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Tight Framelets

1 M: d � d integer dilation matrix.
2 A tight M-framelet f�; 1; : : : ;  Lg is such that

kfk2
L2(Rd )

=
X
k2Zd

jhf ; �(� � k)ij2 +

1X
j=0

LX
`=1

X
k2Zd

jhf ; j det(M)jj=2 `(M j � �k)ij2;

for all f 2 L2(Rd ).
3 M-refinable function �:

� = jdet Mj
X

k2Zd

a(k)�(M � �k)

4 Framelet functions  `:

 ` = jdet Mj
X

k2Zd

b`(k)�(M � �k)
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Tight Framelet Filter Banks

1 Unitary Extension Principle: a;b1; : : : ;bL 2 l0(Zd ) withba(0) = 1. Then f�; 1; : : : ;  Lg is a tight M-framelet if and
only if fa; b1; : : : ;bLg is a tight M-framelet filter bank

ba(!)ba(! + 2��) +
LX
`=1

cb`(!)cb`(! + 2��) = �(�);

where � 2 ΩM := [(MT)�1Zd ] \ [0;1)d .
2 Low-pass filter: a. High-pass filters: b1; : : : ;bL.
3 L = jdet Mj � 1: Orthogonal M-wavelet low-pass filter,X

�2ΩM

jba(! + 2��)j2 = 1:

4 L > jdet Mj � 1: Non-orthogonal M-wavelet low-pass filter,X
�2ΩM

jba(! + 2��)j2 < 1:
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Quincunx Tight Framelets

1 Quincunx dilation matrix jdet Mj = 2. In 2D:

Mp
2 =

"
1 1
1 �1

#
:

2 Quincunx tight framelet filter bank:

jba(!)j2 +
LX
`=1

jcb`(!)j2 = 1;

ba(!)ba(! + (�; �)) +
LX
`=1

cb`(!)cb`(! + (�; �)) = 0:
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Sum Rules, Linear Phase Moments, and Vanishing Moments

1 sr(u;M) = n: u has order n sum rules w.r.t. M if

bu(! + 2��) = O(k!kn); ! ! 0; 8� 2 ΩM n f0g:

2 lpm(u) = n: u has order n linear phase moments w.r.t.
c 2 Rd if bu(!) = e�ic�! +O(k!kn); ! ! 0:

3 vm(u) = n: u has order n vanishing moments if

bu(!) = O(k!kn); ! ! 0:

4 fa; b1; : : : ;bLg is a tight M-framelet filter bank and a is
symmetric about a point. Then

min(vm(b1); : : : ; vm(bL)) = min(sr(a;M);
1
2

lpm(a)):
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Symmetry

1 G: group of d � d integer matrices, e.g.,

D4 :=

(
�

"
1 0
0 1

#
;�

"
1 0
0 �1

#
;�

"
0 �1
1 0

#
;�

"
0 1
1 0

#)
:

Note that D4 is compatible with Mp
2.

2 a is G-symmetric about a point c 2 Rd if

a(E(k � c) + c) = a(k); 8k 2 Zd ; 8E 2 G:
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Desirable Properties

A good tight framelet filter bank fa; b1; : : : ;bLg:

1 High order of vanishing moments for high-pass filters
b1; : : : ;bL.

2 fa; b1; : : : ;bLg possess symmetry property.
3 Number of filters L is small.
4 b1; : : : ;bL have shortest possible support; should not be

larger than that of a.
5 Regularity: Sobolev smoothness sm(a; M) could be

arbitrarily large.
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Canonical Quincunx Tight Framelet Filter Banks

1 Quincunx tight framelet filter bank fa � b0; b1; : : : ;b2s�1g:

jba(!)j2 +

LX
`=1

jbb`(!)j2 = 1; ba(!)ba(! + (�; �)) +

2s�1X
`=1

bb`(!)bb`(! + (�; �)) = 0:

2 s = 1: Orthogonal quincunx wavelet filter banks fa; b1g
and cb1(!1; !2) = e�i!1ba(!1 + �; !2 + �):

3 s = 2: Double canonical quincunx wavelet filter banks
fa; b1;b2;b3g with

cb1(!1; !2) = e�i!1ba(!1 + �; !2 + �);cb3(!1; !2) = e�i!1cb2(!1 + �; !2 + �):

a is an non-orthogonal low-pass filter () s > 2.
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Canonical Quincunx Tight Framelet Filter Banks (Cont’)

1 s-multiple canonical quincunx tight framelet filter banks:

b̂2`+1(!) = e�i!1db2`(! + (�; �)); ` = 0; : : : ; s � 1:

2 Double canonical and 6-multiple canonical quincunx tight
framelet filter banks from tensor product of two 1D filter
banks.

Theorem
fa; b1; : : : ;b2s�1g is an s-multiple canonical quincunx tight
framelet filter bank if and only if (SOS):

s�1X
`=1

jcb2`(!)j2 + jcb2`(! + (�; �))j2 = 1 � jba(!)j2 � jba(! + (�; �))j2
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A Family of Quincunx Low-Pass Filters

1 Deslauries-Dubuc interpolatory masks:

caI
2n(!) := cos2n(!=2)

n�1X
j=0

�n � 1 + j
j

�
sin2j (!=2):

2 2D filters â2D
2n;2n(!1; !2) = 1

2

�bu(!1 + !2) +bu(!1 � !2)e�i!2
�
; wherebu(!) := (caI

2n(!=2) �caI
2n(!=2 + �))e�i!=2.

Theorem (Han, Jiang, Shen, Z.)

a2D
2n;2n is the unique filter supported on [1 � n; n]2 \ Z2, has order 2n sum rules w.r.t.

Mp
2 and order 2n linear-phase moments with phase c = (1=2; 1=2). Moreover, a2D

2n;2n
is real-valued and D4-symmetric about c = (1=2; 1=2), which implies

�Mp2 (E(� � c�) + c�) = �Mp2 ; 8E 2 D4;

where c� = (3=2; 1=2) and �̂Mp2 (!) :=
Q1

j=1 â2D
2n;2n((MTp

2
)�j!).
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L2-Sobolev Smoothness

n 1 2 3 4 5 6 7 8 9
sm(a2D

2n;2n;Mp2) 2:0 3:0365 3:5457 4:0269 4:4970 4:9658 5:4350 5:9038 6:3714

sm(aI
2n; 2) 1:5 2:4408 3:1751 3:7931 4:3441 4:8620 5:3628 5:8529 6:3352

Table: The smoothness exponents of a2D
2n;2n and aI

2n for n = 1; : : : ; 9.
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Double Canonical Quincunx Tight Framelet Filter Banks

1 a = a2D
2n;2n with n 2 N. bb1(!) := e�i!1ba(! + (�; �)).

2 bb2(!1; !2) := 1
2 [bv(!1 + !2) +bv(!1 � !2)e�i!2 ] , wherebv(!) := 2 baD

n (!=2) baD
n (!=2 + �) and aD

n is the Daubechies othonormal filters.

3 bb3(!) := e�i!1 bb2(! + (�; �))

Theorem (Han, Jang, Shen, Z.)

fa = a2D
2n;2n ; b1; b2; b3g is a double canonical quincunx tight framelet filter bank satisfying

(1) all high-pass filters b1; b2; b3 have real coefficients and the following symmetry:

b1(E(k � c̊) + c̊) = det(E)b1(k); 8 k 2 Z2
; E 2 D4 with c̊ := (1=2;�1=2)

b2(k1; 1 � k2) = b2(k1; k2) and b3(k1;�1 � k2) = �b3(k1; k2); 8 k1; k2 2 Z;

(2) all high-pass filters b1; b2; b3 have at least order n vanishing moments;

(3) the supports of b1; b2; b3 are no larger than that of the low-pass filter a.

Moreover, f�Mp
2 ; 1;  2;  3g is a tight Mp2-framelet in L2(R2) and

 1(E(� � c1) + c1) = det(E) 1; 8 E 2 D4 with c1 := (1; 1);

 2(x2 + 1; x1 � 1) =  2(x1; x2);  3(x2; x1) = � 3(x1; x2):
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General Construction

Theorem (Han, Jiang, Shen, Z.)

Let u 2 l0(Z) be a finitely supported filter such that jbu(!)j 6 1: Define

ca2D(!) :=
1
2

�bu(!1 + !2) +bu(!1 � !2)e�i!2
�
;

bb1(!) :=e�i!1 ca2D(! + (�; �));bb2(!) :=
1
2

[bv(!1 + !2) +bv(!1 � !2)e�i!2 ];

bb3(!) :=e�i!1 bb2(! + (�; �));

where v 2 l0(Z) is a filter obtained from Fejér-Riesz Lemma and satisfying

jbv(!)j2 = 1 � jbu(!)j2:

Then fa2D ; b1; b2; b3g is a double canonical quincunx tight framelet filter bank.
Moreover, there exist only Haar type double canonical quincunx tight framelet filter
banks if u and v are required to both have symmetry.
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Multiple Canonical Quincunx Tight Framelet Filter Banks

1 fb0; b1; : : : ; bLg and fu0; u1; : : : ; uK g be 1D tight 2-framelet filter banks. Then

fbj 
 uk : 0 6 j 6 L; 0 6 k 6 Kg

is a quincunx tight framelet filter bank. However, NOT canonical.
2 Multiple canonical quincunx tight framelet filter banks:

Theorem (Han, Jiang, Shen, Z.)

Let fb0; b1; : : : ; b2s�1g is a one-dimensional s-multiple canonical tight 2-framelet filter bank:

b̂2j+1(!) = e�i! bb2j (! + �); j = 0; : : : ; s � 1;

and u0; u1; : : : ; uL 2 l0(Z) are one-dimensional filters satisfying

jbu0(!)j2 + jbu1(!)j2 + � � � + jbuL(!)j2 = 1:

Define 2-D filters

b̂2D
2j;k (!) := bb2j (!1)buk (!2); b̂2D

2j+1;k (!) := b̂2j+1(!1)buk (!2 + �);

for j = 0; : : : ; s � 1 and k = 0; : : : ; L. Then fb2D
j;k : j = 0; : : : ; 2s � 1; k = 0; : : : ; Lg is an s(L + 1)-multiple

canonical quincunx tight framelet filter bank.
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Symmetry

Theorem (Han, Jiang, Shen, Z.)

Let fb0; b1; : : : ; b2s�1g is a one-dimensional s-multiple canonical tight 2-framelet filter bank:

b̂2j+1(!) = e�i! bb2j (! + �); j = 0; : : : ; s � 1;

and u0; u1; : : : ; uL 2 l0(Z) are one-dimensional filters satisfying

jbu0(!)j2 + jbu1(!)j2 + � � � + jbuL(!)j2 = 1:

Define 2-D filters

b̂2D
2j;k (!) := bb2j (!1)buk (!2); b̂2D

2j+1;k (!) := b̂2j+1(!1)buk (!2 + �);

for j = 0; : : : ; s � 1 and k = 0; : : : ; L. Then fb2D
j;k : j = 0; : : : ; 2s � 1; k = 0; : : : ; Lg is an s(L + 1)-multiple

canonical quincunx tight framelet filter bank.

1 Without symmetry: s = 1 and L = 1 =) double canonical tensor
product quincunx tight framelet filter banks.

2 With symmetry: s > 1 and L > 1 =) smallest possible is
6-multiple canonical quincunx tight framelet filter banks.
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Tensor Product Double Canonical Family

Corollary (Han, Jiang, Shen, Z.)

Let aD
n and aD

m be the Daubechies orthogonal filters. Define

ca2D(!) := baD
n (!1)caD

m(!2); cb2D
1 (!) := e�i!1 cb2D

0 (! + (�; �));cb2D
2 (!) := baD

n (!1)caD
m(!2 + �); cb2D

3 (!) := e�i!1 cb2D
2 (! + (�; �)):

Then fa2D ; b2D
1 ; b2D

2 ; b2D
3 g is a double-canonical quincunx tight framelet filter bank

such that min(vm(b2D
1 ),vm(b2D

2 ), vm(b2D
3 )) > m + n and sm(a2D ;Mp

2) !1 as
m + n !1.
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6-Multiple Canonical Construction with Symmetry

1 Given a 2 l0(Z) satisfiesbw1(2!) = 1 � jba(!)j2 � jba(! + �)j2 > 0 and bw2(!) = 1 � jba(!)j2 > 0:

2 Fejér-Riesz Lemma:

jbv1(!)j2 = bw1(!) and jbv2(!)j2 = bw2(!):

3 1D canonical tight 2-framelet filter bank fb0 = a; b1; b2; b3g:bb1(!) = e�i!ba(! + �)

;bb2(!) :=
1
2

(bv1(2!) + e�i! bv1(2!));

bb3(!) :=
1
2

(bv1(2!) � e�i! bv1(2!)):

4 1D filters fu0 = a; u1; u2g:

bu1(!) :=
1
2

(bv2(!) + e�i! bv2(!));

bu2(!) :=
1
2

(bv2(!) � e�i! bv1(!)):

5 fb2D
j;k : j = 0; 1; 2; 3; k = 0; 1; 2g defined as before is 6-multiple canonical

quincunx tight framelet filter bank with symmetry.
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Double Canonical: Example 1

fa2D
2n;2n; b1;b2;b3g with n = 1.

a =
1

4

h
1 1

1 1

i
[0;1]2

; b1 =
1

4

h
�1 1
1 �1

i
[0;1]�[�1;0]

;

b2 =
1

4

h
1 �1

1 �1

i
[0;1]2

; b3 =
1

4

h
1 1
�1 �1

i
[0;1]�[�1;0]

:

Xiaosheng Zhuang (City University of Hong Kong) Canonical Quincunx Tight Framelets



Introduction Canonical Quincunx Tight Framelets Examples

Double Canonical: Example 2

fa2D
2n;2n; b1;b2;b3g with n = 2.

a =
1

32

"�1 0 0 �1
0 9 9 0

0 9 9 0
�1 0 0 �1

#
[�1;2]2

; b1 =
1

32

" 1 0 0 �1

0 �9 9 0
0 9 �9 0
�1 0 0 1

#
[�1;2]�[�2;1]

b2 =
1

32

24p3 � 2 0 0 2 +
p

3
0 �

p
3 + 6 �

p
3 � 6 0

0 �
p

3 + 6 �
p

3 � 6 0p
3 � 2 0 0 2 +

p
3

35
[�1;2]2

;

b3 =
1

32

24�2 �
p

3 0 0
p

3 � 2

0
p

3 + 6 �
p

3 + 6 0

0 �
p

3 � 6
p

3 � 6 0
2 +

p
3 0 0 2 �

p
3

35
[�1;2]�[�2;1]

:

−4

−2

0

2

4

6

−4

−2

0

2

4

6

−0.1

0

0.1

0.2

0.3
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−2

0

2
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6
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0
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−4

−2

0

2
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6

−4

−2

0

2
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6
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0
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−5

0
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Q & A

T H A N K Y OU !
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