3 16|6|6

Table: Stability/accuracy persective on SWH,, ; and SHW ..
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6-Point Nonlinear, Non-Oscillatory, schemes Stability

5,/\/’:51714-.7:0V2

Stability follows from the contractivity of some power of the second
difference scheme.
Theoretical stability proofs in

@ S. Harizanov, P. Oswald Stability of nonlinear subdivision and
multiscale transforms Constr. Approx. 2010.

o F. Arandiga, R.D., M. Santagueda The PCHIP Subdivision scheme
JCAM, 2016

use the theory of Generalized Gradients of piecewise smooth Lipschitz
functions/Generalized Jacobians of nonlinear subdivision schemes defined
by such functions.

o W, ,u(x,y) admits Generalized Gradients
° SWHE]q admits a Generalized Jacobian,

but ....
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6-Point Nonlinear, Non-Oscillatory, schemes Stability

Contractivity of S[2: Numerical study

LIS (0 + ho) — (SPY(), h>0. (8)

TL(h)~ sup
6llcc=1
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Conclusion

@ Conclusion
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Conclusion

@ We have constructed two families of non-oscillatory subdivsion
schemes that can be considered nonlinear/non-oscillatory versions of
the 6-point Deslauries-Dubuc interpolatory subdivision scheme.

@ Convergence v (via second-difference scheme). Numerical study of
regularity of limit function.

@ Approximation properties. Order of approximation 5 (p = 2,q = 1).
Order of approximation 6 for p > 2, g > 2 (Numerically)

@ Stability. Some negative results. Some possibly possitive results hard
to prove.
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Conclusion

THANKS FOR YOUR ATTENTION!
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