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Inpainting: name origin g
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Inpainting model

Given:

» domain of image R
» hole Q C R
» data/function g over R\ Q R
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Inpainting model

Given:

» domain of image R
» hole Q C R
» data/function g over R\ Q R

Find image u:

> u = g outside of Q

» u|q “suitable” extension

= interpolation problem
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Inpainting methods
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Inpainting methods

» pixel-/patch-based R
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Inpainting methods

v
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Inpainting methods

v

v

v

pixel-/patch-based

= textured images

PDE-based /variational approaches = structured/geometric images

combinations of methods

Nada Sissouno

Numerical inpainting techniques March 02, 2016

4/ 22



Overview /,D}] UNIVERSITAT

G Variational approaches

© Modeling and discretization

© Implementation

Example
(%) p

_ Numerical inpainting techniques March 02, 2016 5/22



Variational approaches g |UNERSITAT

“44 SSAU

Minimization of
1. constrained problem: F(u) such that u =g on B
2. unconstrained problem: F(u)+ \|lu—g|ls
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Variational approaches

Minimization of
1. constrained problem: F(u) such that u =g on B
2. unconstrained problem: F(u)+ \|lu—g|ls

We can choose:

» BCR\Q
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Variational approaches

Minimization of
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2. unconstrained problem: F(u)+ \|lu—g|ls

We can choose:
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Variational approaches

Minimization of
1. constrained problem: F(u) such that u =g on B
2. unconstrained problem: F(u)+ \|lu—g|ls

We can choose:

R
» BCR\Q
> - lls
» F(U) = / q)(U) dx
u(Q)
Nada Sissouno Numerical inpainting techniques March 02, 2016

6/ 22



TV approach ,,;}]ggsv;SSJTAT

TV minimization (Chan and Shen?)

Flu) = / Vuldx, u=gonB=U()\Q,
u(Q)

with |Vu|? = (01u)? + (02u)?.

L1Chan and Shen: “Mathematical models for local non-texture inpaintings”,
SIAM Journal of Applied Mathematics, 2002.
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TV approach ,,2] UNIVERSITAT

TV minimization (Chan and Shen?)

Flu) = / Vuldx, u=gonB=U()\Q,
u(Q)

with |Vu|? = (01u)? + (02u)?.

» denoising: replace constraint by

1
E/B|u—g|2dx:cr2

L1Chan and Shen: “Mathematical models for local non-texture inpaintings”,
SIAM Journal of Applied Mathematics, 2002.
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TV approach

TV minimization (Chan and Shen?)

F(u) = / |Vuldx, u=gonB=U(Q)\Q,
u(Q)

with |Vu|? = (01u)? + (O2u)?.

» denoising: replace constraint by

1
‘B|/B|U—g|2dX:O'2

» Q = (): TV restoration model Rudin, Osher and Fatemi?

1Chan and Shen: “Mathematical models for local non-texture inpaintings”,
SIAM Journal of Applied Mathematics, 2002.

2Rudin et al.: “Nonlinear total variation based noise removal algorithms”,
Physica D, 1992.
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TV approach ,,;}]ggsvgﬁsm

TV minimization (Chan and Shen?)

F(u) = / |Vuldx, u=gonB=U(Q)\Q,
u(Q)

with ’VU|2 = (Blu)2 + (82U)2.

Discretization for image pixel (7, j):
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TV approach 4;}]5%|¥§551TAT

TV minimization (Chan and Shen?)

F(u) = / |Vuldx, u=gonB=U(Q)\Q,
u(Q)

with |Vu|? = (01u)? 4 (02u)?.

Discretization for image pixel (7, j):
> Orujj = Ujy1j — Ui

> Opujj = Ujj1 — Ui
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TV approach //;}JHANSQ/AESSJTAT

TV minimization (Chan and Shen?)

F(u) = / |Vuldx, u=gonB=U(Q)\Q,
u(Q)

with |Vu|? = (01u)? 4 (02u)?.

Discretization for image pixel (7, j):
> Orujj = Ujy1j — Ui
> Opujj = Ujj1 — Ui

> V;JU = (81U;J,82U;J)T
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TV approach ,,;}]%v;&sm

Discrete constraint TV inpainting
minimize Z IVijull2
i

such that uij=gij on B

Discretization for image pixel (7, j):
> Orujj = Ujy1j — Ui
> Opujj = Ujj1 — Ui

> V;Ju = (81U;J,82U,‘J)T
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TV approach //D(]g/gwslsvgssnm

Discrete constraint TV inpainting
minimize Z IVijull2
ij

such that uij=gij onB

Standard approaches: u € BV(R)
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TV approach ,,;}]ggsv;SSJTAT

Discrete constraint TV inpainting
minimize Z IVijull2
ij

such that uij=gij onB

Standard approaches: u € BV(R)

Idea: Model problem with tensor product splines
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Modeling with tensor product splines

1. Why tensor product splines?
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1. Why tensor product splines?
» explicit expression of function and derivatives

» small compact support

v
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Modeling with tensor product splines

1. Why tensor product splines?
» explicit expression of function and derivatives

» small compact support

v

adaptable to data

2. How to choose the grid?

3. How to model the problem?
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Step 1: How to choose the grid? g UNERSITAT

» non-uniform knots T := T1 ® T»

» grid width h = (hy, hp)
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Step 1: How to choose the grid? g |UNERSITAT

» non-uniform knots T := T1 ® T»

» grid width h = (hy, hp)

Y » order n = (ng, np) € N?

» tensor product B-splines bx(x),
ke Kandxe R

> tensor product spline space
Sn(T,R)
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Step 1: How to choose the grid? g JNERSTAT

» non-uniform knots T:

i) stable basis

\ ii) no artifacts at OR
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Step 1: How to choose the grid? g UNERSITAT

» non-uniform knots T:

i) stable basis

\ ii) no artifacts at OR
= knots on OR
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Step 1: How to choose the grid? g UNERSITAT

» non-uniform knots T:

i) stable basis

\ ii) no artifacts at OR
= multiple knots on OR
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» non-uniform knots T:

i) stable basis

\ ii) no artifacts at OR
= multiple knots on OR
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Step 1: How to choose the grid? g UNyERSTAT

PASSAU

» non-uniform knots T:

i) stable basis

ii) no artifacts at OR

= multiple knots on OR

» tensor product spline u € Sp(T, R):

u(x) =) fibi(x)

keK
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Step 1: How to choose the grid? g UNyERSTAT

» non-uniform knots T:

i) stable basis

ii) no artifacts at OR

= multiple knots on OR

» tensor product spline u € Sp(T, R):

u(x) =) fibi(x)

keK

= Determine f := (i )kek!
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Step 2: side conditions /,D{]gg|sv§5§[TAT

Reproduce image g over R* := R\ Q

/

<
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Reproduce image g over R* := R\ Q by interpolation:
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/
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Step 2: side conditions g UNERSITAT

Reproduce image g over R* := R\ Q by interpolation:

Spline interpolation at xi, k € K:

p » unique solution if bx(xk) > 0
NN\ (Schoenberg-Whitney)

/

<
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Step 2: side conditions g |UNERSITAT

Reproduce image g over R* := R\ Q by interpolation:

Spline interpolation at xi, k € K:

‘ » unique solution if bx(xk) > 0
N
N\ \\ (Schoenberg-Whitney)
\\ \ - .
AN ‘\ » fulfilled for Greville abscissae
\\\} fk c=, keK

order n = (3,3)
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Step 2: side conditions

_* |UNIVERSITAT
//;}1 PASSAU

Reproduce image g over R* := R\ Q by interpolation:

Greville abscissae

Spline interpolation at xi, k € K:

x | x| x| x| x| x » unique solution if bx(xk) > 0
NS IR 2 x (Schoenberg-Whitney)
X >\ x \X X x

B N » fulfilled for Greville abscissae
x x \ x & x u

N —
x x x x x\ x €k €= keK
x x x x x il x
order n = (3,3)
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Step 2: side conditions g |UNERSITAT

Reproduce image g over R* := R\ Q by interpolation:

Interpolation points Spline interpolation at xi, k € K:
x Lo x| x| x| x » unique solution if bx(xk) > 0
AN (Schoenberg-Whitney)
X >\ \X X x

L . . .
R N N » fulfilled for Greville abscissae
N\ _

X X x \ \ x €k € = k S K
ol e el e el e > restriction to R*

order n = (3,3) EkEZF ==ZNR*" ke K=+
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Step 2: side conditions g |UNERSITAT

Reproduce image g over R* := R\ Q by interpolation:
u(éx) = g(k), &k €=".

Interpolation points Spline interpolation at xi, k € K:
x Lo x| x| x| x » unique solution if bx(xk) > 0
AN (Schoenberg-Whitney)
X >\ \X X x

L . . .
R N N » fulfilled for Greville abscissae
N\ _

X X x \ \ x €k € = k S K
ol e el e el e > restriction to R*

order n = (3,3) EkEZF ==ZNR*" ke K=+
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Step 3: TV minimization //2]5%’3&5?””

Minimization over u:

Flu) = / Vu| dx
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Step 3: TV minimization o |uNERSTAT

Minimization over u:

F(u) = / |Vu| dx

Greville abscissae > Greville abscissae & € 2

NN
NEN
ANERN
NN

order n = (3,3)
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Step 3: TV minimization o |yERsTAT

Minimization over u:

Flu) = / Vu| dx
ur()

Greville abscissae > Greville abscissae & € 2

» domain of integration:

T
\f\\\x\\ UT(Q) := | J{supp b & € 2}
NN

order n = (3,3)
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Step 3: TV minimization o |uNERSTAT

Minimization over u:

Flu) = / Vu| dx
ug(®)

> Greville abscissae & € Q

» domain of integration:

)
\\\\ () == | J{supp bi| &k € Q}

P

AN
\\x:

g

order n = (3,3)
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Step 3: TV minimization o |uNERSTAT

Minimization over u:

Flu) = / Vu| dx
ug(®)

> Greville abscissae & € Q

» domain of integration:

)
\\\\ () == | J{supp bi| &k € Q}

P

» union of grid cells Z

AN
\\x:

g

order n = (3,3)
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Step 3: TV minimization o |uNERSTAT

Minimization over u:

F(u) = Z (/|Vu\ dx)

zcun(Q) 7

» Greville abscissae & € Q

» domain of integration:
P
AN #(52) == {supp il € € 2}

> union of grid cells Z

P

/
zf‘/

order n = (3,3)
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Step 3: TV minimization o |yERsTAT

Minimization over u:

F(u) = Z </|Vu\ dx)

zcun(Q) 7

» Greville abscissae & € Q

» domain of integration:

P
\\\\ T(Q) == (U{supp bi| & € Q}

P

\\ x \\ > union of grid cells Z
RS
> partial derivative:
order n = (3,3) 8ju(x) = Z fi 8jbk(x)
k
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Step 3: TV minimization o |yERsTAT

Minimization over f:

F(u) = Z </|Vu\ dx)

zcun(©Q) 7

> Greville abscissae & € Q

» domain of integration:

P
\\\\ UT(Q) := | {supp bx| & € Q}

P

\\ x \\ » union of grid cells Z
R
> partial derivative:
order n = (3,3) Gju(x) = Z fi 8jbk(x)
k
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Step 3: TV minimization g |UNERSITAT

SAU

Minimization over f:

F(u) = Z (/\Vu\dx)

zcun(©Q) 7

> Greville abscissae & € Q

» domain of integration:

P
\\\\ T(Q) == (U{supp b| & € 2}

P

\\ x \\ » union of grid cells Z
NN » coordinate-wise Gauss quadrature
S
> partial derivative:
order n = (3,3) 8ju(x) = Z fi 8jbk(x)
k
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Step 3: TV minimization /,;m%gyggsw

Minimization over f:

F(u) = Z (/\Vu\dx)

zcun(©Q) 7

quadrature points » Greville abscissae & € 2

» domain of integration:
() := [ {supp b & € 2}

» union of grid cells Z

+/+[+ +
++ +

/

+ |+ +

/

+ +[+ +[+ +
+ o+
+

+ +7
++4/+/++
/- +
+ +|o/ |+ o

/
W+

/

H+ o +[+ +

/+++++
+ i+ A+ +|+ +

+ T +[+ +

» coordinate-wise Gauss quadrature

+ +[+

+ 4|+ +[+ +

+ 4|+
+ 4|+

> partial derivative:

order n = (3,3) 8ju(x) = Z fi 8jbk(x)
k

+ +
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Step 3: TV minimization S TAT

Minimization over f:

Fo) = S ([ 1vudx) = 3 wlvu)l:

ZcUuy(Q) 7 0co

quadrature points » Greville abscissae & € 2

I » domain of integration:
i K+\li : + +
T N N P T(Q) == (U{supp b| & € 2}
+ + +\+ N +[+ +
+ +[+ N +\+ + + . i
¥ +\+ N » union of grid cells Z
+ [+ PN H AN\ + i i
I N T » coordinate-wise Gauss quadrature
+ |+ EDNOHN
+ +[+ T+ O+ . . .
N DU DR > partial derivative:
order n = (3,3) 8ju(0) = Z fi 8jbk(9)
k
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Tensor product idea //;}JFJANSIQ/AESS\TAT

1. inpainting function: interpolation and quadrature points
u(x) = fibk(x), x € R R O
(x) kEK kbi(x), x € ST < [ -
€ + N+ SN+ [+
+X+\ +X+\+x+ * *
) L. + +[+\F[+ N[+ +
2. side condition: NN +>}\+ +X+ N R
—  |Te™ N+ %+x+ ot
U(E):g(g),VSEZ + ]+ NN [N\ +
N w | Txt +X+ \+x+
+H |+ EDNOEN
.. . + +[+ T+
3. TV minimization: x |ox o fox g x x| X
mfm 92@ W9||VU(9)”2 order n = (3,3)
€
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Tensor product idea g UNyERSTAT

PASSAU

1. inpainting function: interpolation and quadrature points
U(X): E ﬂ(bk(X),XER A A x x
KeK bk |+ 4
+ N+ SN+ [+
+ +X+\+x+ * *
) . + H [+ N\F[+ N F[+
2. side condition: NN +>}\+ +}§+ N R
_ o |FTxt N* %+x+ ot
u(E):g(&),VfE:* + [+ NN N+
+ + +\+ \+ +
* o +X+\;>+ +
.. . + +|+ +
3. TV minimization: x |ox o fox g x x| X
mfm ()E@ W()||VLI(9)“2 order n = (3,3)
€

How to solve this?
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Second order cone program g UNyERSTAT

PASSAU

Definition SOCP?
Determine x € R” by

minimize t’x
such that  ||Ajxx+bj|o<c¢/x+d, i=1,....,N

with parameters t,c; € R”, b; e R"~ ! d; € R and A; € R(ni—1)xn,

ILobo et al.: “Applications of second-order cone programming”,
Linear Algebra and its Applications, 1998.
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Second order cone program

Definition SOCP?
Determine x € R” by

minimize t"x

such that |Aix + bjl]2 < c,-Tx +d, i=1 N

geeey

with parameters t,c; € R”, b; e R"~ ! d; € R and A; € R(ni—1)xn,

» second order (convex) cone of dimension n;:

Ko = {(2)ly €R" L s € R, [y]> < 5}

ILobo et al.: “Applications of second-order cone programming”,
Linear Algebra and its Applications, 1998.
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Second order cone program

Definition SOCP?
Determine x € R” by

minimize t"x

such that |Aix + bjl]2 < c,-Tx +dy, i=1,....N

)

with parameters t,c; € R”, b; e R"~ ! d; € R and A; € R(ni—1)xn,

» second order (convex) cone of dimension n;:
K ={(¥)ly eR" 1 seR, |yl < s}

» second order cone constraint of dimension n;:

|[Ax+bila <c/x+d <?T'> X + (3’) € Kp,

ILobo et al.: “Applications of second-order cone programming”,
Linear Algebra and its Applications, 1998.
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SOCP for spline inpainting

SOCP Discrete spline inpainting
min t’x mfin > 0co Wo||Vu(8)]2
s.t. |Aix + bj|j2 < c,Tx + d; s.t. u() =g(&), v€e=
Nada Sissouno Numerical inpainting techniques March 02, 2016
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SOCP for spline inpainting %g/@g}gﬁ;nﬂ

SOCP Discrete spline inpainting
min t’x mfin > 0co Wol|Vu(8)]2
st [Ax+bilz < x+d st u(€) = gl6), vEe ="

SOCP for spline inpainting

For some auxiliary variables ug, 8 € ©,

WgHVU(O)Hz <up, VOe€O,
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SOCP for spline inpainting g JNERSTAT

SOCP Discrete spline inpainting
min t’x mfin > 0co Wol|Vu(8)]2
st [Ax+bilz < x+d st u(€) = gl6), vEe ="

SOCP for spline inpainting
For some auxiliary variables ug, @ € ©, determine
min Z ug
ve 0co
such that  wy||Vu(@)|2 < up, VO €O,
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SOCP for spline inpainting

L ¥ |UNIVERSITAT
//;}] PASSAU

SOCP Discrete spline inpainting
min t’x mfin > 0co Wol|Vu(8)]2
st [Ax+bilz < x+d st u(€) = gl6), vEe ="

SOCP for spline inpainting
For some auxiliary variables ug, @ € ©, determine
min Z ug
ve 0co
such that  wy||Vu(@)|2 < up, VO €O,

and (€)= g€), VEe=

March 02, 2016
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SOCP for spline inpainting o |yERsTAT

SOCP Discrete spline inpainting
min t’x mfin > 0co Wol|Vu(8)]2
s.t. |Aix + bl < ¢/ x+d; s.t. ul)=g(&), v€Ee="

SOCP for spline inpainting
For some auxiliary variables ug, @ € ©, determine
min Z ug
ve 0co
such that  wy||Vu(@)|2 < up, VO €O,

and  u(€) = g(€). VEe=

u(x) = Z fiubk(x) and  Oju(x) = Z fic Ojbk(x)
k k
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SOCP for spline inpainting o |yERsTAT

SOCP Discrete spline inpainting
min t’x mfin > 0co Wol|Vu(8)]2
s.t. |Aix + bl < ¢/ x+d; s.t. ul)=g(&), v€Ee="

SOCP for spline inpainting
For some auxiliary variables ug, @ € ©, determine
min Z ug
ot 0co
such that  wy||Vu(@)|2 < up, VO €O,

and  u(€) = g(€). VEe=

u(x) = Z fiubk(x) and  Oju(x) = Z fic Ojbk(x)
k k
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Example: interpolation

Image with gap
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Example: interpolation

Image with gap Spline image

N\
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Example: interpolation g |UNERSITAT

Spline function
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Quasi-interpolants //;}JEANSIQ/AESS\TAT

Quasi-interpolant of order v
Linear map Q : C(R) — Sa(T, R) such that

Z)\k )b and Qp = pVp € P,

with uniformly bounded A : C(R) — R given by

Ae(8) =D G &(tigy)  For tigy € U(supp by)
i(k)
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Quasi-interpolants for spline inpainting //Fﬂ NIVERSITAT

Example of order 2: Schoenberg quasi-interpolant
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Quasi-interpolants for spline inpainting g |UNERSITAT

Example of order 2: Schoenberg quasi-interpolant

Mk(g) := g(&k), for Greville abscissae &k € R.
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Quasi-interpolants for spline inpainting //D}]UN'VERS‘W

Example of order 2: Schoenberg quasi-interpolant

Mk(g) := g(&k), for Greville abscissae &k € R.

Greville abscissae

X x x X X x
P
X x X X X x
X x x \ X x
X x §\ X X x
X x X X X x
=
X x x X X x

order n = (3,3)
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Example of order 2: Schoenberg quasi-interpolant

Mk(g) := g(&k), for Greville abscissae &k € R.

Interpolation points

Inpainting problem: - T T T
x | x| x [ NU N x
X x X X X i x

order n = (3,3)
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Example of order 2: Schoenberg quasi-interpolant

Mk(g) := g(&k), for Greville abscissae &k € R.

Interpolation points

x x x x x x

Inpainting problem: - | < | x| ~
» side condition: A\¢(g) = g(&k), &k € R* \\

x x x X x

x x x x x x

order n = (3,3)
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Quasi-interpolants for spline inpainting

Example of order 2: Schoenberg quasi-interpolant

M(g) := g(ék), for Greville abscissae &k € R.

Interpolation points

x x x x x x

Inpainting problem: x, e
» side condition: A\¢(g) = g(&k), &k € R* RN “ x|
» minimization = A\(g) for &k € Q ol el el s )"

x x x x X x

order n = (3,3)
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Example of order 2: Schoenberg quasi-interpolant

Mk(g) := g(&k), for Greville abscissae &k € R.

Interpolation points

Inpainting problem: :' - | % |
» side condition: A\¢(g) = g(&k), &k € R* \\
» minimization = \(g) for &k € Q o o >

order n = (3,3)

Quasi-interpolant

Qg) =D M(g)bx

k
with M(8) = Yiqk) dick) 8(tik))
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Quasi-interpolants for spline inpainting
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Example of order 2: Schoenberg quasi-interpolant

Mk(g) := g(&k), for Greville abscissae &k € R.

Interpolation points

Inpainting problem:
» side condition: A\«(g) = g(ék), ék € R*

» minimization = \¢(g) for €k € Q

Quasi-interpolant for image g
Qg) = > et
i

with by := i) &) big)-

c

x x x x x

X | x | x | X
x\xx
I N N
e NN #

x x x x x

order n = (3,3)
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Example: quasi-interpolant

Image with gap
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Example: quasi-interpolant

Image with gap Spline image
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Example: quasi-interpolant

Spline functions

Quasi-interpolant Interpolant
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Example: comparison with classical TV

Inpainting results

Quasi-interpolant Interpolant TV
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Example: comparison with classical TV

Error of inpainting results

Quasi-interpolant Interpolant

max error mse >1/256 >0.1
Quasi-interpolant 0.4194 4.9.10704 318px 10px
Interpolant 0.4229 4.10704 57px 9px
TV ~0.3456 ~5.6-1079 <136px ~17px
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Example: sailboat %g&v}gﬁsm

Fakulti fir Informatik und Mathematik

Image with scratch
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Example: sailboat %UNIVERSITAT

Fakulti fir Informatike und Mathen

Inpainting results

Quasi-interpolant Interpolant
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Example: sailboat

Error of inpainting results

Quasi-interpolant Interpolant

max error mse >1/256 >0.1
Quasi-interpolant 0.2257 7.5.1079° 5962px 13px
Interpolant 0.2171 5.1-10795 496px 13px
TV ~0.2141 ~6.1-107% ~516px ~17px
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Summary

Tensor product spline inpainting:
» grid with multiple knots on boundary = stable basis
» (quasi-)interpolation at Greville abscissae = Schoenberg-Whitney

> minimization over union of grid cells = Gauss quadrature

> spline and derivatives with same coefficients f = optimization w.r.t. f
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Summary

Tensor product spline inpainting:

» grid with multiple knots on boundary = stable basis

» (quasi-)interpolation at Greville abscissae = Schoenberg-Whitney
> minimization over union of grid cells = Gauss quadrature

> spline and derivatives with same coefficients f = optimization w.r.t. f

Some possible modifications:

other functionals

v

v

2 step method for optimization

v

iterative solver

v

adapt grid or basis
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Thank you for your attention!
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