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Tight Framelets

@ M: d x d integer dilation matrix.
©Q A tight M-framelet {¢; ¥1, ..., %} is such that

IIf HLZRd Zlfqﬁ —k)) |2+ZZZ|f|det Y24 (M- —K)) 2,
kezd j=0 =1 kezd
for all f € Lp(RY).
© M-refinable function ¢:

= | det M| Z a(k)p(M - —k)

kezd
© Framelet functions ,:

= |det M| Z be(K)p(M - —k)
kezd
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Tight Framelet Filter Banks

@ Unitary Extension Principle: a, by, ..., b, € Ib(Z9) with
a(0) =1. Then {¢; ¢1,...,9¥.} is a tight M-framelet if and
only if {a; by, ..., b } is a tight M-framelet filter bank

L
a(w)a(w +27€) + ) be(w)be(w + 27€) = 6(¢),
=1
where £ € Qu = [(M")~'z9] N[0, 1)7.
© Low-pass filter: a. High-pass filters: by, ..., by.
© L =|detM| - 1: Orthogonal M-wavelet low-pass filter,

> |&(w +2m€) P = 1.

£€Qm

Q L > |detM]| — 1: Non-orthogonal M-wavelet low-pass filtca}m)
> [a(w +2m¢)? < 1. sasnn
£€Qu .
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Quincunx Tight Framelets

@ Quincunx dilation matrix |detM| = 2. In 2D:

1 1
we- 1]

@ Quincunx tight framelet filter bank:

L
a(w)[? + Z [be(w)|? = 1,

A(w)a(w + (m,m)) + + (m, 7)) = 0.

||M.~
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Sum Rules, Linear Phase Moments, and Vanishing Moments

@ sr(u,M) = n: u has order n sum rules w.r.t. M if
U(w + 27¢) = O(||lw||"),w — 0, V€ € Qu \ {0}.

@ Ipm(u) = n: u has order n linear phase moments w.r.t.
c e RYif ‘
U(w) = e+ O(||lw||"),w — 0.

© vm(u) = n: u has order n vanishing moments if
U(w) = O(||w]|"),w — 0.

Q {a by,...,b } is atight M-framelet filter bank and a is
symmetric about a point. Then

min(vm(by),...,vm(b.)) = min(sr(a, M), % Ipm(a))ﬁ_,‘@
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Symmetry

@ G: group of d x d integer matrices, e.g.,

Dy = {:I:

Note that D4 is compatible with Mﬂ.

10
0 1

1 0
0 -1

0 -1

= 10

» £ =

0 1
1 0| ("
@ ais G-symmetric about a point ¢ € RY if

a(E(k —c)+c) = a(k), Vkez% VEcG.
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Desirable Properties

A good tight framelet filter bank {a; b1, ..., b }:

o

© 000

High order of vanishing moments for high-pass filters
b1, RN bL.

{a; b1, ..., bL} possess symmetry property.

Number of filters L is small.

by, ..., b have shortest possible support; should not be
larger than that of a.

Regularity: Sobolev smoothness sm(a; M) could be
arbitrarily large.

ng Kong
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Canonical Quincunx Tight Framelet Filter Banks

@ Quincunx tight framelet filter bank {a = by; by, ..., bos 1}:

25—1

L -
Aw)P+ ) 1Be(w)? =1, dw)a(w + (m,m) + »  be(w)be(w + (m,m)) = 0.
£=1 £=1

© s = 1: Orthogonal quincunx wavelet filter banks {a; b1}
and

bi(w1,w2) = €' &(ws + T, wp + ).

© s = 2: Double canonical quincunx wavelet filter banks

{a; b1 ) b21 b3} with

E(wnwz) = efiw@(ah + T, wo + ),

B;(au,wg) = e*"“'152\(w1 + T we + ).

ais an non-orthogonal low-pass filter < s > 2.

Xiaosheng Zhuang (City University of Hong Kong) Canonical Quincunx Tight Framelets



Canonical Quincunx Tight Framelets

Canonical Quincunx Tight Framelet Filter Banks (Cont’)

@ s-multiple canonical quincunx tight framelet filter banks:

Dog11(w) = € 1 bpy(w + (m,m)), £=0,...,5— 1.

© Double canonical and 6-multiple canonical quincunx tight
framelet filter banks from tensor product of two 1D filter

banks.
{a; by, ...,bos_1} is an s-multiple canonical quincunx tight
framelet filter bank if and only if (SOS):
s—1
1oz ()P + [Boz(w + (m, m)) 2 = 1 = [&(w)[? = [(w + (m, 7)) W
£=1 ong
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A Family of Quincunx Low-Pass Filters

@ Deslauries-Dubuc interpolatory masks:

n—1

azn( w) := cos?"(w/2) Z 1+/ sin2f(w/2).

J=

@ 2D iilters a2n 2n(w1,w2) 3 [u [A(w1 + wo) + U(wy — wg)e_iwz] , where
U(w) == (agn(w/Z) - agn(w/2+7f))e w/2,

Theorem (Han, Jiang, Shen, Z.)

a5, is the unique filter supported on [1 — n, n|? N Z2, has order 2n sum rules w.r.t.
M, and order 2n linear-phase moments with phase ¢ = (1/2,1/2). Moreover, 32n on
is real-valued and D4-symmetric about ¢ = (1/2,1/2), which implies

¢"V2(E(- —cg) +c4) = ¢"'v2, VE € Dy, a:
where ¢ — (3/2,1/2) and $"2 (w) = [15%, 2 0n((MT,) ).
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L>-Sobolev Smoothness

n 1 2 3 4 5 6 7 8 9
sm(a2l M 2.0 3.0365 3.5457 4.0269 4.4970 4.9658 5.4350 5.9038 6.3714
2n,2n' "'\/2
sm(aén, 2) 1.5 2.4408 3.1751 3.7931 4.3441 4.8620 5.3628 5.8529 6.3352

2D

Table: The smoothness exponents of a5” ,

andaénforn:1,...,9.
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Double Canonical Quincunx Tight Framelet Filter Banks

@ 2= 220, withne N. by (w) := e~ 3(w + (m,7)).
Q Do(wi,w2) = L[V(w1 + wa) + V(wi — wp)e 2] , where
V(w) := 2aB(w/2)al(w/2 + 7) and aP is the Daubechies othonormal filters.

Q b3(w) 1= e Wby (w + (m,m))

{a= agg oni D1, b2, b3} is a double canonical quincunx tight framelet filter bank satisfying

(1) all high-pass filters by , by, by have real coefficients and the following symmetry:

bi(E(k — &) + &) = det(E)by (k), Yk €72, E € Dy withé := (1/2, —1/2)
bo(ky,1 — ko) = ba(ki, ko) and bg(ki, —1 — ko) = —bs(ki, ko), V ki, ko € Z;

(2) all high-pass filters by , by, by have at least order n vanishing moments;
(3) the supports of by, b, bs are no larger than that of the low-pass filter a.

Moreover, {¢>M\/§ s 1, Yo, Y¥3} is atight M. /3-framelet in Lo (R?) and

P1(E(- —¢1) +¢1) =det(E)ypy, VE € Dy with ¢ :=(1,1),
Pa(Xo + 1, % —1) = do(x1, %),  ¥3(x2, x1) = —P3(x1, X2)-
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General Construction

Theorem (Han, Jiang, Shen, Z.)
Let u € Io(Z) be a finitely supported filter such that [U(w)| < 1. Define

a/Q\D(w) ::% [U(w1 + wp) + U(wy — wz)efiwz] ’
Biw) =e"1@Du+ (mm)),
ba(w) ::%W(M + wp) + V(wy — wp)e™ 2],

~

by(w) =e Mby(w + (m,m)),
where v € h(Z) is a filter obtained from Fejér-Riesz Lemma and satisfying

[V(w)? =1 — [G(w)?.

Then {&?P; by, by, b3} is a double canonical quincunx tight framelet filter bank.
Moreover, there exist only Haar type double canonical quincunx tight framelet filter
banks if u and v are required to both have symmetry. o
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Multiple Canonical Quincunx Tight Framelet Filter Banks

0 {bo; b1,...,b } and {up; uy, ..., ux} be 1D tight 2-framelet filter banks. Then
{b@uk:0<j< L0k <K}

is a quincunx tight framelet filter bank. However, NOT canonical.
e Multiple canonical quincunx tight framelet filter banks:

Theorem (Han, Jiang, Shen, Z.)

Let {by; by, ..., bos_1} is a one-dimensional s-multiple canonical tight 2-framelet filter bank:
bpji1(w) = e “hgj(w+m), j=0,...,5 1,
and ug, Uy, . . ., U € lp(Z) are one-dimensional filters satisfying

=SB R YN
[ug(w)|” + |ug (W) + -+ - + Jug(w)|” = 1.

Define 2-D filters
B0, () = bpj(won)t(w2),  ED, () = by (1)t (wz + ), u
forj=0,...,s—1andk=0,...,L Then{b’} : j=0,...,25 = 1;k=0,..., L} is an s(L + 1)-multiple

canonical quincunx tight framelet filter bank.
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Symmetry

Theorem (Han, Jiang, Shen, Z.)

Let {bg; b1, ...,bos_1} is a one-dimensional s-multiple canonical tight 2-framelet filter bank:

bojri(w) = e @ hy(w+m), j=0,...,s— 1,

and up, Uy, - - ., U € lp(Z) are one-dimensional filters satisfying
N2 T2 =~ N2
[up (@) + |ug (W)I + - - - + Jup(w)|” = 1.
Define 2-D filters
bgfk(w) = boj(wq)uk(w2), bSﬁ 1 k(@) = bajpa (wr)uk (w2 + ),
forj=0,...,s—1andk=0,...,L Then{bjzf(’ :j=0,...,25—1,k=0,...,L} isans(L+ 1)-multiple

canonical quincunx tight framelet filter bank.

@ Without symmetry: s = 1 and L = 1 = double canonical tensor
product quincunx tight framelet filter banks.

© With symmetry: s > 1 and L > 1 = smallest possible is
6-multiple canonical quincunx tight framelet filter banks.
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Tensor Product Double Canonical Family

Corollary (Han, Jiang, Shen, Z.)

Let aP and af, be the Daubechies orthogonal filters. Define
aP(w) == E(M)am(wz) b2P(w) := 1P (w + (m,m)),
bZD(w) — 3D (w1)aD(wz + ), b8P (w) := 1638 (w + (m,m)).
Then {a?P; b2P, b2P, b2P} is a double-canonical quincunx tight framelet filter bank

such that min(vm(b2P),vm(b3P), vm(b2P)) > m + n and sm(a?2, M ;) — oo as
m+n— oo.
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6-Multiple Canonical Construction with Symmetry

@ Given a € /h(z) satisfies
W (2w) = 1 —[A(w)|? — [A(w + ) > 0 and Wz (w) = 1 — [A(w)[? > 0.
©@ Fejér-Riesz Lemma:
(W) = Wi (w) and [ (w)? = Wp(w).
e 1D canonical tight 2-framelet filter bank {by = a; b1, b2, b3}:

B;(w) =e 3w+ )

Balw) = J(7i(20) + & 4T 2w)),

By(w) = 5 (7(20) - o7 Fi(2w))

© 1D filters {up = a uy, wo}:

() = () + o Gw)),
B(w) = () ~ e “T(w))

Q {b/?f :j=0,1,2,8;k =0, 1,2} defined as before is 6-multiple canonical
quincunx tight framelet filter bank with symmetry.
Xiaosheng Zhuang (City University of Hong Kong) Canonical Quincunx Tight Framelets
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Double Canonical: Example 1

{80, by, bz, bs} with n = 1.

1 1 1

a= Z 1] [0,1]2 ' b1 -
b= 1 [ ! 71] b
2= 3 1 [0,1]2' 3

1
—1

] [0,1]x[—1,0]

1 _1][0,1]x[—1,0]
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Double Canonical: Example 2
{a8h 5, b1, bz, bs} with n = 2.

—01 g g —01 1 0 —1
1
“xlo [¢] o o LEE AR % o
-1 0 0 -l e —1 0 0 T axan
[vV3 -2 0 0 2+ V3
0 —v3+6 —v/3-6 0 -|
b= 0 V3-8 0 '
Lv3 -2 0 0 24 JéJ (=122
—2 -3 0 0 V3 -2
wot| o e .|
32 0 —v3—-6 V3—6 0
L2++Vv3 0 0 2 - V3,

[—1,2]x[—2,1]




Examples
[e]e] o]

THAN T HOU

Xiaosheng Zhuang (City University of Hon g) Canonical Quincunx Tight Framelets



Examples
[e]e]e] )

Some References

[

) @) & W ) ) ED

A. S. Antolin and R. A. Zalik, Some bivariate smooth compactly supported tight framelets with three
generators, Abstr. Appl. Anal. (2013), Art. ID 818907.

M. Charina, M. Putinar, C. Scheiderer, and J. Stockler, An algebraic perspective on multivariate tight wavelet
frames, Constr. Approx. 38 (2013), 253-276.

|. Daubechies, Ten Lectures on Wavelets, CBMS-NSF Lecture Notes, Society for Industrial and Applied
Mathematics, 1992.

|. Daubechies, B. Han, A. Ron, and Z.W. Shen, Framelets: MRA-based constructions of wavelet frames,
Appl. Comput. Harmon. Anal. 14 (2003), 1-46.

B. Han, Symmetry property and construction of wavelets with a general dilation matrix, Linear Algebra Appl.
353 (2002), 207-225.

B. Han, Vector cascade algorithms and refinable function vectors in Sobolev spaces, J. Approx. Theory. 124
(2003) 44-88.

B. Han, Symmetric orthogonal filters and wavelets with linear-phase moments, J. Comput. Appl. Math. 236
(2011), 482-503.

B. Han, Nonhomogeneous wavelet systems in high dimensions, Appl. Comput. Harmon. Anal. 32 (2012),
169-196.

B. Han, Symmetric tight framelet filter banks with three high-pass filters, Appl. Comput. Harmon. Anal. 37,

(2014), 140-161.
Q. Mo and X. Zhuang, Matrix splitting with symmetry and dyadic framelet filter banks over algebraic TumbeE «

Pr

fields, Linear Algebra Appl. 437 (2012), 2650-2679.

huang (City University of Hon g) Canonical Quincunx Tight Framelets



	Introduction
	Canonical Quincunx Tight Framelets
	Double Canonical Quincunx Tight Framelets
	Multiple Canonical Quincunx Tight Framelets

	Examples

